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NMpoAoyog

H SITTAWMOTIKA Jou gpyacia ava@épetal 0Tov KAGDO TNG KPUTTTOYPa®iag, OTIG
wnolokég uttoypa@ég. O wnEIakEG UTTOYPOQEG cival pia attd TIG TTIO  XPOIUES
avakaAUYEIG TNG KpuTrToypagiag. Eival pia péBodog va uttoypa@oudEe £va PrvVUPa
TTOU €ival aTTOBNKEUPEVO GE NAEKTPOVIKA HOPQr).

©Od TTapoUCIACOUNE, OTO TTPWTO KEPAAAIO BACIKEG HABNUATIKEG €VVOIEG, OTO
0eUTEPO aToIXEia TNG  Bewpiag TTOAUTTAOKOTNTAG KAl aAyopiBuoug TTou oxeTiCovTal PE
TIG YNOPIOKEG UTTOYPAWPES KAl GTO TPITO TIG WNPIAKES UTTOYPAPEG.

EidIk6TEPQ, 0TO TTPWTO KEPAAQIo Ba TTapoucidoouue PBacikd GToIxEia
Kal 1I816TNTEG TWV CUVAPTACEWY, Twv TTIBavoTATWY, TG Bewpiag Twv apIBPWY Kal TNG

aAyeBpag.

210 OtUTEPO Ke@AAaIO Ba avagépoupe oOToIxEia TnG Bewpiog
TTOAUTTAOKOTNTAG, O€ TToI0 OUOKOAQ HaBnuaTikG TTpoBAAuaTa oTnpidovTal Ol YnPIoKES
UTTOYPA®EG Kal OpIoPEVOUS BaTIKOUS aAyopiBuoug TTou Ba Toug xpelaatouue oTto 3°
KePAAailo.

270 TPiTO KeEPAAaIO Ba ava@Eépouue OTnV aApX OPICHEVEG POCIKES
EVVOIEG VIO TIG WNOIOKES UTTOYPOQPEG KAl 0T ouvéxela Ba TTapoucidooupe opliopéva
OXAMATA YNQIAKWY UTTOYPAPWY HE TO XAPAKTNPIOTIKA TOUG.

2 ApKeTd onueia TG OIMAWMATIKAG HOU  ava@épw  OTTAd
Tapadeiyyara, onuavtikd yia péva  Suwg,  yia Tnv Katavénon OUCKOAWV Kal
TTOAUTTAOKWYV EVVOIWV.

2€ auTto To onueio Ba BeAa va euxapioTAow TO dIEUBUVTH TOU TTPOYPANUATOG
Kabnynti Kkupio MNdvvn MooxoBdakn, TRV €MTPOTIA TNG SITTAWUATIKAG OTTOTEAOUMEVN
amd  TOug KaBnyntég kupioug Eudyyeho Pammn  (empPAETTwv), KwvoTavtivo
AnuntpakoTroulo kal HAia Koutooutid aAAd kal OAoug Toug KaBnynTég TTou €ixa aTo
TTPOYPANMA, 6TTou YE Th dIdACKAAIa TOUG, TIG CUUPBOUAEG TOUG Kal TIG TTAPOTPUVOEIG
Toug Me Ponribnoav oec pdeydho PaBpsd, va avtemmeEéABw OTIGC ATTAITHOEIG TOu
TTPOYPAMNKATOG KAl VA ATTOKTACOW YVWOEIG, £pOdIa Kal epebicuara Tou Ba pou gival
XPACIKNA OTO PEAAOV.
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KepdAaio 1
Baoikég paOnUATIKEG EVVOIEG

1.1 Eicaywyn.

2€ auTd TO KePAAalo Ba avagépoupe BAoIKEG JABNUATIKES £VVOIEG TTOU UAG €ival
XPACIMEG YIa TN HEAETN TWV WNQPIAKWY UTTOYPAPUV.

Oa doupe BaoikoUug opIoPoUG Kal IBIGTATEG TWV CUVOPTACEWY, TWV TTIBAVOTATWY,
NG Bewpiag apiBuwy , Bacikad oTtoixeia TNG GAyeRpag 600 apopd TIG OPADdES TOUG
OaKTUAIOUG, Ta OCWMOTA Kol TIG €AAEITITIKEG KAWTTUAEG. Ae Ba emekTaBolpe o€
atrodeigelg, atrAd Ba ava@EéPouE TOUG OpICHOUG Kal TIG IBIOTNTEG TTOU £XOUV.

216X0G auToU Tou KeaAaiou cival va doupe 1O PaBnuatikd uttéRaBpo TTou
UTTdpxEl Kal TTou aTtnpifovTtal Ta dIdQopa OXAHUATA WNPIOKWY UTTOYPAPWY TToU Ba
ava@époupe aTo 3° KEPAAAIO.

1.2 ZuvapThoeig.

‘Eva ouvoho arroteAsital ammd povadikd avTIKEIJEVA TToU OovopAadovTal OToIXEia Tou
ouvoAou.

Opiopég 1. Mia ocuvdprtnon opiCetal amd duo cuvola X kal Y kal éva
kavéva f étrou atreikovilel kaBe oToixeio Tou X o€ akpIBwg éva aToixeio oto Y. To

ouUvoho X ovopadetal TTedio opIoPoU TG ouvVAPTNONG Kal TO oUVOAO Y TTedio TIHwWV.
Av 10 x eival éva oToixeio Tou X (x € X ) n ekdva Tou x €ival éva oToixeio Tou
Y mou 10 Bpiokoupe av epapudooupe Tov kavova foto x. H ekdva y TOU X

opieTal wg y=f(x). Mia ocuvdptnon famdé 10 CUvOAo X oTO Y OopileTal WG
f:X— Y. To olvoho OAwv Twv OTOIXEiWV TOUu Y O6TTOU O€ KABE OTOIXEIO TOU
aTreIkovigeTal TOUAGXIOTO éva OToIXEio Tou X pE Tov Kavova f ovopdadeTal EIKOva TG

S (Im(f)).

Opioudg 2. Mia cuvaptnon f: X — Y, eivai 1 — 1 av kd&Be aToIxXEIO TOU
Y eival elkdva 1o TTOAU €vOG oToIxEiou Tou X .

Opiopdg 3. Mia ocuvdptnon f:X — Y, €ival emi av kd&Be aToIKEiO TOU
Y eival eikdva TouAdyioto evog oToixeiou Tou X .

Opiopog 4. Mia cuvdaptnon f: X — Y, gival 1 — 1 kai €TTi av KGBe aToIXEIO
Tou Y €ival eiIkbéva evog oTolxEiou Tou X .

Opiopoég 5. Mia ouvaptnon f: X — Ymou eivar 1 — 1 kol €, yia KA&Oe
oToIXEio y € YopiCoupe v g:¥Y— X, ppue g (y)=x omou x € Xka
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f(x)=y.H g eivai ouvdptnon kai kaBopidetal amd TNV f Kal AéyeTal avtioTpo®n

me f,e=/"
YTdpxouv QpKeTa €idn OUVOPTACEWY TIOU £€XOUV ONUAVTIKO pOAo OTnv
KPUTTTOYPA®ia Kal OTIG YNQPIAKES UTTOYPAPEG.

Opiopdg 6. Mia cuvdptnon f: X — Y ovopdletal one — way GuvapTnon av
10 f (x) €ival «€UKOAQ uTTOAOYIOIUO» YIa OAa Ta x € X aAAd yia «oxedOv OAa» Ta
oroixeia y € Im(f) eival «uttoAOyIOTIKA aVvEQIKTO» va Bpolue Kamolo x € X
1€T010 TTOU  f (X )=y . AUOTUXWG av Kal UTTApXouv TTOAAEG OUVOPTHOEIG TTOU

mOoTeloUPE OTI gival one-way HEXPI onuepa Oev UTTdpxel atrddeiEn OTI KATTOIN
OUYKEKPIUEVN ouvdapTnon €xel autrh TNV 1010TNTA.

Oa doupe duo TTapadeiyuarta yia va KaTaAdBoupe KaAUTePA T gival one — way
OUVOPTHOEIG.

MNapadeiypa 1. Eotw X ={1,2,3,...,16} ka1 opifoupe TNV f (x)=r, yia 6Aa Ta

x € X omour, gival To uttéAoiTTo étav 1o 3” diaipebei pe To 17. AnAadh

X 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
f(x)y 3 9 10 13 & 15 11 16 14 8 7 4 12 2 6 1

Ao0BévTog evog apiBuou atd 10 1 éwg To 16 cival eUKOAO va Bpouue TNV €IKOVA TOU ME
Bdon Tnv f . ANAG gival SuaKOAOTEPO, av pag dobei yia TTapddelypa 10 7, va Bpouue
10 x WoTe f(x)=7. BéBaia av avTi yia 7 gixape 10 3 16TE €ival eUKOAO va Bpoupe OTI
x=1, yla autd 1O AOyO E&iTTape OTOV OpPIOCPO yia  «OXedOV OANa» Ta OTOIXEId
y € Im(f). To onuavtiké oToixeio €dw eival 6T uTTAPXEl SlaPopd OTNV £pyaaia yia
va uttohoyigoupe 10 f(x) kai va Bpoldue T0 x doBéviog Tou f(x). ..

Mapddeiypya 2. ‘Evag TpwTog aplBudc  cival €vag BeTIKOG  akéPalog
MeyaAUTepOg ammd 10 1 OTToU £xel BeTIKOUG aképaloug dIalpéTeg PMOvo To 1 Kal Tov
€eautd Tou. EmAéyoupe oS00 TpwToug aplBuolg  p =48611, ¢=53993 «kai

uttoAoyifoupe n = p*q =2624653723 kal opi¢oupe 10 oUvoho X ={1,2,3,...,n-1}.
OpiCoupe TN ouvéptnon f oto X, 6mou f(x)=r.Vx € X kai r eival 10
utTéAoITTo dTav diaIPoUYE To x° e To 7. Mo TTapadelyua [ (2489991)=1981394214

emeIdr) 2489991° =5881949859 *n + 1981394214. Na va Bpolue To f(x) €ivai

€UKOAO OAAG N avTioTpo®n diadikaagia gival TTOAU TTI0 SUCKOAN. Av Ol TTapAYOVTEG TOU
n eival ayvwaTol Kal JeydAol apiBuoi autd gival éva dUoKoAo TTpORANua, aAAd av ol
p Kal g gival yVwaoToi TOTE To TTPORANUa gival eUKOAO. ..

Opiopég 7. Mia trapdoor one — way ouvdptnon eival pia one — way
ouvapTnon f X > Ype pia emmAéov 1816TnTa (TToU AéyeTan trapdoor
TAnpo@opia) Kai gival e0koAo va Bpolue yia kGBe y € Im(f) éva x € X Té€TO0I0

ou f(x)=y.

Mapadeyya trapdoor one — way ouvaptnong €ival n ouvaptnon TTou €idaue OTo
Tapadelyua 2 Pe TNV EMTTALOV TTANpo@opia va EPOUPE TOUG TTAPAYOVTEG TOU 7
(Toug apIBuoug p Kai q).
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2TI OUVAPTACEIG one — way Kal trapdoor one — way oTnpidetal n
KpuTrToypagia dnuoaiou kA1dioU ( public-key cryptography).

Opiopoég 8. 'Eotw éva Tremepacpévo olvoho S. Mia petdbeon
p: S — Sceival yia ouvdptnon 1-1 ammé 1o S oToVv £0UTO TOU.

Opioudg 9. EoTw éva mmemepagpévo ouvolo S kal f pia 1-1 ouvdptnon amd
10 Soto S.H f ovopdletar involution av £ = £, 8nAadh £ (f(x)) = x yia 6Aa T
x e S§.

Opiopoég 10. Mia hash ouvapTtnon eival pia eUkoAa uttoAoyioiun ouvapTnon
Tou avTioToixiel Ouadikég ocupPoloocipég auBaipeTou pAKoug o€ BuAdIKEG
oupBoAloocipég oTaBepoU PAKOUG TTou auTéG ovoudlovTal hash- Tipég( hash values).

2TIC  YNQIAKEG  UTTOYPAPEG  TTOAAG  TTpoBAfuaTta  Tou  dnuioupyouvTal

eTTIAUOVTAI hE TN XPAON Twv hash cuvapTticewv. Mepika ammd auTtd eivai:

(a). 'Eva peydho pAvupa oe éktacn Ba éxel TeEPAOTIA WnOIOKA
uTToYPA®H.

(B).Ta o «ac@aAfi» WYnEIOK& oxAuata civar  apyd emmeidn
XPNOIUOTTOIOUV TTOAUTTAOKOUG UTTOAOYIOHOUG.

(y). Av éva pnRvuua €xel dlooTTacBei g€ PTTAOK yia va UTTOYPOQEi
MTTOpEi KATToIa PTTAOK va aAAdEouv Béon ) va diaypa@ouv Kal N utroypagn va
MTTOPEl TTap’ OAa autd va TTioToTToINGEi. MNpETTel va dIAQUAGEOUE TV OKEPAIOTNTA TOU
MNVUPATOG KAl auTO OEV UTTOPEI VA Yivel JE aveEAPTNTEG UTTOYPAPEG O€ KABE UTTAOK.
Mpétrel va €ipaoTe TTOAU TTPOCEKTIKOI OTNV XPAON Twv hash ocuvapTicewv OTIg
WNOIOKEG UTTOYPaPEG. Aev TTPETTEl O0€  KaMia TrepiTTwon n xprion tng hash
ouvdapTNOoNG va aduvatiosl TNV aoQAAEId TOU CUCTANATOG.

MNa pia hash ocuvaptnon émou n hash-tiyn civar #-bit, n mMBavéTnTa va
emIAeyei Tuxaia pia ocuykekpipyévn TR €ivar 27", O1 hash ocuvaptAcelig Tou Ba
XPNOIMOTTOINOOUUE OTIC WNPIOKES UTTOYPAWEG gival ETTIAEYUEVEG CUVAPTAOEIS WOTE va
givar uttoAoyioTIKG avéPIKTO va Bpouhe OUO dIAPOPETIKA X,y TETOIA TIOU
h(x) = h(y), ka1 dpa 500€vTog piag TINAG ¥ €ival UTTOAOYIOTIKA avEPIKTO va BpoUpe
TETOIO X WOTE h(x)=y.

Opiouodg 11. ‘Eotw x eival éva pyrvupa. Mia hash cuvéptnon 4 eival weakly
collision free yia T0 x av €ival UTTOAOYIGTIK& AvEQPIKTO va BpoUue éva privupa x' # x
T€T010 TTOU A(X') = h(X).

Opiopdg 12. Mia hash ouvdptnon 4 eivar strongly collision free av eivai

UTTOAOVYIOTIKG avéQPIKTO va PBpoUue pnvipata x kol x' Tétola TTou x' # x Kal
h(x") = h(x).

Opioudég 13. Mia hash cuvdptnon & eival one-way av 000éviog evog
MNVUPaTOG m €ival UTTOAOYIOTIKA QVEQIKTO va Bpoupe éva PAvUPa x TETOIO TTOU
h(x)=m.
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1.3 MOavoTnTEG.

Me S oupBoAifoupe To XWPO TwV yeyovoTwy Kal ge £ < S éva aUvoAo yeyovoTwv.
Opiopodg 1. Mia mlavortiki katavouy P 010 S €ival pia akoAouBia apiBuwv
Pi>Pas-s P, TETOIA TTIOU ONOI O p, €ival pn apvnrikoi kal éxouv GBpoiopa 1. H

mOavéTnTa Vo oupBei T yeyovog s, sival p, i P(s;).

Opiopdg 2. 'Eva ouvoho yeyovoTwv E eivalr éva utroouvolo tou S. H
mBavétnTa va cupfei 10 E oupfoAifetal pe P(E) xkai gival To dBpoioya  Twv

mMOAVOTATWY p, OAWV TWV YEYOVOTWV s, TTOU avAKouv 010 E. Av 5,€ § 10 P({s,})
ypdoetar P(s;).

Opiopoég 3. Av E cival éva ouvoAlo yeyovoTwy, TO CUUTTARPWHA Tou gival To
oUVOAO TwV yeyovoTwy TTou dev aviikouv oTo F Kal GUlBoAiCeTal pe F .

I5iI6tnTta 1. Eotw £ S
(a). 0 P(E)<1.Emiong P(S)=1ka P (J)=0.

(B). P (E)=1-P (E).

Opioudg 4. Avo yeyovota E, kai E, Aéyovral apoifaiwg atrokAsiOyeva av
P (E, " E,)=0. Anhadr) av oupBei 1o éva atd 1a dUo yeyovoTa T1éT1E To GAAO O Ba
OupBEi TTOTE.

1516TNTO 2. ‘EOTW dUO yeyovoTa E| kai E, .
(o). Av E, c E,101¢e P (E|)< P (E,).
B). P(E,VE,)+ P(E NE,))=P (E)+P (E,). Anradi av Ta E,
Kal E, eivar avegaptnra téte P (E, U E,)= P (E,))+ P (E,).

Opioudg 5. ‘EoTtw duo yeyovota E, kai E, pye P (E,)>0. H mBavomra va
oupBei To yeyovog E| dedopivou OTI €Xel OUNBET TO yeyovog E, opidetal wg P(E, | E,)
Kal iIgoUTal JE

P(E, NE,))
P (E\|E, )=————=.
P(E,)

Opiopég 6. Avo vyeyovota E, «kai E, Aéyovial avegdptnia av

P (E,NE,)=P (E)* P (E,).

1516TNTO 3. (@Wpnpa Tou Bayes) Av E kai E, gival yeyovota ye P (E, )>0
T6TE

_P(E)*P(E, | E)

P (E\|E,) P(E.)
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Opiopodg 7. Mia tuxaia pyetaBAnt) X eival pia ouvdptnon amod 10 S o€ éva
OUVOAO TTPAYHOTIKWY apIBUWV OTTOU yia KGBe yeyovdg s, € S n X avrioToixiCel éva
TTPAypaTIKO apiBud X (s,) .

Opiopodg 8. Eotw X pia Tuxaia petaBAnt X oto S . H avapevouevn Tipn g
Xeivar E(X)=)"  X(s,)*P(s,).

1.4 Oswpia apiBuwv.

H peAéTn Tng Bewpiag Twv apiBpwy £xel Taifel onuavTiké poAo oTnv avdamTuén
TWV YNPIOKWY OXNPATWY UTToypa@wV. Ta o TToAAG oxrjuata 1Tou 8a dolue oTo 3°
KEQAAaIo O0TNPiovTal o€ avoIKTA TTPOBAAUATA TNG BEWPiag TwV apIBPWV.

1.4.1 Aképaiol apiBuoi.

Opiouég 1. Eotw o kai S aképaiol. O o diaipgi Tov f (o | f) av uttapyel
évag aképalog ¥ TETOIOG TTIOU f=a *y .

1816TNTa 1. N 6Aoug Toug @ , B, 7 € Z 10X00UV Ta TTAPOKATW:
(). o | .
B)-Aveal|p xa B |y T10TE | ¥
(V)-Ava|f kaia|y T1otE 2|(f *x+y*y)yiaohaTa x,y € Z.
®).Av a|p kai f |aToTe =% [

Opioudg 2. (AAyopiBuog diaipeong) Av o kai [ eival aképaiol ye S >1
T6TE N diaipeon Tou « pe To F didel dUo akepaioug 7 (TTNAIKO) Kal v (UTTOAOITTO)
T€TOIoUG TTOU @ =7 * f+0v, 6mou 0<v< . O 7 kal v eival govadikoi, 0 v
oupBoAidetal a mod S ka1 0 7 cupfoAieTal adivp .

Opioudg 3. ‘Evag aképaiog y eival Koivog diaipétng Twv a kal B av
y lakay |f.

Opiouog 4. 'Evag pn apvnTikOG aképalog o €ival PEYIOTOG KOIVOGS DIaipéTng
Twv okepaiwv a kal B (d=ged(a, F))av
(a). O & €ival koIvog dIaIpETNG TwV @ Kal [ .
(B). Ma k&Be aképaio » ToOU ¥ |a kai ¥ |fB 161 v |O.

Opiop6g 5. Evag pn apvnTikdg aképalog o  €ival  €AAxIOTO  KOIVO
TTOAOTTAGCI0 TwV akepaiwv @ kal B (0 =lcd (a, f)) av
(@). a|oka B|o.
(B). Ma k&Be aképaio y ToU @ |y Kat By TOTE O | Y
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Idi16TNTa 2. Av 0 koI f eivai BeTikoi aképaiol TOTE
led(a,p)=a*flged(a, f).

Opioudg 6. Ao aképaiol o Kal £ gival oXeTikwg TTpwTol av ged (o, f)=1.

Opioudg 7. 'Evag aképalog p =2 eival TTPWTOG apIBUOG av oI hJovadIKoi
BeTIKOi dIaIPETEG TOU €ival 0 1 Kal 0 p . ANIWG 0 p gival oUVBETOG.

I316TNTa 3. AV p gival TpWTOG KAl p|a * f 161E pla N p| F (4 kal Ta dUo).
1516TNTA 4. YTTdp)ouv ATTEIpol OTO TTANBOG TTPWTOI ApIBUOi.

1I616TnTa 5. Na KABe aképalo n =2 utTdpxel Movadikr] TTaPAyovVTOTToiNon TOU
1 O€ YIVOUEVO TTPWTWYV ApIBUWY
— € e [
noEpEpy Rk p,
OTIoU p; €ival HOVadIKOi dIAPOPETIKOI TTPWTOI APIBUOI KAl e; gival BETIKOI akEPAIOL.

Opioudg 8. MNa n>1 pe @ (n) opiCoupe Tov APIBUS TWV OAKEPAiIWV OTO
didotnua  [1, n] TTOU €ival OXETIKWG TTpwToIl Je Tov n. ( H ¢ ovouddetal Euler @i
ouvapTtnon).

I316TNTa 6. H ouvapTnon ¢ €xel TIg akOAOUBEG 1010TNTEG:
(). Av p eival TpwToGg 16TE @ (P )= p-1.
(B). Av ged (a, B )=1101e ¢ (ax[)=¢ (a) * ¢ (B).
(V). Av n=p[ % p2 *_.* p* gival N TTOPAYOVTOTIOINGN Of TTPWTOUG
apIBuoUg Tou n TOTE

§ (n)=nx(1-—yr(-—ye e
P P> Py

IBiétThTa 7. Av o ko [ cival BeTikoi aképaiol pe a > T0TE
gcd (a, B)=ged(f,amod ).

OpIop6g 9. Av n,a ka1 [ cival aképaiol, 0 a Aéyetal OTI gival CUPPWVOG PE
Tov fmodn kal ypdgoupye o = modn, avo n diaipei Tov (a - ).

Idi6tnTa 8. Mo OAoug Toug o ,a,,B,pB,,y <€Z pe n>0 1oxbouv Ta

TTaPAKATW:

(a). @ = modn av kal yévo av ol a , f €xouv T0 idIo UTTGAOITTO OTAV
dlaipeBolV pe 10 1.

(B). a =amodn

(Y)- Av ¢ = fmodn 161 f=cmodn.

(8).- Av ¢ =fmodn ka1 f=ymodnT6TE @ =y modn.

(€). Av ¢ =a, modn kai B = modn 161€ a + f =(, + B,)modn Kai

a* f=(a, f,)modn.
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Opiopég 10. O1 aképaiol mod n opifouv To cUvoro Z, ={0,1,2,...,n-1}.

Opiopég 11. Eotw a € Z,. O avrioTpogog Tou @ modn gival évag akéPalog

x € Z, 1é1010G TTOU « *x=1modn . Av UTTGpxEl TETOIO X TOTE QUTO €ival Yovadiko

KOl 0 ¢ AéYETQI QVTIOTPEWINOG Kal UPBOAIZeTal o .

Opiopég 12. Eotw «a,f € Z,. H diaipeon Tou a pe Fmodn eival 10

yIvOuevo Tou o Kal Tou B ' 'modn kai opiletal yévo av o LFmodn eival
QVTIOTPEWIUOG.

1516TNTa 9. 'EOTW 0 € Z,. Té1E 0 o €ival avTIOTPEWIPOG AV Kal JOVO av
ged(a,n)=1.

1516TTa 10. (KivéQiko Bswpnpa) Av ol aképaiol n,,n,,...,n,_ €ival avd d0o
OXETIKWG TTPWTOI TOTE TO CUCTAHA EEI0WOEWV
X =o, modn,
x=a,modn,.

x=oa,_modn,
€XEl pia pOVadIKN AUon n=n, *n, *...*n_.

Idi6TnTa 11. Av ged (n,,n,)=1, T0TE TO (eUydpl €§ICWOEWV x = amodn, Kal
x =amodn, €xel povadiki Abon x = amod(n,n,) .

Opiopég 13. H TTOAATTAQCIOOTIKN ouéda ToU 2, givai

Z:={ann|gcd (a,n)=1}. EOKG av n cival TPWTOG apPIOUOS TOTE

Z =Ha|1<a <n-1}.

Opiopég 14. Taén Tou Z, opiCetal 0 apiBudg Twv oToIXEiwv oTo Z, Kal

oupBoAiZeTal | Z, |. (Zuvduagovtag kai Tov Opioud 8 éxoupe 6T ¢ (n)=1|Z, | ).

1816TNTa 12. ' ECTW 1 > 2 gival £€vag akéPAIOg TOTE:
(0). (@swpnpa Euler). Av a € Z, 161 a*” =1(modn).
(B). Av n eival yivouevO OIQQOPETIKWY TIPWTWY CAPIBUWY Kal av
r=s(modg@(n))161€ @¢" =¢’ (Modn ) yia GAOUG TOUG OKEPAIOUG « .

I5316TnTa 13. 'EoTWw p €ival TpwTog apiBuog TOTE:
(a). (@ewpnua Fermat). Av ged (a, p )=1161€ 2" =1(mod p ).
(B). Av r=s (modp-1) 161¢ a'=’ (modp) yia OAoug TOUG
OKEPAIOUG & .
(Y)- @”=a (mod p) yia 6Aoug TOuG aKEPAIOUG « .
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Opiopég 15. EoTw o € Z:. T&én Tou a (ord (a)) €ival o EAAXIOTOG BETIKOG

aképaiog ¢ Tétolog TTou o' =1(modn).

I516TnTa 14. Av n 16¢n TOU @ € Z: gival ¢ kol &’ =1(modn ) 161€ 0 ¢ dlaupei
TOV §.

Opiocuoég 16. Eotw «a € Z:. Av n 14¢n ToUu  eival @(n) TOTE O a E€ival

YEVVATOPOG TOU Z : .Avto Z n EXEl éva yevvnATOpa TOTE TO Z n AéyeTal KUKAIKOG.

I316TNTO 15. 18160TNTEG TWV YEVVNTOPWY TOU £ : .

(a). To Z, éxel éva yevvATopa av kai yévo av n=2 4 4 4 p* 4 2 p*
OTTOU p €ival TTEPITTOG TTPWTOG APIBPOG KAl K > 1.

(B). Av a givai YEVVATOPOG TOU VA n TOTE
Z ={a'modn|0< i < g(n)-1}.

(). Eotw «a ¢£vag yevvATOopag TOU Z:. Téte B =a'modn cival
emiong yevvATopag Tou Z, av kai pévo av ged (i,¢(n) )=1. Av 10 Z, &ivai KUKAIKO
TOTE O APIBUOG TWV YEVVNTOPWV gival @(P(n)) .

(5). Eotw ae€Z,

n?

0 «a €ival yevvhTopag TOU Z: av Kal hJovo av
g(n)/

a”™" L 1(modn ) yia KGBE TTPWTO BICIPETN p ToU @(n).

Opiopég 17. Eotw a Z:, TO «a €ival TeTpaywvikd uttéAoirTo Tou modulo

, * 2 , , ,
n Qv UTTApXEl x € Z, TéTol0 TTou x = (modn ). Av dev UTTAPXE! TETOIO x TOTE TO &

AéyeTal un TETPAYWVIKO UTTOAoITTO Tou modulo n. To oUVOAO TWV TETPAYWVIKWV
utToAoiTTwY Tou Modulo n gival TO O, Kal QUTO TWV  JN TETPAYWVIKWY UTTOAOITTWY TOU

modulo n givai 10 Q, .

I31I6TnTa 16. 'E0Tw p cival évag TTEPITTOC TTPWTOG apIBuOS Kal o €vag
YEVVATOPAG TOU Z; .Téte fB € Z; gival TETPAYWVIKO UTTOAOITTO Tou modulo p av Kal
uévo av PB=a'modp Oomou i cival évag GpTiog oképaiog. 'Emetal 4T
10, 1=(p-1)2 kai |Q, |=( p-1)/2, dnAadn Ta UIoG OToIXEIQ OTO Z, €ival TETPAYWVIKA
utTéAOITTa KAl Ta GAAG pIod Ogv gival.

1I516TnTa 17. '/EOTW 7 €ival TO yIVOUEVO BUO BIAPOPETIKWY TTEQITTWV TTPWTWV
apIBuwV p Kal g, n=p*q. Té1E 0 € Z: gival éva TETPAYWVIKO UTTOAOITTO Tou

modulo n av kai pévoav a € O, Kal @ € O, .

Opiopég 18. Eotw aeQ,. Av er: IKQVOTTOIEl TNV €&iowoaon

x*=a (modn)TOTe TO x AéyETQI TETPAYWVIKY pida Tou o modr .
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I316TNTOa 18. NG TOV APIBPO TWYV TETPAYWVIKWY PICWV 1I0XUOUV:
(a). Av p eival TTEPITTOG TIPWTOG Kal @ € O, TOTE 0 & €XEl AKPIBWG

dUo TETPAYWVIKEG piCeg mod p .

(B). EoTw n=p * p3* *...% p* 6TOU p, €ival dIAPOPETIKOI TTEPITTOI
TTpwtol apiBpoi kai e, 21. Av a € O, T0Te 0 a £xel aKpIBWG 2° dIaPOPETIKEG
TETPAYWVIKEG pilec mod 7 .

Opiopég 19. ‘Evag Blum aképaiog eival évag oUVOETOG OKEPAIOG 71 UE
n=p * g OTOU p ,q tival dIAPOPETIKOi TTPpWTOI Kal p =3 mod 4 kai ¢ =3 mod 4.

1816TnTa 19. 'EoTw n=p * g eival évag Blum aképaiog kal a € O, . Téte 0 @
EXEl AKPIBWG TECTEPIG TETPAYWVIKESG PiCeg mod#n, Kal uévo pia aTTd auTEG QVAKEI OTO

Qn'

Opiopdg 20. Eotw n eival évag Blum aképaiog kal o € O, TOTE n povadikn
TETPAYWVIKN pia Tou o o1o O, AéyeTal KUPIA TETPAYWVIKH pia Tou o modn .

I31I6tnTa 20. Av n=p * geival évag Blum oképalog TOTE n ouvapTnon
f: 0, =0, opifetai a6 Tov 10TO f (x)= x’modn eivar pio perdBeon. H

avtiotpoen TG feivar £ (x )= x (P

1.4.2 20uBoAa Legendre kai lakwfiavd.

Opiopodg 1. Eotw p cival £vag TePITTOG TTPWTOG KAl a €vag akéPalog. To

oupBoAo Legendre (g ) opieTal w¢ €EAG:
P

0 av pla
(ﬁ)= I av aeQ,
p _

-1 av aeQ,

I316TnTa 1. ‘EOTw p €évag TTepITTOG TTPWTOG apIBudS kai a, f € Z. Tote 10
oUpBoAo Legendre £xel TIC akOAOUBEC 1IB16TNTEG:
(@. (Z)=a"™"? (modp).
p
a a
By 2y L,
P P P
p

(y)- Av a= 8 (mod p)1ote (Z)=(2).
p P

(B). (
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(®). Av g gival TTEPITTOG TTPWTOG DIAPYOPETIKOG OTIO TOV p TOTE

(E )=(i ) (=) DaDr4
4q p

Opiopdg 2. EoTw n >3 TEPITTIOq PE n=p;' * p2 *..* p’. To lokwBiavo

ouuBoAo (g ) opiCeTal WG €ENG:
n
(ﬁ): (ﬁ)el (ﬁ)ez (i)ek _
n b §2)

Dy

I316TnTa 2. 'EOTw m >3, n >3 TepiTToi aképaiol kal a,ff € Z. Tote 10
lakwBiavo cUpBoAo £xel TIG akOAouBeg 1I810TNTEG:

(a). (ﬁ)=0 n 17 -1. EmmAéov (g)=0 av Kai yévo av ged (a,n)# 1.
n n

®).( ﬁ) (%2
n n

WSy =Ly,
mn m

(3). Av a=f (modn)T6TE (% J=(

SHRSN

(e). (—)=1.
n
(@1). (CL=(-1)" ",
n

(@ (Z)=(=D" "%,

m

(n). (— )=(£ )(_1)(m—1)(n—1)/4 _
n m

1.5 AAyeBpa

1.5.1 Opadeg.

Opiopog 1. Mia opdada (G,* ) atmoteAeital atrd €va ouvoho G €QodIOTPEVO
ME TN SIPEAN TTPAEN * TTOU IKAVOTTOIET TO TTOPOKATW:
(a). H * gival rpooeTaipioTIKA. AnAad a * (L *y)=(a * f) * ¥ yia
oraTaa,f,.yeC.
(B). Ymapyxer éva oToixeio 1€ G 1€1010 TTOU @ *1=1* a=ayia O6Aa Ta
a € G Kal AéyeTal OUBETEPO OTOIXEIO.



MIIAY Wneiakéc Ymoypapéc 14

(y). Ta k&Be a e G umdpxel éva oTtoixeio o' € G Tou Aéyetal

avTioTPOPO TOU @ TETOIO TIOU @ * & '= ™' * a=1.
H oupd&da (G,*) eivai afehiavry av n * egival avTigetabeTikr. AnAadn

a* = *avyiaohataa,feC.

Opiopodg 2. Mia opada G eival remrepacpévn av | G | gival remepacpévo. O
QpPIBUOG TWV OTOIXEIWV HIAG TTETTEPACHEVNG OUAdOC AéyeTal TAEN TNS OUADOG.

Opiouodg 3. ‘Eva un kevd utmmoolvodo H 1ng ouddog G eival utrooudda tng
G av 10 H ¢ival opada kal géBetal Tnv mpagn * g G . Av 10 H eival uttoopdda
G Gkal H # G 1616 TO H AéyeTanl yvAoia uttooudda tng G .

Opiopog 4. Mia opdda G eival KUKAIKA av UTTapxel €va atoixeio a € G
TETOIO TTOU yIa KGBe S € G umtdpxel aképaiog i pe B=a’ . To a Aéyetal yevwATOPOG
me G.

I5i6TnTa 1. Av G ¢ival pia oydda kal a € G, T6TE TO OUVOAO TWV BUVAUEWY
Tou a e€ival pia KUKAIKA uttooudda tou G TTou OnuioupyrABnke ammd 10 a Kal
OupBoAiCeTal (a ).

Opiopég 5. ‘Eotw G cival pia opdda kai a G. Ta&én ToU a cival o

eNAXI0TOG BeTIKOG aképalog ¢ TETOlIOG TTou «' =1 av umdpxel Tétolog . Av dev
uTTdpxel TOTE N TAEN TOU a cival ATreipn.

I8iI6TnTa 2. 'Eotw G cival pia opdda kai a € G1agng . Tote |(a)| , 1O
MEyEBOG TNG UTTOOPAdAG TTOU dNnuIoUPYNBNKE aTTd TO « €ival ico JE £ .

I516TnTa 3. (Qewpnua Lagrance). Av G eival pia memepacuévn opdda Kai
H ¢ivai pia utroopdda tou G, 101 | H | diaupei 70 |G |. Av a € G, n T4¢n TOU a
dlaipei 1o | G .

I516TNTa 4. K&Be uttoouada TNG KUKAIKAG opddog G eival €1miong KUKAIKN. Av
G eival KUKAIKA) opada Tagng n TOTE yia KABe BeTIKG diaipétn d Tou n, n G TTEPIEXE
aKpPIBWG pia uttooudda Tééng d .

I316TNTO 5. 'EoTw G eival pia opdda.
(0). Av n 16¢n Tou a € G eival ¢t TOTE N TAEN Tou ¢ eivan ¢/ ged (¢, ).
(B). Av G eival KUKAIKA ouada 1a¢ng n kai d|n 101€ n G £Xel
akpIBwg ¢ (d ) oToixeia TagnNg d . AnAadA n G €xel @ (n) YEVVATOPEG.

1.5.2 AoakTUAIOIL

Opiopoég 1. 'Evag dakTuAiog ( R,+,x) aTroTeAcital atmd éva oUvolo R pe duo
OIheAEIC TTPAEEIC + Kal X TTOU IKAVOTTOIOUV TO TTAPAKATW:
(a). (R,+) civar apeAiavr) ouada pe oudéTepo oToixeio 1o 0.
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(B). H yeletds X givai TTPOCETAIPIOTIKA. AnAadn
ax(fxy =axp)xy yaokaTtaa,fB,y €R.

(y). Ymrapxel oudétepo aToixeio atnv mpdgn x 1o 1 pe 10 T€TOI0 TTOU
Ixa=a x1=a yilaoha 10 o € R.

(6. H T1pdén x eivar  emyuepioTikl  otnv  +.  AnAadh
ax (fry Flaxpy(axy )xka(f+y )xa=(f xa)(y xa)yaolaTta
a,f.,y €R.

O OakTUNIOG (R,+,x) eival petafatikég av a x f=F xa yia OAa 1O
a,feR.

Opiopég 2. 'Eva otoixeio o T1ou OakTuAiou R Aéyetal avmioTpégiyo av
UTTapXEl oToIXEiO F Tou R TéTOI0 TTOU @ X 3 =1.

I1I5316TnTa 1. To GUVOAO TWV AVTICTPEWIPNWY OTOIXEIWV TOU daKTUAioU R oTnv
TPAEN x €ival oudda Kal AEyeTal opdda Twv avTICTPEWINWY OTOIXEIWY ToUu R .

1.5.3 Zwpara.

Opiopég 1. 'Eva cwpa F - cival évag petaBatikdg dakTUAIOG 6TTou OAa Ta [N
MNOEVIKA oToIXEIa gival avTIOTPEYIA.

Opiopo6g 2. H xapaktnpioTikA evog cwpatog sival 0 av 1+14;...’+1 O¢ev gival
m - fopés
TToTE PNOEV yia otrolodNTToTE m = 1. AANILOG N XOPAKTNPIOTIKA TOU CWHPATOG gival 0O

EAAXIOTOG BETIKOG OKEPAIOG 1 TETOIOG TTOU ZLI eival ioo pe 0.

1516TNTa 1. To Z, €ival owpa (UE TIG ouVNBIOPEVES TIPAGEIG TNG TTIPO0BETNG
Kal Tou TToAaTTAagIoopoU mod#z ) av Kal yévo av o n ival TTpwTog aplBuds. Av o n
gival TTPWTOG TOTE TO Z, £XEI XOPAKTNPIOTIK 71 .

I316TNTO 2. AV N XOPOKTNPIOTIKA m TOU owuaTtog dev givalr 0 10Te 0 m €ival
TTPWTOG apIBuoC.

Opiopég 3. ‘Eva uttoocuvolo F Tou cwpartog FE, ival uttoowpa Tou £ av 1o
F eival cwpa kal oéBetal TIc TTPAgeic Tou £ kal To cwua E AEyeTal ETTEKTACN TOU
owpatog F.

Opiopég 4. Eva memepaocpévo cwpa F o egival éva owpa ToU  €XEl
TETTEPATPEVO apPIBUOG oToIxEiwy. TéEN Tou F eival 0 apIBPdS Twv oToIXEiwY Tou F'.

IB16TNTO 3. AV F €ival TIETTEPACPEVO OWUA TOTE TTEPIEXEI p™ aTOIXEIQ OTTOU
p €ival TTpwToG apIBuds Kal m > 1.
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I516TNTa 4. Mo k&GBe SUvapn p” TOU TIPWTOU p UTTAPXEl €va HOVADIKO
TIETTEPACUEVO OWHA TAENG p” . To owpa autd cupBoAileTal Fp,,, .

I516TnTa 5. Av F, €ival TIETTEPACHEVO OWHA TAENG g=p" 6émou p ceival
TPWTOG apiBudg, TOTE N XOPAKTNPIOTIKA TOU F, eivai p. To F, Tepiéxel éva
avTiypago Tou Z, wg utloowua Tou F, . To F, eival pia eméktaon Tou Z, Baduou

m.

1.5.4 EAA&ITTTIKEG KAUTTUAEG.

Opiopdg 1. 'Eotw p >3 évag mmpwTog aplBuds. H eAAEITTTIKA KAPTTUAN E
Y?’=X’+aX+f ot0 Z, gival 10 00vOAO Twv AUCEWV (x,y) €Z,xZ, G
Y’=X’+aX+f(modp), omou a, PeZ, civar oTaBepEG TETOIEG TIOU

4a® +27B% # 0(mod p) e To €181k onueio O TTou AéyeTal oNPEio GTo ATTEIPO.

Opiopodg 2. 'Eotw E pia eANEITTTIKA KOUTTUAN Kai P =(x,y) ,0=(x",y") duo
onueia TNG KauTUANG E. Opifoupe 10 avtiBeto Tou P kai 10 GBpoicua P +Q
OUPQWVA JUE TOUG TTOPAKATW KAVOVEG:

(a). Av 10 P ¢€ival To aonueio oto atreipo O 161€ TO — P ¢ivai 1o O. lNa
otrolodnTToTE onueio O opioupe 10 O+ O =0.

2TOUG TTAPAKATW KAVOVEG Bewpolpe o1 P, O # O.

(B). To —P ¢£xer ouvretaypéveg (x,—y ), dnAadn —(x,y)=(x,—y) Kkai
QVAKEI TNV EAAEITTTIKA) KOPTTOAN E . Av O =- P 161€ OpiCoupe P+ =0.

(y)- Av x # x' 16TE n €ubeia 5=P_Q TEUVEl TNV E Kal o€ éva aAAo
onueio R (ekTdG av n € gival epatrrouévn otnv £ oto P étmou Traipvoupe R=P A
oto Q o6tmou mraipvoupe R =Q). Tote opifoupe 1o P+ va gival To — R, TTou €ivail n
TpofoAA oTov dEova x x' Tou R, 6TTOU Kal To — R avrkel otnv E'.

(). Av P=Q, 161E N g=P_Q gival epatrropévn NG £ o10 P kai R
gival To govadikd GANo onpeio Tng ¢ Me TNV E Kal opioupe 2 P =-R.

Id16TnTa 1. 'Eotw P =(x,,y,) k&I O=(x,,y,) &ival onueia TnG €AAEITTTIKNG
KQUTTUANG E.

(a). Av x,=x, ka1 y,=-y, 161¢ P+(Q=0.

(B)- ANiwg P +Q=(x,,y,) O0TTOU



MIIAY Wneiakéc Ymoypapéc

17

X, = A0 -x,- X,
V3= A(x-x3)-y, pE

Yo =W av

Xy =X
A= ,
3x; +ta

2y,

av

I316TnTa 2. H Trapamdvw 1816TTA KOl 0 0pIoPOG Tou abpoiopatog P+
KAvel Ta onueia TNG EAAEITTTIKAG KAPTTUANG va gival oToixeia piag aeAiavAg opdadog.
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KepdaAaio 2
Oewpia TTOAUTTAOKOTNTAG KOl aAyopiBuol.

2.1Eicaywyn.

¢ autdé TO0 Ke@AAalo Ba avagépoupe Paocikég  €vvoleg TnG  Bewpiog
TTOAUTTAOKOTNTAG KOl OPICHEVOUG OAyopiBuoug TTou Ba  XPnOIPOTIOINOOUYE OTIG
wnoelokeég uttoypagég. Eivar onuavtikd va yvwpifoupe Toug  aAyopiBuoug TTou Ba
XPNOIUOTIOINOOUKE, O€ TIOIEG KAAOEIG TTOAUTTAOKOTNTAG QVAKOUV, TIola €ival Ta
XOPAKTNEIOTIKA auTwyv Twv KAGCEWV  Kal Trola €ival N €EEMIEN Twv QaVOIKTWVY
TTPOBANUATWY OTIG KAAOEIG AUTEG.

Otav avagépoupe yia éva TTPORANUa OTI €ival UTTOAOYIOTIKA QVEQPIKTO va TO
A0ooupe evvoupe 0TI Ogv PTTOPOUE VO TO AUCOUNE O€ TTOAUWVUUIKO XPpOVo WG TTPOG
TNV €i00d0 TOU TTPOPRAAMATOG.

216X0G aUTOU TOU Ke@aAaiou gival va doUHE Tnv KaTtatagn Twv TTPORANUATWY WG
TPOG TO XPOVO E€TTIAUCNG TOUG TTOU OXETICOVTAl HPE TIG WNQIOKEG UTTOYPOQPEG Kal
O1dpopoug XpNoipuoug aAyopibuouc.

2.20swpia TTOAUTTAOKOTNTAG.

2€ auth TNV TTapdypa@o Ba dOUHE TOUG ACUUTITWTIKOUG OPICHOUG Kal TIG KAACEIG
TTOAUTTAOKOTNTAG.

MpoBAARuaTa TTou €ival EUKOAa UTTOAOYICIJa eV UAG €ival XproIua OTIC WnNQIaKES
uTToYypa@éG. @a douue TTapakdtw OTI gival avolkTd epwtnua av P=NP kai 6Tl To
TPOBANUA aTTéPaons av évag akéPaIog apIBPOG cival ouvBeTog avhkel oTnv KAdon
NP. Av yia Tmapddeiyya oto péAov atrodeixBei 611 P=NP 7101e TTOAAG
KPUTTTOOUOTAMATO TTOU  XPNOIJOTToIoUvVTal OTIC WNQIOKEG UTTOypa@éG Ba  cival
mPakTIKG dyxpnoTta(tr.x. To R.S.A.). ‘Exel Aoimrév peydAn onuacia va yvwpifouue Tig
KAAOE€IG TTOAUTTAOKOTNTAG TTOU AVIKOUV Ol AAYOPIOUOI TTOU XPNOIUOTTOIOUE.

©a doupe OTI akOUa KAl av GUOXETIOOUME €va OXNMO WNQIOKNAG UTTOYPA®nG ME
éva NP 1mpoBAnua autd dev Ba gival TTOAU XpAoIUo yia TIG Yn@IoKES uTToypagés. H
MEAETN TwV KAACEWV TTOAUTTAOKOTNTAG eV €XEI TNV idIA TTPOCEYYION OTIC WNOPIOKES
UTTOYPOQEG (KOl YEVIKOTEPA OTNV KPUTTTOYPAPIA):

a. NvwpiCoupe 611 TO KpuTrTOooUoTNUa RSA oTnpilel TNV ac@dAgia Tou OTO
TPOBANUO TNG TTAPAYOVTOTTOINONG €vOG aKepaiou Tou Oev EEpoupe av  gival
NP -complete kai 10 KputmrtoocUoTtnua Twv Merkle kai Hellman oto subset sum
TPORANUa TTou yvwpifouue 6T egival NP -complete. AnAadry 6a Trepiyévape TO
0eUTEPO KPUTTTOOUCTNHA VA €ival TTIO A0PAAEG ATTO TO TTPWTO APOU OTNPICETAI OE TTIO
OuokoAo TTpOBAnua. Ta atroteAdéopata Opwg eival dlagopeTikd. O Adi Shamir T0
1984 kartdgepe yia yia €10IKA TTEPITITWON Tou subset sum TTPoBAARUATOG Va aTTOOEIEE!
OTI AUveTal o€ TTOAUWVUHIKG Xpovo. 'ETal To kpuTrtoouoTnua Twv Merkle kal Hellman
Katéppeuoe. Tnv €€Aynon Tou TTAPOTTAVW OTTOTEAECPOTOG Hag Tn divel To Bewpnua
Tou Brassard. To onuavtikdé oToixeio €ivar 6Tl n KpuTrToypagia Oev TTPETTEl va
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otnpiCetar oe TpoPARuaTta Tou eival NP -complete aAAd o€ TTpoBAAfuata TTou N
OucokoAia Toug BpiokeTal avaueoa oTig KAaaeig P kar NP -complete.

B. 1N Bewpia TTOAUTTAOKOTNTAG PEAETAME Ta TTPOBAANATA OTN XEIPOTEPN TOUG
TTePITITwan (worst case) 61Tou Kal UTToAoyiCoUlE TOUG XPOVOUG EKTEAEONG Kal BEAoupuE
oAyopiBuoug pe KA ammoédoon o€ QUTA TNV TTEPITITWON. ZTA OXAHOTA OUWS TWV
WYNOIOKWY UTTOYPAPWY autd dev dpkei. Na Tapddeiypa dev gival atrodeKTOG aUTOG O
0AyOpIBuog TToU Oivel TO dIKAIWPA GTOV QVTITTOAO VO OTTOKPUTITOYPA®ACEl Ta WICG
a1rd 6Aa Ta mMOavd PnvUPaTa akOua Kal av n amoKpUTITOypd@non Twy UTTOAOITTWV
B€Ael ekBETIKO Xpbvo.

Eival Twpa ekdBapo 611 n xeIpdTepn TTEPITITWON OTNV TTOAUTTAOKOTNTA &€V Eival
ONPavTIKG KPITHAPIO YIA TIG YNPIAKES UTTOYPAPEG.

2.21 ACUUTITWTIKOI OPICHOI.

O KUpl0g 0TOX0G TNG Bewpiag TTOAUTTAOKOTNTAG €ival va OPICOUPE PUNXAVIOUOUG
yia TNV Tagivounon Twv TPoBANUATWY CUPQWVA WE TIG TTNYEC TTOU XpPEeIdlovTal yia TNV
etmiAuon Toug. H Tagivounon o< Bacifetal o€ éva OUYKEKPIPEVO HOVTEAO UTTOAOYICOU
aANG oTn pETpnon TNG TTPayUaTiKAG BUOKOAIOG yia Thv €TTiAucn Tou TTpoPARuartog. Ol
TNY£G TTOU Ba JOG ATTacXOANOOUV UTTOPEI va gival Xpovog(Kupiwg), XWpeog, Tuxaia
bits, apIOubG eTTECEPYAOTWV K.ATT.

Opiopég 1. 'Evag aAyépiBuog eivalr pia KaAd oplopévn  UTTOAOYIOTIKN
dladikaoia TTou £xel MIa CUYKEKPIMEVN €i0000 Kal TEpUATICEl o€ pia £€060.

Opiopég 2. O XpOvog eKTEAEONG €vOG AAYOPIBUOU yIa HIa OUYKEKPIMEVN
€i00d0 €ival 0 GUVOAIKOG apIBuOG TTPAgewy 1 BNUATWY TTOU ATTAITOUVTAl yIia TNV
eTmiAuon Tou TTPORANPATOG TTOU TTEPIYPAPEI O OAYOPIBUOG.

Opiop6g 3. O xeIpdTEPOG XPOVOG eKTEAEONG VOGS aAyopiBuou eival éva TTavw
OpIO TOU XPOVOU eKTEAEONG TOU GAyOpPiOPOU yia OTTOIOOATTOTE €i0080 Kal eKPAleTal
oav ouvdpTtnon Tou PeyéBoug TG 106d0u.

Emeidn eivar cuyxvd d0okoAo va Bpouue akpIBwg To XpOvo eKTEAEONG €vOG
aAyopiBuou, XpPNOIPMOTTOIOUUE TOUG OQOUMPTITWTIKOUG TUTTOUG TTou Ba opicoupe
TapaKATW. Ocwpolpe OTI TO PEyeBOg TNG €1I00d0U TOou aAyopiBuou eival n Kal O

XPOVOG ekTéAEaNG Tou aAyopiBuou eival f(n).

Opiopég 4.

(@). f(n)=0(g(n)) av umrapxel OeTiKA OTOBEPA ¢ Kal €vag BETIKOG
aképaiog n, T€T010G TToU 0 f(n) <c * g(n)yladAa1a n = n,.

(B)- f(n)=Q(g(n)) av umdpxel BeTikA 0TABEPG ¢ Kal £vag BETIKOG
aképaiog n, T€Tolog Tou 0< ¢ * g(n) < f(n) yiadhaTa n 2 n,.

(Y)- f(n)=0O(g(n)) av utdpxouv BeTIKEG OTOBEPEG ¢, KAl ¢, Kal
évag BeTIKOG akKéEpalog n, TETOIOG TToU ¢, * g(n) < f(n) < ¢, * g(n) yia 6Aa Ta
nzc.

(0). f(n)=o0(g(n)) av yia k&Be BeTik oTABEPE >0 UTTApxEl €vag
oT100epOG n,, TETOI0G TTOU 0= f(n) <c * g(n) yladAaTta n > n,.
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I816TNTA 1. M0 oTTOIEG®ATIOTE CUVapTACElg f(n), g(n), h(n),/(n) 10x00oUV TO
TTOPAKATW:
(@). f(n)=0 (g(n))avkaiyévo av g(n)=Q (f(n)).
(B). f(n)=0 (g(n))avkai pévo av f(n)=0(g(n)) ka
f(n)=Q(g(n)).
(Y)- Av f(n)=0 (h(n))kai g(n)=0 (h(n)) 161
(f+g)n)=0 (h(n)).
(0). Av f(n)=0 (h(n))kar g(n)=0(l(n)) 16T
(f*g)n)=0 (h(n) *I(n).
(€). f(m)=0 (f(n)).
(o1). Av f(n)=0 (g(n))ka g(n)= O (h(n)) 161 f(N)=0 (h(n)).

I516TNTO 2.
(@). Av f(n) eivar TToAuwvupo BaBuol x pe BeTiIkG OUVTEAEDTH TOU
peyioToBabpuiou 6pou 10TE () =0O (n*).
(B). Na otroiadntote oTaBepd ¢ >0, log. n=0 (logn).
(y)- log(n!)= © (n=logn).
(). MNa 6Aoug Toug akepaioug n >1,

n n n n+(1/(12n))
N2**n *(—j Snl<\2*7*n *(—] .

e e

2.2.2 KAdoeig TTOAUTTAOKOTNTAG.

Opiopoég 1. 'Evag aAyoplBuog TToAUwVUPIKOU Xpovou gival évag alyopiBuog
TOU OTTOIOU O XEIPOTEPOG XPOVOS eKTEAEONG €ival pia ouvdaptnon Tou TUTTOU O ("),
6mou n eival To PéyeBog TNG €10600u TOUu aAyopiBuou kal x eival pia oTtaBepd.
OtroioodnToTE aAYOPIBUOG TOU OTTOIOU O XPOVOG €KTEAEONG Oev UTTOPEI va eival
Qpaypévog atro Eva TETOIO TUTTO AéyeTal aAyOpIBUOG eKBETIKOU Xpovou.

MNa va opiocoupe TIG KAAOoeIg TTOAUTTAOKOTNTAG Ba TTeplopicBoUpe o€ TTPORARPaTa
atrégaong, dnAadr TpofAnuaTa TTou éxouv cav €¢odo 1o NAI 3 to OXI ocav
aTravTnon.

Opiopég 2. H kAdon ToAuttAokoTnTag P TrepiAapBdvel To GUVOAO Twv
TTPOBANUATWY aTTéPACNG TTOU UTTOPOUV va ETTIAUBOUV 0€ TTOAUWVULIKG XPOVO.

Opiopég 3. H kAdon moAuttAokdTnTag NP TrepIAapBdavel To oUVOAO TwV
mpoBAnudTtwy atmégacng mou dia amdavinon NAIl utropei va TmaoTotroin®ei o€
TTOAUWVUNIKO XPOVO e KATTOIO ETTITTAEOV TTANPOQOPIa TTOU AEYETAI TTICTOTTOINTIKOG.

Opiopég 4. H kKAdon mmoAuttAokéTNTaG co — NP trepIAauBdvel To oUVOAO TwV
mpoBAnudTwy amdégacng Tou pia atrdvrnon OXI utopei va TmioToTToINGei o€
TTOAUWVUMIKO XPOVO e KATTOIO ETTITTAEOV TTANPOQOpPIa TTOU AEyETAI TTICTOTTOINTIKO.
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Mapddeiypa 1. '‘EoTw OTI £XOUE TO TTAPAKATW TTPORANPa atrégacng: Mag
divetal évag BeTIKOG aKEPaIOG apiBUOG n Kal BEAoupe va Bpolue av o n gival
ouUvBeTOG. AnAadn uttdpyouv aképaiol &, f >1 TéT0I01 TTOU n=a * 3 ;

To TpoBAnuUa av €vag apiBudg eivar ocuvBeTog avhkel oTnv KAdon NP
(Trpoéo@ata atrodeixBnke 611 PRIMES € P )yiati av o n €ival oUvBeTOG, TOTE QUTO TO
YEYOVOG PTTOpPEi va TTIOTOTTOINGEI O TTOAUWVUHIKO XpOvo av KATToIo¢ Jag dwael éva
dlaipéTn TOU 1 Tov @ OTTou 1< <n (1O TMOTOTTOINTIKG €ival O ). .".

1I516TnTa 1. P < NP ka1t P c co— NP.

1816TNTA 2. TO TTAPAKATW EPWTAPATA EiVal AVOIKTA (av Kal TTIOTEVETAI OTI eV
IoXUouv, dev £xel atmodelxBei TiTToTa):
(a). loxuer P=NP;
(B). loxuer NP=co— NP ;
(y)- loxuer P=NP m co— NP

Opiopoég 5. Eotw L4 kai L, gival dUo mrpofARpaTa atrégacne. To Ly avayeral
o€ TOAUWVUUIKS Xpdvo oTo L, (L1 <, Lo) av utrapxer évag akydpiBuog trou Abver To Ly

0 OTT0I0G XPNOIKOTIOIEl, Oav UTTopouTiva, éva aAyopiBuo yia Tnv €mmiAucn Tou Ly, Kal o
OTT0i0G TPEXEI O TTOAUWVUMIKG XpOvo av o aAyopiBpog yia 10 L, Tpéxel o€
TTOAUWVUIKO XPOVo.

Opiopdg 6. EoTtw Ly kai L, gival d0o TpoPAfpara amogaong. Av Li<, L, kai
Lo< R L, 16TE TO L K1 L €ival uttoAOYIOTIKG 1I00OUVALQ.

I316TnTa 3. 'EoTw L4, Lo Kai Lz gival TpoBAAuaTa amoégaong.
(G). Av L1 SP Lz Kdl Lz Sp L3 TOTE L1 SP L3.

(B). Av L1gp Lokal Ly € P 1616 L1 € P.

Opiopog 7. 'Eva mpoBAnpa amégaong L eival NP -complete av:
(a). ToL € NP.
(B)-Li<, L yiaka6els € NP.

H kAdon 6Awv Twv TTpoAnuaTwy TTou gival NP -complete ovopdaletar NPC .

Opiopoég 8. 'Eva poBAnua atrégaong L eivar NP -hard av
L'<,Lyiakabe L'e NP.

1I516TnTa 4. 'EOTW L1 Kal L gival dUo TTpoBAAaTa atrépacng.
(a). Av Ly eivai NP -complete kai Ly € P, 161¢ P=NP.
(B). Av Ly € NP, L, eivai NP -complete kai ngP L., 161E L, €ival
NP -complete.
(y). Av L, eivai NP -complete kaiLy € co— NP, 161€¢ NP=co— NP .
O1 oxéoeig Twv KAGoewv PETAEU TOug QaivovTal oTo oxAua 1.

Opiop6g 9. H kAGon moAuttAokétntag RP TreplAapfdavel 10 oUVOAO Twv
TPoBANUaTWY amdégaong L TTou XpnoidoTrololv €va TTiBavoTikd aAyopiOuo A TTou
TPEXEI O TTOAUWVUUIKG XpOVvo Kal yia KaBe icodo x

(@). Av xe L = Pr{A(x)=NAI] > % .
(B). Av x ¢L = Pr[A(x)=OXI]=0.
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NP M co-NP
Q2

ZXAMa 1.

Opiopoég 10. H kAdon mmoAutthokétnTag ZPP TrepIAapBdavel 10 oUVOAO TwV
mpoBANuaTwY amdégacng L Tou xpnoiygotrololv éva TTBavoTiké aAyopiBuo A TTou
TPEXEI O€ TTOAUWVUUIKG XPOVO Kai yia KGBe €icodo X

(a). Vx Pr{A(x)=NAI f OXI]> %

(B). Vx Pr[A(x)=AEN ZEPQ]< %

1516TnTa 5. ZPP= RP N co—RP .

Opiopég 11. H kAdon mmoAutthokétnTag BPP TrepIAapBdavel T0 oUVOAO TwV
mpoBANuaTwY amégacng L TTou xpnoiygotrololv éva TTavoTiké aAyopibuo A TTou
TPEXEI O€ TTOAUWVUUIKG XPOVO Kai yia KGBe €icodo x

(a). Av xeL = Pr{A(x)=NAI]> % .

(B). Avx gL = PrIA(X)=NAI< i_

I516TNnTO 6.
(a). P < ZPP < RP c BPP.

(8). RP  NP.

2.2.3 AUOKOAQ UTTOAOYIOTIKG HOONUATIKA TTPORARMATA.

2 Quth TNV  evoTnTa Ba doupe TTavw o€ TTola PaBnuaTikG TTpoBARuaTa
oTnpiovTial Ta OXAMATO TWV WYNQIAKWY UTTOYPAQWV TTou Ba pehetriooupe oto 3°
KePAAaio.

(a). MpoBANPa TNG TTAPAYOVTOTTIOINCONG AKEPTIOU.

To mPOBANUa TNG TTapayovtotroinong evog akepaiou n, gival
000évTog TOU 1 va Bpoupe Toug TTapdyovteg Tou. ‘Eva atmd 1a Mo evdiagEpovTa
avoIKTa TTpofBAAfuaTa eival av To TTPORANUA TNG TTapayovToTroinong civar NP -hard.
Ta avriotoixa TpoBAAuara amégacng eivar av o n  gival  oUvBEeTOG
(COMPOSITENESS)  av o n ¢ival mpwTtog (PRIMALITY). BéBaia gaivetal va givai
o SUOKOAO TO va BPoUME TOUC TTPWTOUG TTAPAYOVTEG TOU 7, av O 1 €ival OUVOETOG
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Tapd va Ppoupe PgOvo av 0 n givar ouvBeTog 1 Oxl. To éva TpoPAnua eival
OuPTTAfpwWHa ToUu d&ANou. Tvwpifoupe OTI COMPOSITENESSe NP dpa 10
PRIMALITY e co— NP xai COMPOSITENESSe co— NP «kai PRIMALITY e NP.
AnAadry COMPOSITENESS kai PRIMALITY € NP nco— NP . Aegv &€poupe av 10
COMPOSITENESS ¢ivai NP -complete. Totetetar 611 To COMPOSITENESS dev
givar NP -complete kai n duokoAia Tou BpiokeTal KATTOU avaueoa oTIG KAGoeic P kal
NP -complete. Av armodeicoupe OTI KaTTOI0 TTPOBANPA TToU avrkel NP M co — NP
gival NP -complete 101 Ba £€xOUUE TO ATTPOCUEVO ATTOTEAETHA OTI NP =co— NP . lNa
autd Ta TIPoBAAUATO  yia TnV €TTIAUCN TOUG XPENOIYOTTOIOUME  TTIBAVOTIKOUG
aAyopiBuoug.

Atrodeixbnke TpdoPara  (2002) 6n PRIMES € P. Av Aoimmov  kdrmolo
KpuTrTooUoTnua oTnpI{dTav 0Tn dUCKOAIa va Bpoupe av £vag aplBudg eival TTpwTog,
QuTO TO KPUTTTOOUOTN A Ba KATEPPEE.

(B). MpoBAnpa ekBeToOTTOINONG.
To TmpoPAnpa  Tng ekBeTOTTOINONG, VA UTTOAOYIOOUUE TO
y=x% (modn) 000éviwv TwV a ,x,n €ival oXeTIKA gUkoho. YTrdpxouv 6w duo
OXETICOPEVA PE auTO TTPORARPATA TTOU gival TTOAU SUCKOAQ.

(1). Mpo6BAnua Tou diakpiTou AoyapiBuou.
To poBAnua Tou diakpITou AoyapiBuou eivalr doBévTwy
TWV X,y Kdl n va Bpoupe éva ekBETN o TéTolo TTou y =x“ (modn ). MioTteleTan OTI

auTé 1O TTPORANUA gival eCAIPETIKA DUOKOAO Kal dev £XeEl BPeBei pExPI ONUEPA KATTOIOG
a1rodoTIKOG aAyOpIOuog. Mvwpioupe 611 TO TPOBANUA Tou UTTOAOYIOPOU NG
ouvapTtnong NG @(n) eival I00dUvVapo PE TNV TTapayovToTroinon Tou 7, dnAadn évag
a1T0d0TIKOG aAYOpPIOUOG yia To éva TTpOPAnuUa Ba pag dwoel £va atmodoTIKO yia TO
AaAAo. Mapapével Eva evOlia@EPOV aVOIKTO EPUWITNHA VO CUOXETIOOUNE TN OUCKOAIQ TOU
mpoBAAuaTog Tou OloKPITOU aAyopiBuou pe  autl Tou  TTPOPBAAUATOG  TNG
TTapayovTotroinong. Moteveralr 611 autd 10 TTPORANPA €ival BUCKOAO akOua Kal oTn
péon TepiTITwon (average case) Tr.X. €ival BUOKOAO Kal yla Tuxaieg €106doug. Av
BpeBei amddeign yia auti TNV TEPITTITWON Ba £XEl CNUAVTIKEG ETTITITWOEIS OTNV
KpUTITOypa®ia a@ou Ba €xel wg ouvérrela OTI N ekBeTIKA cuvdapTnon Ba eival pia
one-way ocuvapTnon.

(2). To TpoéBANpa elpeang pICWV.
To To mpoéBAnua elpeang pICwv gival S0BEVTWY Twv a,y
Kal n va Bpouye éva x TéTolo TTou y =x“ (modn ). To TpéBANua autd éxel atTodelxOE
yla TNV TTEPITITWON TIOU TO « =2 €ival 1000UVAUO HPE TAV TTAPAYOVTOTTOINON &£vOg
aKEPAiou.

2.3 AAyopiBuol.

Oa douue TTpwTa ToVv aAyopIBuo Tou EUkAEidn TTou uTTOAOYiCEl TO PEYIOTO KOIVO
O1aipéTn duo akepaiwv. Eicodog Tou aAyopiBuou cival dUo un apvnTikoi aképaiol o
Kal f pe a > f kal £€6000¢ gival 0 p€yIoTog Kovog S1aipéTng (ged ) Twv o kai S .

(a). AAy6pIBuoG Tou EUKAEIdN.
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(1). Oco 1oxUel S #0 kave:
Oéoe r<«— a mod f ,a <« [ , f<«r.
(2). ETréoTpeye 10 (Q). ..

O xpdévog Tou TrapaTdvw aAyopiBuou eival O ((logn)®) duadikég

TTPALEIG.
MTtropouue va yevikeUoouude Tov aAyopiBuo Tou EUKAegidn woTe ekTOC atmd TO
pEyioTo KoIvo BilaipéTn d Twv a , f va Bpiokel kal U0 akEPAIOUG X,y TETOIOUG TTOU

a x+ [ y=d . Eicodog Tou aAyopiBuou gival U0 un apvnTikoi aképaiol & kai S pe
a > [ kai €§o0dog eival ged (a, f)=d kai aképaiol x,y Té€ToloITIOU ¢ X+ y=d.

(B). T'evikeupévog aAyopiBuog Tou EukAegion.

(1). Av =0 T101e B0t d <, x <1, y <« 0 kal emEOTPEYE

(d,x,y).
(2). ©éoe x, <1, x, <0, y, <0, y, «1.
(3). Oco 1oxUel >0 Kave:
q<—|_a/ﬂj - q* X X,-q * X,
Y& V-q* Y.
AP, T, X, X, X <X, Y, ¢V, V< V.
(4). ©éoe d < a, x < x,, y < y, KOI EMECTPEYE (d ,x,y)...
O xpdévog Tou TrapaTdvw aAyopiBuou eival O ((logn)®) duadikég
TTPALEIG.

Me tn BonBeia Tou yevikeupévou aAyopiBuou Tou EukAgidn ptmopolpe va Bpoupue
TO avTioTPOYO OToIXEi0 O€ pIa TTOAAATTAACIAoTIKA opdda av uttdpyel. Eicodog Tou

aAyopiBuou eival Eva aToixgio o € Z, Kal £5000¢G TO a”' av uTTapxeEl.

(y)- AAYy6pIBuOG eUpecNG QVTIOTPOYOU GTOIXEIOU.

(1). Xpnoiyotroinoe TO yeviKeEUPEVO aAyopiBuo Tou EukAegidn yia va
BpeIg akEPAIOUG X Kal y TETOIOUGTTIOU @ * x+n * y=d pe d =gcd(a ,n).

1

(2). Av d >1 161€ dev UTTAPXEl @ , AANILOG ETTEOTPEWE TO (X )..".

O xpbvog Tou Trapamdvw aAyopiuou eival O ((logn)®) duadikég
TTPAEEIC.
(B). AAy6pIBuog uttoAoyiopoU a* modn .

Eioodog cival a € Z, «kai évag aképaiog k¥ pE 0< x <n OTTOU N SUADIKT)

, P t i ,
avarapdoTaon eival K=Y k*2' kai é£080g & modn.
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(1
(2
(3
4

Oéoe [ <« 1. Av k=0 161€ eMéOTPEWE ( J).
Oéoe A « .
Av k,=1161¢ BéoE < 1 .
MNa i=1€wg t KAVE:
Oéoe 4 < A’ modn.
Av k,;=1161€ B0 B «— A *  modn.

(5). EméoTpeye (B ). ..

)-
)-
)-
)-

O xp6vog Tou Trapatdvw alyopiBuou civar O ((logn)®) duadikég

TTPALEIG.

Oa dolpe Twpa éva alydpiBuo yia va utroAdoyioupe 1o lakwfiavé oUuBoAo
(J(a,n)) n 10 cuupBoho Legendre. Eicodog Tou aAyopiBuou eival évag TTePITTOC
aKkEpalog n >3 Kal évag aképaiog o pe 0< a < n kal £€€0dog cival J (a ,n) (Avo n
gival TTpwTo¢ €xoupe To cUPBoAo Legendre).

(€). AAyOpIBuo¢ uttoAoyiopou lakwfiavou cupBoAou(Legendre).

1). Av « =0 1671¢ emréaTpeye (0).
2). Av o =1 161¢ emréoTpeye (1).
3). Fpaye Tov o =2° ¢, , 6TTOU ¢, €ival TTEPITTOG.
4). Av e cival TTepITTOG TOTE Béoe s «— 1.
AANIWG Béoe s «—1av n=117 (mod8)n
Oéoe s «—-1av n=3Q5(mod8).
(5). Av n=3(mod4 ) kai r, =3(mod4 ) 16T€ BE0E § «—-5.
(6). ©¢oe n, <~ n mode, .
(7). Av =1 101e eméotpewe (s). AMNIWG  ETECTPEYE
(s *J(n,a,))...

(1).
(2).
(3)-
(4).

O xpévog Tou TrapaTdvw alyopiBuou civar O ((logn)®) duadikég
TTPALEIG.
Oa ggetdooupe ahyopiBpoug TTou UTTOAOYICOUV TETPAYWVIKEG PiCeg aTo Z, . AV O n
gival TpwTog £Xoupe KAAG atTroTeAéopata aAAd To TTPORANUa gival SUCKOAO 6Tav O n
gival ouvBeTog Kal O yVWwPICOUNE TOUG TTPWTOUG TTAPAYOVTEG TOU.

(oT). AAYyOPIOUOG UTTOAOYIOUOU TETPAYWVIKWY PICWV.

Eicodog civar évag TrepIttég pwtog o ME 1< a < p-1 KAl p TIPWTOG
apIBuog kai £€€odog o1 dUo TeTpaywvikég pileg Tou amod p av BéBaia o cival
TETPAYWVIKO UTTOAOITIO OTO Z .

(1). YToAdyioe 1o ouuBoAo Legendre (L(« , p )) pe Tov aAyopiBuo (€).
Av L(a, p)=-1 101 eTTEOTPEWE OTI O @ OV €XEI TETPAYWVIKH pida KOl OTOUATA.

(2). Eméle€e akepaioug f pe 1< B < p-1 Tuxaia péxpl va Bpeig
kamrolov e L( S, p)=-1 (0 [ Oev gival TETpaywVIKO UTTOAOITTO).
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(3). Me emmavalappavoueveg diaipéoelg e TO 2 , ypawe p-1=2" = ¢
OTToU ¢ €ival TTEPITTOG.
(4). YToASyioe To o~ mod p pe Tov ahyopiBuo (y).

(t+1)/2

(5). O¢oe c < B' modp kal r < « mod p (Mg Tov aAyopiBuo

(3))-

(6). Ma i=1£éwg s-1KAve :
YToadyioe d=(r* *a™)*" mod p.
Av d =-1(mod p ) 161€ Bé0€ r <~ r * ¢ mod p .

Oéoe ¢ < ¢’ modp.
(7). EméoTpeye (7 ,-7). ..

O Trapatrédvw aAyoépiBuog cival TTBAVOTIKOG KOl O QVAUEVOUEVOG
XPOVOG ekTéAeong cival 0((10gn)4) OUODIKEG TTPACEIC. Agv GEpOoUPE PEXPI ONUEPT
KATTOIO VTETEPUIVIOTIKO aAyOpIOuo yia auTd To TTPORANUa (avoIkTo).

(€). AA\y6pIBu0G UTTOAOYIOHOU TETPAYWVIKWY PICWV Ye p =3(mod4).

Eicodog Tou aAyopiBuou cival évag epITtdg TpwTog p e p =3(mod4 ), kai o
a € 0, Kai £€6050¢ dUO TETPAYWVIKEG PiCeg Tou @ mod p .
(1). YoAdyioe r=a7™'*
(2). EméoTpeye (7 ,-7). ..

mod p (Mg Tov aAydépiBuo (d)).

O xpoévog Tou Tapamavw aAyopibuou civar O ((log p)’) duadikég
TPALEIG.

(n)- AAy6pIBu0G UTTOAOYIOHOU TETPAYWVIKWY PICWV PE p =5(mod8).

Eicodog Tou aAyopiBuou cival évag TepITTOG TTPWTOG p Pe p =5(mod8), Kai
0 a € O, Kal £5050¢ dUO TETPAYWVIKEG PiCeg TOU @ mod p .

1). YroAdyioe d =”™"’* mod p (Me Tov aAy6piBuo (3)).

(1)

(2). Av d =1 167€ UTTOAOYIoE # =" mod p .

(3). Av d = p -1 161 UTTONSYI0€ 7 =2 (4 )"™>"* mod p.
(4). EméoTpeye (7 ,-7)...

O xpoévog Tou Tapamavw aAyopiBuou civar O ((log p)’) duadikég
TPALEIG.

(8). AA\y6pIBuoG uttoAoyiopoU g(x)* mod f(x).
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Eicodog Tou aAyopiBuou eival g(x) erm, k ye 0<k<p” —1 omou n
Ouadikr] avatrapdoTacn Eivai k=zzzoki*2i (To cwua Fpm QvaTTapIoTATAl WG
Z,[x]/ f(x), 6mou  f(x) e Z, [x] eival éva avdywyo ToAuwvupo Babuou m

Tavw o1o Z, kal £§odog  g(x)* mod f(x).

1). ©éoe s(x) < 1. Av x =0 161¢ eTTéTTPEWE (5(X) ).
2). ©¢oe G(x) « g(x).
3).
4).

Av xk,=1T161€ Bé0E 5(xX) < g(x).
MNa i=1£€wg ¢ KAve:
O¢oe G(x) < G(x)* mod f(x).
Av ;=1 16Te Béoe s(x) <« G(x) * s(x) mod f(x).

(5). EréoTpewe (s(x)). ..

(
(
(
(

O xp6vog Tou Trapatavw aiyopi@uou eival O((log p)m’ ) Tpateig oTo

(1. AAYOPIBUOG UTTOAOYIOHOU TETPAYWVIKWY PICWV.

O aAyo6pIBuog autdg €xel TO D10 aTTOTEAETUA HE TOV (OT) aAAG gival KAAUTEPOG
otav p-1=2° kai 10 s gival yeydhog apiBuadg.

(1). EméAege Tuxaia B eZ, péxpl o p>—4a va pnv eival
TETPAYWVIKO UTTOAOITTO TOU mod p .
(2). Eotw f givai moAutvupo x* — B *x+a oto Z, [x].

(3). YoAdyioe #=x""? mod f .
(4). ETéoTpeye (7 ,-7). ..

O oavapevouevog Xpoévog Tou  Trapatmdvw  aAyopiBuou  eival
O((log p)’) duadikég TPAEEIC.

(10). AAy6pIBuog uttoAoyIouoU TETPAYWVIKWY pIlwy OTTou 7 €ival oUvBETOC
apIBués Kal n=p * g WPE p,q TIPWTOI APIOUOI.

Eicodog Tou aAyopiBuou cival évag aképaiog #, Ol TTPWTOI TTAPAYOVTEC TOU
p,q Kol a € Q, kal ££000¢ 01 4 TETPAYWVIKEG Pigeg Tou amod .

(1). YmoAdyioe TG 2 TETPAYWVIKEG piCeg r,-r Tou amodp
(Xpnoipotroiwvtag Tov aAyopiBuo (oT1) i () i (n) N (1)).

(2). YmoAdyioe TG 2 TETpAYWVIKEG pileg s,-s TOUu amodg
(Xpnoipotroiwvtag Tov aAyopiBuo (o1) i (Q) i (n) R (1).

(3). Bpeg OUO aképaioug c¢,d TETOIOUG TIOU ¢ * p+d*q=1
(XpnoiyoTtrolwvTtag Tov aAyopiOuo (B)).

(4). ©éoe x < (rdg +scp)modn ka1 y < (rdq-scp)modn .
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(5) EmréoTpeye (£ x modn, £ y modn)...

O oavapevouyevog Xpdévog Tou  Trapatmdvw  aAyopiBuou  eival
O ((log p)’ ) Buadikég TTPAEEIG.

A6 autd Tov aAyOpIBUO CUUTTEPQIVOUNE OTI €AV KATTOIOG WTTOPEI va
Bpel Toug TTpwToug TTapayovTteg evog apiBuou n (FACTORING) 161€ TO TTPOBANUG
eupeong Twv TETpaywvikwy piIlwv (SQROOT) cival eukoAo TPOBANPA. AnAadn
SQROOT <,FACTORING. loxver Opwg kal To  QvTioTpo®o  dnAadn

FACTORING <, SQROOT , apa 1a duo autd mrpoPAruara gival icoduvaua.
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KepdAaio 3
Ynolakég Yroypagég.

3.1 Eicaywyn.

Wneiakr) utroypagn eivar pia péBodog¢ va uTToypA@oudEe éva PAVUPG TTOU
Bpioketal o€ nAekTpovikA pop@r). OTTwg Kal n atmmAfl utTtoypa®r o€ KATToIo £yypago,
XpnoldoTroleital yia va TTpoadiopioel To dTouo TTou €ival utrelBuvo yia autd. Eva
TETOIO WAVUMA(ME Wn@IaKA uTtoypa®n) JTTopei va PeTadoBei péow evog dIKTUOU
uttoAoyioTwy. O TTapaAATITNG TOU YNVUPATOG TTPETTEI VO JUTTOPEI va TTICTOTTOIRCE! AV N
uttoypa@n eivar aAnBivip 4 TAacTh. To HOVTéAO  TNG WNQIAKAG UTTOYPaQnG
TepIAAPBAvel TN dnuioupyia Twv KAEIBIWY Kal TNG UTTOYPAPAG Kal TNV TTIOTOTToINON
TNG UTTOYPaPNG.

H 1®éa NG wnolakAg uttoypaeng eu@aviobnke 1o 1976 amd Ttoug Diffie kai
Hellman. H tpwtn Tpocéyyion ATAV WNQIOKEG UTTOYPAQPEG ME AVAKTNON Tou
MNVOpaTog. O Yn@IoKES UTTOYPAPEG UE CUVNUUEVO TO HAVUMG avakaAUueinkav atrd
Toug Merkle kai Hellman. Méxpr 10 1978 &ev eixe yivel k&mmola eappoyn OTIG
WNPIOKES UTTOYPAPEG, N TTPWTN £yive atrd Toug Rivest,Shamir kai Adleman.

Evllapépouceg TTpooeyyioeig yia TIG €TMBECEIC evavTiov Twv OXNUATWY Twv
WneIoKWVY utroypagwy £yivav atmo Toug Goldwasser,Micali kai Rivest. MoAA& atmod Ta
WNPIaKA oXAUOTA TTOU £€X0UV avaKaAu@Bei £xel atrodelxBei OTI eival avac@aAr.

To 1991 ekdbOnke atrd TOV International Standards Organization (ISO) 1o TTpwTO
01eBvég TTPOTUTTO yIa TIG WNnoIakéG uTttoypagég 1o ISO/IEC 9796 yia wnolakég
UTTOYPA@EG JE avAKTNON TOU unvupaTog. Ta KUpla XapakTnpIoTIKG Tou ATav:

(a). Bagietal o€ KpuTITOOUCTAUATA BNUOCIoU KAEIDIOU.

(B). O aAyopiBuog odnuioupyiag TNG WNQIGKNAG UTTOypaeng Otv  eival
OUYKEKPIPEVOG, OAAG Ba TTpéTTel va aTTeikovidel k-bits o€ k-bits.

(y). XpnoldoTrolgital yia TNV KPUTITOYPa®non HNVUUATWY OCUYKEKPIPEVOU
MAKoug Kai dev atraitei Tnv UtTrapgn hash cuvéprnong.

(8). Mrtropei va uttOoOTNPIEEl OXAMATA UTTOYPOQWY HE aAVAKTNONR Tou
MNVUNOTOG.

(€). Otrou atraiteital utTtooTnpiCel To padding Tou PNVUPATOG.

2xAUATa UTTOYPO@WY TToU IKavoTrolouv 1o ISO/IEC 9796 cival To RSA kal 10
TpoTTOTTOINUEVO OXAMa uTToypa®nS Rabin dnuoaiou kA&1dI0U.

ZAMEPA VIO TIG WNPIOKES UTTOYPAPES UTTAPXOUV TA TTOPAKATW SI1EBVA TTPOTUTIA:

(a). NIST:FIPS Publication 186-2: Digital Signature Standard (DSS), January
2000.

(B). NIST:FIPS Publication 180-1: Secure Hash Standard (SHS-1), May 1995.

(y)- ISO/IEC 10118-3: Information Technology- Security Techniques- Hash
Functions- Part 3: Dedicated Hash Functions, 1998.

(8). ISO/IEC 14888-3: Information Technology- Security Techniques- Digital
Signature with Appendix- Part 3: Certificate-based mechanisms, 1999.

(¢). IEEE P1363: Standard specification for public key cryptography.

(o1). ANSI X9.62-1998: Public Key Cryptography for the Financial Service
Industry: The Elliptic Curve Digital Signature Algorithm (ECDSA).
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(0). ISO/IEC 15946-2(FCD): Information Technology- Security Techniques-
Cryptographic techniques based on elliptic curves- Part 2: Digital Signatures,2000.

2€ auTd TO KEQPAAalo Ba doupe BACIKEG £VVOIEG TWV WNPIOKWY UTTOYPOPWY Kal
OPICUEVA OXAMATO YNPIAKWY UTTOYPAPWV.

3.2Baoikoi opiouoi Kal cuuBoAICHOI.

Oa apxiooupe Pe TOV OPICUS POCIKWY EVVOIWV UE TIC YNPIOKES UTTOYPAPEG.
(a). WnoiakA utroypagn (i uttoypagn) eival hia cupBoAoaelpd TTou cuvouddel
éva PAvUPa Pe Jia auBevTikr ovtoTNTa.

(B). AAy6pIBuog dnuioupyiag utroypa®ng eival pia péBodog TTapaywyns HIag
UTTOYPOQG.

(y)- AAy6pIBuog TTIoTOTTOINONG UTTOYPAPAG cival pia pEBOBOG TTOU TTICTOTTOIET
Qv N uttoypaqn gival auBevTIKn YIa TO CUYKEKPIPMEVO PAVULQ.

(8). Mnxaviopég utroypa@ng aTroTeALiTal ATTG TOUG AAYOPIBUOUG dnuloupyiag
Kal TTIOTOTToiNONG UTTOYPA®NG.

(). Ailadikaoia utroypa®ng armoTeAeital amd Tov aAyopiBuo dnuioupyiag
uTTOYPaQNG Kal atmd yia péBodo TuttoTroinong Twv Sed0UEVWY O INVUUATA WOTE VO
MTTOPOUV VA UTTOYPOQPOUV.

(o1). Alodikaoia TOTOTTOINONG TNG  UTTOYPAQNG aTtroTeEAEiTal atmd  TOV
OAYOpPIBUO TTICTOTTOINONG UTTOYPAQNG Kal aTTd dia uEBodo avakTnong Twyv OedouEVWV
atrd TO PrVUQ.
2ToV Trivaka TTou akoAouBei gaivovtal didgopa cUPBoAa TTou Ba XPNOIUOTIOINCOUUE
o€ auTd To KEPAAQIO.

20uBoAo Epunveia

M ‘Eva oUvOAO OTOIXEiwWvV TTOU  OVOMAZETal  XWPOG TWV
MNVUMATWV.

M ‘Eva  oUvoAO OToIXEiwv TTOU  OVOUAZETal  XWPEOG TwV

’ UTTOYPOQWY YIa T& nvopoTa m € M .

S ‘Eva  ouUvoAO OToIXEiwv TTOU  OVOUAZETal  XWPEOG TwV
UTTOY PPV

R Mia 1-1 ameikévion M — M Tou ovoudadetal ouvaptnon
avaywyng.

M, Heikova ng R (M, =Im(R)).

R H avtiotpogn cuvdptnon tng R (R‘1 M, > M).

P ‘Eva oUvoAo aTolxeiwv TToUu ovoudadeTtal TTARB0G UTToypa@wV.

h Mia one-way cuvdpTtnon pe 1edio opiopou 10 M .

M, Hexkévamg i (h:M — M, Kai M, QMS)'

0, 2 UVOAO OTOIXEIWV TWV TETPAYWVIKWY UTTOAOITTWY TOU mod 7 .

Mivakag 1.
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e M c¢ival TO OUVOAO TWV OTOIXEIWV OTTOU UTTOPOUNE VA ETTICUVAYOUUE dia
utToypaQn.
e M, €ivai TO OUVOAO TwV OTOIXEIWV OTTOU UTTOPOUV va epappocBolv ol
MNXAVIOUOI TNG UTTOYPOYPNG.
e § ¢ival To oUVOAO TWV UTTOYPA@WYV TTOU OXETICOVTal PE Ta OTOIXEia Tou M .
AUTEG OI UTTOYPAPEG XPNOIUOTTOIOUVTAI VIO VO BETOUV TOV UTTOYPAPWYV HUE TO HAVUMA.
e P xpnoigotrolgitTal yia va TTPOCOIOPICOUNE CUYKEKPIMEVOUG HNXAVIOUOUG
UTTOYPa®NG.

3.3Kartnyopigg utroypagpwv.

YTdapxouv dUO YEVIKEG KATNYOPIES TWV UTTOYPAPWV:
(a). YTToypa®n YE CUVNPPEVO TO PAVUPA, OTTOU ATTAITEITAI TO PAVUMA va gival
€i00d0¢ oTov QAy6pIBuo TIOTOTTOINONG. XPNOIUOTIOIEITAl KUPIWG yia unvouaTta
auBaipeTou PKouUG.

(B). Ymoypa®r PE avakTnon Tou pnvUPaTog, OTTou Oev OTTaITEITAI £0W) TO
MAVUPA va €ival €i0000¢ 0TOV aAYOPIBUO TTICTOTTOINONG. Z€ AUTH TNV TTEPITITWON TO
MAVUMO  avakTdTal atmdé TV uttoypa®r. XPNOoIYOTTIOIEITAl KUPIiwg YIa PNvUPATa
oTaBepou URKoug.

Etiong kai o1 dU0 TTPoNYyOUUEVEG KATNYOPIEG UTTOYPA@WY WTTOPOUV va XwpicBouv
avdaAoya 1o TTA8og Tou P

(a). MBavoTik uttoypaen av | P|>1.

(B). NTeTepuivioTiKA uttoypaen av | P |=1.

H vTETEPUIVIOTIKA UTTOYPA®H DIAKPIVETAI OF:
(a). YToypaen piag Xpnong.
(B)- Ytroypa®r TToOAMwWY XpACEWV.
H katnyopiotoinan Twv UTroypag@wy @aivetal oto axnua 1.

NTETEPUIVIOTIKA Miag xpriong
Me ouvnuuévo
urvuua oAMaTTAWV
prRoEwv
MBavoTikA
YToypaon
NTETEPUIVIOTIKNA Miag xpriong
Me avdaktnon
TOU puNvUPATOG MoAAaTTAWV
XPRoEwv
MOavoTikn

ZxApa 1.
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3.3.1 Ytmroypagn pe ouvnupévo to pnpvupa (Digital signature scheme
with appendix).

O1 UTTOYPOQEG PE CUVNUPEVO TO UAVUMA €ival AQUTEG TTOU XpnoIdoTTolouvTal
mo TTOAU oTnv TPA¢n. ZTnpifovral epIoodTEPO OTISC hash cuvapTAcelg TTapd OTIg
OUVAPTAOEIG avaywyrg.

‘Eotw o611 0 A B¢éAel va oTteidel éva privupa otov B. O A Ba Trpémrel va
onuioupynoel éva PUoTIKO KAEIDI yia va UTTOypAWEl TO JAVUPA Kal éva avTioTolXo
OnuooIo KAeISi yia va xpnoiuoTtroinBei atrd Tov B yia va mioToTToINGEl 0TI N UTTOYPOYPN
gival auBevTIKA.

(a). AAyOpIBpOoG dnuioupyiag KAEIBIWVY.

(1). O A emAéyel éva MUOTIKO KAeIdi kal opifel To aGUvoAo
S,={S8,,x € P}Twv petacxnuanouwv. Kabe S, eivar pia 1-1 ameikdvion ammo 1o
M, oo S Kal ovopAdeTal JETAOXNMOTIOUOG UTTOYPAPAG.

(2). To S, opiCel pia avrioToixn armeikévion V, amdé 10 M, x § oT0
{true,false} éto1 woTe:

Vs ={true av S, (m)=s
false aAdwng

yia 6ha ta m' € M, , s € S. Emiong edw éxoupe 6T m'=h(m) yia 6Aa Ta
meM. O V, AéyeTal  peTOOXNMATIONOG  TMOTOTTOINONG KAl - gival €701

KATOOKEUAOPEVOG WOTE VA UTTOPEI va UTTOAOYIOBEI XWwpig Tn yvwon Tou PUOTIKOU
KA€10I0U TOU A.

(3). To dnuodaoio kAeldi Tou A eival To V', kal To HUOTIKO KAEIdi gival TO
ouvoAo S,

(B). AAy6pIBuOG dnuIoupyiag UTTOYPOYG.

O A mrapdyel pia uttoypa@n s € S yia 1o yfivuua m € M .
(1). EmAéyel éva oToIXEiO K € P .

(2). YmohoyiCel m'=h(m) kai S*=SA,,( (m'). (H h mpémer va eivai
collision free hash cuvépTtnon).

(3). H utroypagr] yia To JAvUPa m gival 1o s . To {euydpl (m, s )
gival d1aBéoiyo oTov B.

(y). AAy6pIBuOoG TTIOTOTTOINONG TNG UTTOYPOYNG.

O B moToTrolEi OTI N UTTOYPAQr] €ival AUBEVTIKA.
(1). EGaopaAidel To dnuooio kAedi Tou AT1o V.

(2). YTohoyigel m'=h(m) ki u=V, (m',s").



HIIAY Wneiakéc Ymoypapéc 33

(3). AéxeTal TNV UTTOYPAYK WS AUBEVTIKN av Kal Jovo av u =true.

MNa Toug PeETAoXNUATIOWOUG TNG UTTOYPAPAG KAl TNG TTICTOTToinoNG Ba TrpéTel
Va 1I0XUOUV Ol TTaPaKATW IDIOTNTEG:

(a). NMa kaBe k € P,70 §,, Ba mpémel va utrohoyigeTal eUKOAa.

(B)- To V, Ba Trpétrel va uttoAoyigeTal EUKOAQ.

(y)- ©a TTpétTel va gival UTTOAOYIOTIKA AVEPIKTO yId KATTOIOV TPITO va Bpel éva
meM kaiéva s" € S TétolaTiou V, (m',s )=true ue m'=h(m).
210 TTapaKATw oXAMATa @aivovtal ol dl1adIKagieg TNG uttoypa®ng (oxnua 1) kai g
moToTToinoNG (OXAMG 2).

SA,k

3.3.2 Ytroypa@n pe avaktnon tou pnvoparog (Digital signature scheme
with message recovery).

O1 uttoypa@ég Pe avakTnon Tou PNVUUATOG €XOUV TO XOPAKTNPEIOTIKG OTI TO
MAVUMO avaKTATal aTTd TNV UTTOYPa®H.

‘Eotw 61 0 A B¢éAel va arteidel éva privupa otov B. O A Ba Trpémel va
onuioupynoel éva PUoTIKG KAEIDI yia va UTTOYPAWEl TO WAVUPA Kal éva avTioTolXo
OnuUOaIo KA€IBi yia va XpnolyoTroinBei atrd Tov B yia va TTIoToTToIoEl OTI N UTToypa®n
gival auBevTIKA.

(a). AAyOpIBPOG dnuioupyiag KAEIBIWVY.

(1. O A emMéyer €éva oulvoho S, ={S, .k €P} Twv
ueETaoXnpaTiopwv. Kabe S, eivar pia 1-1 amekdvion amdé 10 Mg oto § «Kai
OVOMACeTAl JETAOXNMATIONOG UTTOYPAPNG.

(2). To S, opiCer pia avrioToixn armeikovion V, pe v 1816TNTA OTI
Vo §,,¢€ival TQUTOTIKA ameikoveion oto Mg yia dhata k € P. O V, Aéyetal

METAOXNUATIONOG TTIOTOTTOINONG KAl €ival £€TC1I KATOOKEUAOMEVOG WOTE VA UTTOPET VO
UTTOAOYIOBEI XWpIG TN yVWOT TOU HUCTIKOU KA€IBIOU Tou A.
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(3). To dnuodaio kA&ldi Tou A eival o V', kal To HUOTIKO KAEIDi gival TO
ouvoAo S,

(B). AAy6pIBOG dnuIoupyiag UTTOYPOYG.

(1). EmAéyel éva oToIXEiO K € P.

(2). YTohoyigel m'= R(m) kol s" = S, (m'). (H R givai n ouvaptnon
avaywyng).

(3). H utroypa@n yia 1o privupa m sivai 7o s . To s~ sival diabéaipo
oTov B yia Tnv moToTT0iNoN TNG UTTOYPAQNS Kal TNV avAKTNON TOU UNvUPAToG.

(y)- AAYy6pIBuOoG TTIOTOTTOINONG TNG UTTOYPAYPNS KAl AvAKTNON TOU JNVUUATOG.

O B moToTtroigi 611 n uTTOoypa@r] €ival AuBevTIKA.

(1). EGaopaAidel o dnuoaoio kA&ldi Tou AtoV, .

(2). Yrohoyigel m'= V, (s").

(3). Mototroiei 61 m'e M,. (Av m'¢ M, TOTE QTTOPPITITEl TNV

utToYpaPn).)
(4). AvakTd 1o m atmd 1o m'utrohoyiovtag R~ (m').

MNa Toug PETAoXNUATIOWOUG TNG UTTOYPA®AG Kal TNG TTIoCTOTToiNoNG Ba TTpéTTel
va IoXUouV ol TTapakdTw 1810TNTEG:

(a). Ma kaBe ¥ € P, 10 §,, Ba mpéTrel va utToAoyiGeTal EUKOAQ.

(B)- To V, Ba mrpetrel va utroAoyideTal EUKOAQ.

(y). ©a TTpéTTel va gival UTTOAOYIOTIKA AVEPIKTO yia KATTOIOV TPITO va Bpel éva
omolodAToTE 5 € S TéTolo TToU ¥, (s7) € M.

H ouvdptnon avaywyng R kai n avtioTpopn TN R~ €ival Snudcia yvwoTh.
H emAoyi KatdAANANG R éxel onpavtikd pOAo oTnv ao@AAgia Tou cuoTAUAToG. Ag
utroBéooupe Omt M =M . Eotw 611 R kai S, €ival ameikovioelg amé 1o M aTo

M, kaiamé 10 M oto § avriotoixa. AnAadr) Ta cuvoha M kar S €xouv Tov idlo
apIBuo oToixeiwy. TOTE yia otrolodAToTE 5 € S v, (s7) € M, eival TTpopavég
OTI PTTOPW VA Bpw UNVUUOTA M KOl avTIOTOIXEG UTTOYPAPEG s Of OTTOiEC Ba yivouv
aTTOOEKTEG ATTO TOV AAYOPIBUO TTIOTOTTOINONG OTTWG PAIVETAI TTOPAKATW:

(0). ETréAe€e Tuxaia & € P Kol Tuyaia s € S.

(B). YmoAdyioe m'=V, (s°).

(). YIoASyioe m =R~ (m").
To oToIXEiO s~ €ival Pio VOHIUN UTTOYPaQr VIO TO UAVUNA 7 KOl SNPIoUpyRBnKe XWpIg
VO YVWPICOUPE TO HETOOXNUATIOPO TNG UTTOYPAPAG S , .

Napadeiypa 1. ‘Eotw M ={m: m e {0,1}" } yia k&molo otaBepd n Kai
M ={t:t€{0,1}*" } OpiGoupe R: M —> M e 100 R (m)= m||m, émou ||
oupBoAiCoupe ™ ouvévwan oupBoAooeipwy, €101 Ba EXW
M,={m|m: meM}c Mg. Ta peyGAeg TINEG TOU n n  TOOOTNTA
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M _
| M |
KOpia €TTIAOYA TOU s~ aTTé TO PEPOC TOU aVTITIAAOU va £XEI UN UNSaiviy TeavoTnTa
vaioxoel V, (s') e M,. ..

(Ej EXEl UNOApIv TIPA. AUTA N ouvapTNON avaywyng €ival KATGAANAN waoTe

270 TTAPAKATW oxAua (oxAua 1) @aivetar n dladikaoia TG UTTOYPAPAG ME
avAkKTNOoN TOU pNvVUPOTOG.

3.3.3 MeTtarpo1ry OXNMATOG UTTOYPAPNG.

Mia uTtroypagry ue avdkTnon Tou MPNVUPOTOG MTTOPEI va PETATPATTEI O€
UTTOYPaQN KE ouvnuuévo TO PAVUMQA, €@apuolovTag Tnv hash cuvdptnon kal PeTd
utroypdgoupe Tnv Ty TG hash ouvdptnong. Twpa 1O pAvupa TTPETTEN va gival
€i00d0¢ aTov aAyopiBuo ToToTroinong. H ouvdptnon avaywyng R Twpa dev Trailel
ONUAvTIKO POAO yIa TNV aCPAAEIQ TOU CUCTAUATOG KAl UTTOPED va gival oTToladnTToTe
1-1 ouvdaptnon amé 10 M, o1o0 M.

3.4 ACQAA&Ia YNPIOKWYV UTTOYPAPWV.

2TV TTpWTN Tapdaypago, Ba avagépoupe TOTE £va KpuTrtoouoTnua  eival
ao@AAEC. ETTEIdn oI yneIokES UTTOYPAQES €ival TUAUA TG KPUTITOYPAQIAG Kal OTTWG
gidaue oe TTpoNyoupEVn TTAPAYPAPOo TO OXAUA TNG UTTOYPAPAG ME AVAKTNON TOU
pMNvUpaTog 8¢ dlagEpEl OUCIAOTIKA aTTd TA CUCTAHATA KPUTTTOYPAPNONG.

2TnVv €TTOUEVN TTAPAYPAYo, Ba doUuE TTOIEG ival oI dUVATEG ETTIBECEIC TTOU UTTOPEI
va dexOei éva axfiua utToypagng.

3.4.1 MARpn ac@dAsia.

YTTapxouv dUO TTPOCEYYIOEIG VIO TNV AOQAAEIN EVOG KPUTTTOOUGTHATOG:
(a). YTToAoyioTIKr) ao@AaAgia.
H uttoAoyioTiK ac@AaAgia peTpdel Tnv UTTOAOYIOTIKA duvaun TTou
amaITeital yila va omdoel éva KpuTrtooUoTnua. Mtropouue va Troupe OTI €va
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KpuTITooUuoTnua €ival ao@QaAég av o BEATIOTOG aAyopiBuog yia va TO OTTACE
xpelaletal va ekteAéoel N TouAdxioTo TTpagelg 6Tou N gival €vag OUYKEKPIPEVOG
TOAU peydAog aplBuog. To mpoPAnua cival o016 yvwpifoude Kaveéva TTPAKTIKG
KPUTITOoUOTNUA TTOU va gival ao@aAég, dnAadrh dev PUTTOPOUNE VA TO ATTODEIEOUUE
oUPQWVa HPE TOV TTAPATTAVW OPICHO. TpakTIKA Aéue OTI éva KPUTTTOoUCTNUAO €ival
UTTOAOYIOTIKA QO@QOAEG av XpeladeTal TEPAOTIO UTTOAOYIOTIKO Xpovo (BERaia autd
dlapépel TTOAU atrd TNV atrodeign).

Mia &AAn TTpooéyyion yia TNV UTTOAOYIOTIKA ac@daAcgia gival va
avAyoulE TNV ao@AAEIa TOU KPUTTITOOUOTANATOG O€ KATTOI0 yWWOTO TTPORANUaA TToU TO
yvwpifoupe kai EEpoupe OTI gival SUoKOAO va emTIAUBEL. [Na TTapadelyua PTTopouuE va
atrodeicoupe TNV TTPOTACN « éva KPUTTITOOUOTNHA gival ao@aAég av doBEVTOG evog
OKeEPaiou n Oegv uTTopoUuE va PPOoUPE TOUG TTAPAYOVTEG TOu». KPUTITOGUOTAMATO
auToU TOU TUTTOU AyoVvTal KOI «OTTOBEIKTIKA ao@aAf» (provably secure), aAAG TTPETTE
va onPeIwBei 0TI Pe auTd Tov TPOTTO N ATTOdEIEN TNG ao@AAEIag yiveTal o€ oxéon HE
KATT0I0 AAAO TTPORANUA Kal OXI avegdpTnTa.

(B). AtrepidpioTn ac@dAcia.

Avagépetal otV ac@AAEI0 TwV KPUTITOOUCTNUATWY OTToU O
avTiTTOAOG Oev €xel TTEpPIOPIOUO OTIG TTPAelig TTou uTTopei va ekTeAéoel. ‘Eva
KPUTTTOoUOTNUA €ival aTTEPIOPIOTA ACPAAEG av O AvTITTOAOG OE PTTOPEI va TO OTTAOEI
QKOMA KAl JUE ATTEPIOPIOTO UTTOAOYIOTIKO XPOVO.

3.4.2 TUTTOI EMOECEWV OE CUCTAHATA UTTOYPAPWV.

210X0G TOou avTiTTdAou cival n TTAACTOYPAPNON Twv UTTOypa@wy, dnAadn n
QTTOOTOAN] PNVUUATOG PE TTAAOCTA UTTOYPO@r KAl O TTAPOAATITNG va vopioel OTi gival
auBevTikA. MNa va 1o TTETUXOUUE AUTO O€ OTTOIOONTTOTE WAVUMA Ba TTPETTEl va Bpoupe
TO MUOCTIKO KA€IBI Tou uTToypda@ovTa. ‘EKTOG a1rd TNV €UPECT TOU PUCTIKOU KAEIBIOU
UTTAPYXOUV Kal GAAOI evBIAQEPOVTEG TPOTTOI, AAAG AIYOTEPO I0XUPOI, YIa va BAdyouue
TNV Aao@AAEI0 EVOG CUCTHATOG UTTOYPOPWV.

YTdpxXouv Ol TTapaKATW TUTTOI ETTIOETEWV:

(a). Katappeuon tou cucothuaTog (total break). O avrittaAog gival IKavog va
uTTOoAOYiOEl TO PUOTIKO KAEIDI TOU atTOOTOAéQ 1 va PBpel éva atrodoTIKO aAyopiBuo
I000UVANO PE ToV auBevTikG aAyépiBuo dnuioupyiag UTTOYPOQrG.

(B). OAkn TAacToypdenon (universal forgery). O avrimahog av kKal &gv
MTTOpPEl va PBpel TO MYUOTIKO KAEIDi TOU QTTOOTOAEQ, MTTOPEI va TTAQOTOYPAPNOE!
OTTOIOOATTOTE WIVUHQ.

(y). EmAekTIK TTAaoTOYpd@non (selective forgery). O avtitraAog ptropei va
ONUIOUPYNOEI VOUIUES UTTOYPAQEG YIA €VO OUYKEKPIMEVO PAVUMA ) VIO JIO KAThyopia
MNVUUATWY TTOU £X0UV ETTIAEYED EK TWV TTPOTEPWYV. ANUIOUPYWVTAG TIG UTTOYPAPES OEV
emMOPA Aueca aTo VOUIUO UTTOYpd@OovTa.

(). Ymapélakn TAacToypdenaon (existential forgery). O avriraAog eivar Ikavog
va TTAacToypa@rioel TOUAGxIoTo éva ufivuua. ‘Exel Aiyo ) kaBoAou Tov €Aeyxo OTO
MAVUPO OTTOU TTAOCTOYPA@NOE KAl O VOUINOG UTTOYPAQWY UTTOPEl va ePTTOdIoEl TNV
atrarn.
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YTrdpyouv dUO0 €idn mBECcEWY OTA OXAMATA UTTOYPAPWY dnuociou KAEIDIOU:

(a). EmBéoeig povo oto kAeldi (key-only attacks). O avritTtahog yvwpilel pévo
TO dNUACIo KAEIDi TOU UTTOYPAPOVTA.

(B). Em6éoeic oto pAvupa (message attacks). O avritraAog ptTopei va
€CETAOElI UTTOYPAPEG TTOU AVTIOTOIXOUV OE YVWOTA | o€ €mAeydéva punvopoTa Kal
dlakpivovTal o€ :

(1). EmiBeon oe yvwotd pnvopara (known-message attacks). O
QVTITTAAOG €XEl UTTOYPOAQEG VIO €va CUVOAO PNVUMATWY TTOU €ival yVwOoTd C€ autov
OAAG OxI eTTIAEyUEVA ATTO QUTOV.

(2). EmiBeon oe emAeypévo privupa (chosen-message attack). O
QvTITTAAOG KaTaQEPVEl va €XEl VOUIMEG UTTOYPOPEC yia €va ETTIAEYUEVO OUVOAO
MNVUUATWY TIPIV TTPOCTTOBR0El va TTETUXEl KaTdppelon Tou ouoTAuatog. AuTh n
€miBeon cival pn TTpocappdoiun (non-adaptive) pe TNV €vvola 6Tl Ta pnvoparta
ETTIAEYOVTAI TTPIV ATTO TIG UTTOYPAPEG.

(3). EmmiBeon mpocapudoigou emmAeyuévou pnvopotog  (adaptive
chosen-message attack). O avTiTTaAog PTTOpPEI va XPNOCIYOTTOINGEl TOV UTTOYPA@OVTa
w¢ pavteio, dnAadn pmopei va {NTrioel VOPIPEG UTTOYPOQPEG WNVUMATWY  TTOU
eCapTwvTal atmd 10 ONUOCIo KAeIdi Tou uTtroypd@ovia 1 va  {NTACEl VOUIUEG
UTTOYPOQEG UNVUPATWY TTOU EAPTWVTAI ATTO TTPONYOUNEVEG UTTOYPAQEG ) UnvUuaTa.

H emiBeon Tpocapudoipou eTIAEYPEVOU PUNVUUATOG gival O TTI0 SUOKOAOG TUTTOG
eTTiBeoNnG. Av o avTiTTaAog yvwpidel ApKeTA unvUPaTa PE TIG AVTIOTOIXEG UTTOYPOPEG
TOUG UTTopEl va €€Ayel KATTOIO TUTTO YIG TOV TPOTTO UTTOYPAQKG KAl HETA va UTTOPEi va
TTAQOTOYPOQROEl £va PAVUPA TNG €TMAOYAG Tou. Apa €va KaAd oxedlaouévo oxnua
UTTOYPOQNG TTPETTEI VA TTPOCTATEUETAI ATTO QUTH TNV TTEPITITWON.

To TTiTTed0 ao@AAEIAG TTOU ATTAITEITAI YIO KABE OXAPa UTToypa®rg e¢apTdtal atrd
TIG GTTAITACEIS TNG €QAPUOYAG TTOU XPNOIKOTIOIEITAI. ZNUAVTIKO POAO OTNV aoc@AAcia
TOU CUOTAMATOG €xel Kal n €mAoyn TG hash cuvdptnong émou Ba TpETTel va gival
TETOIO WOTE O QVTITIOAOG VO [N PTTOPED va TNV avTIKATAOTHOEl Je KATTola GAAN hash
ouvaptnon o aduvaun Kai va emoiwel va KAvel €TTIOECN  €TTIAEKTIKNG
TTAQOTOYPAPNONG.

3.5 ZxAuara utroypagwv RSA kail Rabin dnuociou kA£18100.

©a douue o€ auTh TNV evoTNTA T oXAUaTa UTToypa@wy RSA kal Rabin dnuoaiou
KA€IdI0U. H ag@dAcia autwyv Twv oxnUaTwy eEapTdtal oe peydAo Babud ammd 1o
TTPORANUA TNG TTAPAYOVTOTTOINONG £VOS aKepaiou TTou gidape oTo 2° Kepdlaio. Kai
Ta OU0 TrepIAauBdavouv OXNAUATA UTTOYPO@WY WE CUVNUUEVO TO MAVUPO KAl ME
avAkKTNoN TOU pNVUPOTOG.

3.5.1 XZxnpa utroypa@ng RSA.

H aoc@dAcia Tou oxAuatog utroypapns RSA omnpifetar otn SuokoAia
TTAPAYOVTOTTOINONG HEYAAWY OKEPAIWY APIOUWV.
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O XWpPOog TWV UNVUPATWY Kal 0 XWPOoG Twv KAedIwy eivar Z, ={0,1,2,...,n-1},
OTTOU n = p *q €ival TO YIVOPEVO OUO TUXQAIWV ETTIAEYMEVWYV TTPWTWV apIBuwv. ETTeidn
O METAOXNMOTIONOG KPUTTTOYPAPNONG gival avTIoTPEWIKN ouvdapTnon, Ol UTTOYPAPEG
MTTOpOUV va dnuioupynBolv avTIoTPEPOVTAG TOUG KAVOVEG KPUTTTOYPAPNOoNG Kal
QATTOKPUTITOYPAPNONG.

Ta oovoha M kai S eivar To Z, . EmAéyetan pia ouvaptnon avaywyng

R:M — Z, nomoia gival dnuoaia yvworr).

(a). AAy6pIBuog dnuioupyiag KAEIBIOU.

1). O A TTapdyel duo PEYGAOUG TUXaiOUG TTPWTOUG apIBUOUG p Kal g .

2). YmoloyiCel n=p*qgkal ¢g(n)=(p-1)*( g-1)
3). EmAéyel éva Tuxaio aképalo apiBud e pe 1<e<¢@(n) T€TOI0 TTOU

(4). Me T1n PonBela TOU Yyevikeupévou aAyopiBuou Tou EuKkAgidn
utroAoyicel To povadiko aképalo d Pe 1<d <@ (n) Té1010 TTIOU € * d =1(mod ¢ (n)).

(5). To dnuoéaio kA&idi Tou A eival To Ceuydpl (n,e) Kal TO PHUOTIKO
KA€1i eival To d .

(B). AAy6pIBuoG dnuioupyiag utTToypagng.

(1). O A utrohoyicel m'= R(m), évag aképaiog ato didatnua [0, 7 -1].
(2). Yohoyigel s=(m')’ mod n.
(3). H utroypa@n Tou A yia To JAVUPa m €ival 1O s .

(y). AAy6pIBuoG TTIOTOTTOINONG TNG UTTOYPOYNG.

(1
(2
(3
4

. O B Egaogahicel To dnudoio kAeidi Tou ATo (1, €).
. YTroAoyiCel m'=s° mod n .
. MoTotroigi 611 m' € M, , AANIWG QTTOPPITITEI TNV UTTOYPAPT).

~— N ' ~—

.Avaktato m=R"" (m'").
ATode1En Tou aAyopIBUoU TTIOTOTTOINONG.

Av s gival N UTTOyPa®A yia To PAvuua m T6Te s=(m')‘ mod n pe
m'=R(m). Emedf e * d =1(mod ¢ (n)), s°=(m')**=m' (mod n ). TeAika Ba éxoupe
on R (R(m))=m . ..

Mapadsiypa 1. ©@a dolue éva Trapddelyua yia 1o RSA pe avdaktnon Tou
MnvOpatog.  Ta eukoAia oTIG TTPAgEIS Ba XPENOIUOTIOINCOUNE MIKPOUG TTPWTOUG
apIBuoug.

O A emAéyel mpwToug apiBuoug p=7927 , ¢=6997 kai uTTOAOYICEI
n = p*q=55465219 ka1 @(n)=7926*6996=55450296. O A emAéyel e =5 kal BpioKel
Oml e*d =5*d =1(mod 55450296) ue d =44360237. To dnudaio KAeIdi Tou A givail To
Ceuydpl (n,e)=(55465219,5) kai To JUOTIKO KA€ISi TO d =44360237.
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Ma Adyoug amAotnTag Bewpolpe o1 M =Z, Kal n ouvdapTtnon avaywyng
R:M — Z, cival n TauTOTIKA) ouvaptnon R(m)=m yia 6Aa Ta m € M . 'EoTw 0TI
TO PAvVUPa pag eival m =31229978. O A utroloyiCer m'= R(m)= 31229978 kai Tnv
utToypa@n s = (m')* mod n =31229978%%2%" mod 55465219=30729435.

O B utrooyigel m'=s° mod n=30729435° mod 55465219=31229978. TeAikd 0
B &éxeTan TNV UTTOypa@r) eI m' € M, Kai avakTd 1o m =R~ (m') = 31229978. ..

Oa douue TWPA PE TTOIOUG TPOTTOUG €vag aVTITIAAOG UTTOpEl va emiTeBei aTO
oxXAMa utToypa@rg RSA Kal TTwg PUTTOPOUUE VA TOUG QVTIUETWTTICOUE:

(a). MapayovToTroinon akepaiou.

To TpéBAnua elpeong Tou PUCTIKOU KAeIBIoU d oT1o RSA amd
TO dnuocio KAedi (n,e) kal TO TTPORANUA TNG TTAPAYOVTOTTOINONG Tou n  gival
UTTOAOYIOTIKA 1000UvVapa. Av O avTiTTAAOG UTTOPEI va TTAPAyOVTOTIOINCEl TO n TTOU
gival TuAPa Tou dnuoaiou KAe®IOU Tou A TOTE PTTOpEi va uttoAoyioel TO @ (n) Kal
XPNOILOTTOIVTAG TOV aAyopiBuo Tou EukAeidn ptropei va €€dyel To d, Tou €ival 1o
MUOTIKO KA€IBi, aTTO TO ¢ (1) KOl TO e AUvovTag TNV e * d = 1(mod ¢(n)). Me autd Tov
TPOTTO O AVTITIAAOG Ba TTPOKAAECEI KATAPPEUCH TOU CUCTHUATOG apou Ba yvwpilel TO
MUOTIKO KAEIDI.
Na va amo@uUyouue dia TéTola OUOAPECTN KaTdoTaon Oa
TIPETTEl VA ETTIAECOUPE TETOIOUG TTPWTOUG p KAl ¢ WOTE N TTAPAYOVTOTTOINON TOU 7
va gival UTTOAOYIOTIKA avEQIKTN:
(1). O rpwrToIl apiBpoi p kal g TToU Ba eTTIAEGOUNE Ba
TTPETTEI Va €XOUV TTEPITTOU TO id10 pKog (bitlength) kai va gival TTOAU peydAol apiBuoi.
(2). H diagopd Toug (p—g) 6¢ Ba TpéTTEl Va eival
TTOAU pIKpA. Av p —g €ival PIKPr TOTE p = g KAl p = \/; . ToéTE N TTApaAyovTOoTTOinoN
Tou n Ba ptropouloe va yivel eUkoAa dokiudlovrag OAoug Toug TTIBavoug dIAIPETEG
TTOU gival TTEPITTOI KAl BpioKovTal KOVTA OTOV \/; . Av gTTIAgyoUV TUXQiQ TOTE N p —¢q
Ba eival kKatdAANAa peydAn.
(3). TENOG apkeToi gpeuvnTEG TTPOTEIVOUV OTI O p Kl
g avTi va emAéyovTal Tuxaia, Ba TpETTel va eival duvaroi TTpwTol apiBuoi (strong
primes). 'Evag TpwTog aplBudg p Aéyetal dSuvatdg av I0XUOUV Ta TTAPAKATW:
ao/. O p-1 éxel €va peydho TTPWTO TTAPAYOVTO
TOV 7.
B/. O p +1 €xel éva peydAo TTPWTO TTAPAYOVTA.
y/. O r-1 €xel éva ueyaAo TTPWTO TTAPAYOoVTa.

(B). MoAAaTTAacIaOTIKA 18160TNTA TOU RSA.

To oxnua vutmoypaprig RSA éxer  Tnv  akéAoubn
ToMatAaoiooTKg 18160TTa. Av s, =(m,)’ modn kai s, =(m,)’ modn eivai

UTTOYPAPEG yIa TO pnvugata m, Kal m, QvTioToIXa HETA TNV €@apuoyn Tng
ouv@ptnong avaywyng, TOTe s=(s, *s,)modn €xel Tnv 1BI6TATG  OTI
s =(m, *mz)" modn. Av m =m, *m, €xel TNV IBIOTNTA TG CUVAPTNONG AVAYWYNG
(dnhadny m € M, ) 161€ TO s Ba gival pia vouiun utroypaer| yia 1o m . lNa autd 10
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AGyo n ouvdptnon avaywynsg R dev TTPETTEl va gival TTOAATTAACIAoTIKA, dnAadh yia
oxeddv 6Aa Ta Ceuyapia o, € M Ba mpémel va ioxlel R(a* B) # R(a) * R(f).
Oa douue oTo TTOPAdElyUa TToUu akoAouBei OTI auth n ouvlbnAkn yia Tnv R eivai
atrapaitnTn aAAd OX1 APKETA YIa TNV 0CQAAEIQ TOU CUCTANATOG.

Mapddeiypa 2. 'EoTw 611 610 RSA 10 dnudoio kAeidi gival 1o (n,e) Kal
TO MUOTIKO KA€Idi T0 d. Me x opifoupe 1O pAKog Tou n (# bits otn duadikA

avaTrapaoTaacn) Kail ¢ gival évag oTabepdg BETIKAG aKEPAIOG TETOIOG TTOU t<5. EoTtw

w=2" kaI Ta pnvogara m cival aképaiol apiBuoi oto didotnua [1,7*27-1]. H
ouvapTnon avaywyng R eivai R(m) = m*2". Na TIg TIEPICOOTEPES ETMAOYEG TOU 71 N
R dev éxer tnv moOAAaTTAaciacTikh 1010TnTa. Eidauye oTto Tapddeiypa 1 6T n

1 t
mlavoTnTa £mTUXiag o€ uttapélakn emibeon eival (Ej , GAAG yIa auTr) T ouvdapTnon

QvVayWYyNng n €tmiBeon Pe €TAEKTIKA TTAAoTOYPAPNON (N oTToia ival 1o cofapn) cival
meavov va yivel. ' EoTw 611 0 avTitahog B€Ael va TTAACTOYpa@AOoEl Yia uTtoypa®n yia
TO0 pAvupa m . O avrtimalog yvwpilel To n aAA& Ox1 T0 d .MT1ropei va emiteBei  aTO
akOAouBo eTTIAEYHEVO PAVUNA yia va KaBopioel TV uttoypagn Tou m . EQapudlovTtag

TOoV aAyépIBuo Tou EukAcidn oto 1 kal 010 m'=R(m)=m*2'=m*w. ¥ KGO Briua
TOU aAyopiBuou aképaiol x,y Kal » uttoAoyifovTal WOTE x *n +y *m'=r. MTopei va

atTodeixOei OTI o€ KATTOI0 BApa UTTAPXEl éva y Kal €va r TETOIO TTOU |y |[<— Kal
w

n . .
r<—av w<+n.Av y>0101€ m, =r*w kol my =y*w.Av y<0101€ m, =r*w

w
Kal my; =—y*w. Kal o1ig dU0 TEPITTTWOEIG TA pnvopara m, Kal m, €XOUV TNV
amraIToupevn  181I0TNTA  TNG  ouvdpTnong  avaywyng.  Av  UTTOypAayEl ME
s,=(m,)’ modn xai s,=(m;)’ modn 16T€ 0 avTiTalog pTTOpEi va utToAoyioe!

Mia uTToypa®n yia To m WG aKoAoUBwWG:

4 d d
e Av y>0 utroloyiel S—2=m—2=(r*wJ =[LJ =(m")* modn.

d % d d
e Av <0 vumoloyiga 2 =" y =(r WJ =(£J =
—-s;  (-my) yEw y

(m")’ modn .
Kal oTIg U0 TTEPITITWOEIS O AVTITTAAOG £XEI KATAPEPEI VA UTTOYPAYEI
éva prvupa. H emAoyAd TG KatdAANANG ouvdptnong avaywyrg R Traifel omroudaio
POAO OTNV ACQAAEIO TOU CUCTHHUATOG. ..

‘Evag Trpoteivopevog TPOTTOG yia Tn Xpnolpotroinon tou RSA cival va
UTTOYPAWOUNE TO MAVUHPA KAl PETA VA KPUTITOYPOQACOUUE TO ATTOTEAECHO TNG
uttoypa@ng. Ag uttoBéooupe 6TI 0 A BEAEl va uTToypdawel Kal HETE va KPUTTTOYPOPAOEI
éva pvupa yia tov B. 'Eotw 0611 (1 ,,e,) KAl (n,,e,) €ival Ta dnuéoia KAEIBIG Twv A
Kal B avrioTtoixa. Av n,>n, TOTE UTTAPXEl TTEQITITWON TO WIVUPA VA PNV PTTOPEi va
avakTtnOei atrd Tov B 011G Ba doupe 010 akGAoUB0o TTapAdEIyla.
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Napadeiypa 3. ‘Eotw n,=8387x7499=62894113, e,=5 ka1 d ,=37726937,

Kal n,=55465219, e,=5 kai d,=44360237. Mapatnpolue 6Tl n,>n, EoTw OTI
m =1368797 cival éva privupa TTou £Xel EpapuooBei n ouvdapTnon avaywyrg Kai Ba
UTTOYPOQEi JE TO PHUOTIKO KAEIDi Tou A Kkal Ba KpuTrToypa@nOei pue 1o dnUocIo KAEISI
Tou B.

(a). O A utro)oyicer:

s=m" modn ,=1368797%7%%" mod 62894 113=59847900.

c=s5° modn, =59847900° mod 55465219=38842235.
(B). Ma va avakTAoel To PAvVUPa Kai va TTIoTOTIOINCEl TV UTToypa®r o
B utroAoyicel:
s'=c” modn, =38842235*%%" mod 55465219=4382681.

m'=(s")"* modn ,=4382681°mod 62894 113=54383568.
Mapatnpouue 611 m # m'. O AOyog yia auTd eival 6Tl TO s €ival HEYaAUTEPO

. . . . n,—-n
ato 10 n, . H mBavotnta va oupBei aut n avwpalia sival ——= ~0.12...
n,

©a doUuE TTWG YTTOPOUNE va avTIMETWTTICOUHE auTd To TTPORANUa (reblocking
problem):

(a).Avadidragn evepyelwv(reordering).

To mpéPAnua dev Ba ocuvéBaive av xpnoldoTroloUcape oTn
dladikaaoia TTPWTA TO PIKPOTEPO 1, (n,=min (n,,n,)). AV n,>n, 161€ 0 A Ba £TTPETTE
TTPWTA VO KPUTTTOYPAPACEI TO UAVUUA XPNOILOTTOIWVTAG TO dnuocio KAEIBI Tou B kai
META va UTTOYPAWEI TO ATTOTEAECUA TNG KPUTTTOYPAPNONG PE TO HUOTIKO KAEISi Tou A.
BéBaia autr n oeipd dev ival Aoyikr) a@ou TTPWTA UTTOYPAPOUNE TO PAVUMA Kal JETA
TO KpuTITOoypagoupe . 'ETol av o A €kave Tn dladikacia Ye auTh Tn OEIpd O AVTITTAAOG
Ba ytTopouce va aPaIpECEl TNV UTTOYPAPH KAl VO TNV QVTIKATOOTACE! YE dia OIKA TOu.
Mapd 10 yeyovog OTI O avTiTTaAog dev &Epel TI UTTOYPAQEl PEPIKEG QOPEG eival
TTAcOVEKTNHA yia auTév. ‘ETal n avadiatagn dev gival n rpoteivouevn Auon.

(B)- Aloaxwpiopog Twv n; (two moduli per entity).
Kd&Be atopo €xel duo gexwpliotoug oUvBeTOUG aplBuous (n,)

Yl KPUTTTOYPA®NON Kal yia dnuioupyia uttoypa@rig 61mou 6Aol ol oUvBeTO! aplBuoi yia
onuioupyia uttoypa®ng eivar HIKPOTEPOI aTrd Toug oUvBeTOoUG apIBUoUG vyia
Kputrtoypdenon. Tote AdBog otnv  atrokputrToypaenon dev Ba yivel Tmoté. Auto
MTTOPET va TEUXOEI ATTAITWVTAG TO PAKOG TWV CUVOETWY apIBPWY yia UTToypa®r va
£X€l MAKOG TO TTOAU ¢ KAl TO PAKOG TWV OUVOBETWY apIBuwy yia KputrToypdenon va
gival TOUAGXIOTO £ +1.

(V). Zuykekpiyévn diatagn n, (prescribing the form of the modulus).

Me autr) Tn pEBOdO OIAAEYOUUE TTPWTOUG p KAl g WOTE Ol A,

va €XOUV Mia ouykekpipévn popery: To pueyaAlTtepo bit eivar 1 kai Ta erépeva x bits
givar 0. 'EoTw 611 B€Aoupe va Bpouue €va aplBud n peyéBoug ¢ bits. MNa tov n

Béhoupe 27 < <2742 EmAéyw éva Tuxaio TTpWTO p e (%—} bits  kal

t-1 (21‘—1 + 2t—k—l )
Wayxvw yia éva TTpwTo ¢ va BPIoKETAl avAPUECT OTOUG Kal .
p p
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TOtE 0 n = p*q IKAvVOTIOIEI TN poP®Pr TTou BéAoupe. H Aoy Tou n PE AUTO TOV
TPOTTO OtV Hag eEaoc@alilel T O Ba gu@avioBei To TTPORANPA PAG OAAG HEIWVEI
onuavtika tnv moavotnta va eupavioBei. 'EoTtw OTI €MAEYOUPE PE AUTO TOV TPOTTO
TOV n, Kal s=m" mod n, €ival n utroypa®r yia 1o privupa m. ‘Eotw O11 0 5 EXEl
éva 1 o€ pia atrd TIG k +1 B€0€Ig AT ApIOTEPA EKTOG ATTO TNV TTPWTN B€0n. ToOTE O §
eTTEIdN €ival PIKPOTEPOG OTTO TOV 1, TIPETTEI va €xel éva 0 oTnv Mo aploTepry Béon
apa Ba eivalr PIKPOTEPOG ATTO OTTOIOVOATIOTE AAAO 71, e Trapdpolo TUTTO. H
mlavotTnTa 0TI 0 s Ogv £xel Kavéva 1 oTIG x +1 BEoeig atTd aploTepd eKTOG ATTO TNV

k
MO aPIOTEPH eivou(Ej otrou gival pndapivr) av eTmIAeyei 0 k va gival TTOAU pey&Aog

(.. 100). Z10 TTAPAKATW TTAPADEIYHA BAETTOUME TTWG KAVOUUE TNV €TTIAOYR TETOIOU
n.

Mapddeiypa 4. 'Eotw 61T BEAoupe va kaTaokeudoouue éva 12-bit apiBud »
TETOIO TTOU TO TTPWTO bit cival 1 kai Ta emépeva x =3 bits cival 0. Oa Bpw éva 6-bit
TpwTo apIBud p=37. EmAéyw éva TpwWTO ¢g VO PpiokeTal avAPECO OTOUG

11 11 8
{2——‘ =56 kal {wJ =62. O1 mBavoi g eivalr o1 59 kai 61. Av ¢ =59 T10T¢
P P

n=37+59=2183 é£xovrag duadikr avamapdotacn 100010000111. Av g =61 T16T€
n =37 *61=2257 éxovtag duadikr avarrapdoTtacn 100011010001. ..

Av n = p*q eival apiBuog pAkoug 2 k -bit ye p kal g apiBuoi prkoug x -bit o
kaBévag, yia Tnv utoypagry s=m’ modn yia To pAvupa m amairouvial O (k)
OuadIKEG TTpagels. Emedry o utroypd@wv yvwpifel Toug p Kal g JTTOPEI va
utrohoyioer  s,=m?modn  kar s,=m‘modn  ka va kaBopicel TO s
xpnoigotoiwvtag 1o KivéE(iko Bewpnua, HE TNV TTOAUTTAOKOTNTG QUTAG TNG
Siadikaciag va gival TéAl O (k7).

H TmoToTtroinon NG utroypa@ng €ival o ypryopn av €mAeyei 0 e va gival
MIKPOG apiBudc. Av yivel autd TOTE yia TV ToToToinon amamouvial O (k)
Suadikég TIPAEEIG. MPOTEIVOUEVES TINEG yIa TO e eival To 3 A 2'°+1 kai uoikd Ba
mpémel ged (e,(p-1)(g-1))=1.

To TmAaGto¢ TnG amodotikétnTrag(Bandwidth  Efficiency) Ttou oxfiuartog
log, [ M |

uttoypa@ng Tou RSA Oivetar ammdé Ttov TUTTO BE=
log, | M, |

YIO OUYKEKPIMEVN
ouvdpTtnon avaywyng R.

KaAUTepo TTAGTOC QTTOOOTIKOTNTOG €XOUME OTOV XPNOIUOTIOIOUPE TO OXNAMA TNG
uttoypa@rg RSA pe cuvnuuévo 1O PAVUMA av TO PAvVUMa gival auBaipeTou PAKOUG,
EVW AV TO WAKOG TOU PNVUPAOTOG €ival PIKpOTEPO aTTd K -bits (Mg n va eival 2 k -bit)
TPOTINATAI TO GXAMA TNG UTToypaPs RSA e avaktnon Tou unvUuaTocg.

‘EoTw 611 BéAOUNE va UTTOYPAWOUHE €VO HAVUMO m = K *¢ Kal £XOUME ETTIAEEE
TOo n va cival peyéBoug 2 x -bit. ETeid 10 oXANA TG UTTOYPAYNSG ME avAKTNOn Tou
MNVUPATOG XPENOIYOTTOIEITAI VIO INvUuaTa oTabepol urnkoug (€0Tw peyéBoug ¢) Ba
TpETTel va dlapepiooupe 1o m O€ Kk -bit blocks £101 wote m =m, || m,||...||m, kai va

uttoypdyoupe KaBe block avegdptnta (authi n péBodog dev TrpoTeiveTal). EVOAAAKTIKG
Ba pytTopoucaue va epapudooupe pia hash ouvdptnon TTou va avtioToliel To m o€
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éva duadIKO apIBud PAKOUG w < kK KAl va UTTOYPAWOUNE WETA Tnv TIuA TnG hash
ouvapTnong.

3.5.2 Zxnpa utroypa@ng Rabin dnpociou kA&15100.

AuTO TO oxnua uttoypa@ng sival TTapdpolo pe 1o RSA aAAd o aplBuédg e, Tou
gival TUAPO TOUu dnuociou KAeldIOU, cival dpTiog. Ta Adyoug amAdTnTag Ba
Bswpriooupe 6Tl e=2. Emiong 1oxbouv 6T M =(Q, Kl Ol UTTOYPOAQEG Eeival
TETPAYWVIKEG PiCeg auTwyv. H ouvdaptnon avaywyng R:M — M, eivar dnuooia
YVWOoTh.

(a). AAyOpIBOoG dnuioupyiag KAEIBIOU.

(1). O A Trapayel duo PeyGAOUG TUXAIOUG TTPWTOUG APIBUOUG p Kal g .

(2). YtroloyiCel n=p*q.

(3). To dnuoéaio kAe1di Tou A €ival TO n Kal TO HUCTIKO KAEIDI gival TO
Ceuyapi (p,q).

(B). AAy6pIBuOG dnuioupyiag utroypagng.

(1). O A utrohoyicel m'= R(m) .
(2). YToAoyicel pia TeTpaywvik pifa s Tou m'modn
(3). H utroypaer Tou A yia T0 JAVUPa m €ival 10 s .

(y). AAy6pIBuoG TTIOTOTTOINONG TNG UTTOYPOYNG.

(1
(2
(3
(

4). Avaktd o m=R"'(m").

O B E€ao@aAilel To dnuoacio KAeIdi Tou ATo n.
YTrohoyilel m'=s”> modn .
MoTotrolei 611 m' € M, , AANIWG ATTOPPITITEI TNV UTTOYPAPH.

).
).
).
).

2TO TTOPAKATW TTap&delyua Ba doUNE Pia atTAf EQapuoyh.

Mapadeiypa 1. ‘Eotw 611 0 A €mAéyel p =7, g =11 ka1 uttoAoyilel n=77. To
dnuooio KAeIdi Tou A gival n =77 kal To puoTIKO KA&IdI gival 1o ( p,q )=(7,11). =époupe
on M¢=0Q, , apa 0,,={1,4,9,15,16,23,25,36,37,53,58,60,64,67,71}. INa Adyoug
ammAdTnTag Bewpoupe 611 M =M Kal n OUVAPTNON QvVAYWYNAG Eival N TOUTOTIKN
ouvaptnon, onAadn m'=R(m)=m . 'EcTw 6T TO PAvupa pag eivar m=23. O A
uttoAoyiCel R(m)=m'=23 kai Bpiokel pia TeTpaywvikn pifa Tou m' mod 77 . Av s €ivai
pia TéTola TETpaywVIKA pifa ToTE s =+ 3(mod7) kal s =+ 1(mod 11) dpa 5=10,32,45
 67. EmA£Eyel o A n uttoypa®n va gival 1o s =45.

O B umohoyilel m'=s”> mod 77=23. Emeid m'e M r O B amodéxeral Tnv utroypa@n

KOl QVOKTA TO m amd T oxéon m =R~ (m')=23. .
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Ottwg €idape kai oto RSA, n emAoyn TG ouvdpTnong avaywyng R taidel
oTToudaio pOAo GTNV ACPAAEIO TOU CUCTAHATOS. Av yia TTAPAdEIlyUa UTTOBECOUE OTI
M=M¢=0Q, kat R(m)=m yia 6Aa 10 m € M T0Te 0 QVTITTAAOG UTTOPE] VA ETTIAEGE!

£va OTTOIOONTIOTE OKEPAIO § € Z: kal uttohoyiel m'=s>mod n TOTE TO s €ival ia

VOUIUN UTTOYPA®N] yIa TO m', Xwpig va EEpEl TITTOTA YIA TO HUCTIKO KAEIOI. Z€ QUTA TNV
TTEPITITWAN €XOUME ETTIOEON YE UTTAPEIOKT TTAACOTOYPAEPNON.

Me Tnv e@apuoyrn TG ouvapTnong avaywyng R o€ éva PAvupa m, €X0UME
0TI m'= R(m) . Aev uttdpyel Kapia eyyunon Ot1i To m' gival TETPAYWVIKO UTTOAOITTO TOU

modulon kal €101 0 UTTOAOYIONOG TNG TETPAYWVIKAS piCag Ba eival aduvartog. Mia
AUon Ba eival va TTpocBéooue Eva Tuxaio PIKPG apiBud 0TO m Kal va UTToAoyiooupue

AN 10 R(m) eAmidoviag Twpa o611 R(m) € Q,. ©Oa doUye TOPAKATW Ui
VTETEPUIVIOTIKI] PEBOSO, TTOU €ival TTPOTIMOTEPN YIA TNV QAVTIMETWTTION autoU Tou
TTpoBAAuaTOG.

AuTé TO OXAMa uttoypa@ng TTou Ba doUpe AEYETAI TPOTTOTTOINUEVO OXMUO
uttoypa@rg Rabin dnuociou KA€IBI0U Kal oTnpifeTal oTnv €TMIAOYN TTPWTWV apIBuwWV
p KOl g PE KATTOIO IDIAITEPA XAPAKTNPIOTIKA.

EmAéyoupe dUo TTpwToug aplBuols p kal g €101 WoTe p =3 mod4
Kal g=3mod4 kai n=p*qg. MNa autoldg TOUG TTIPWTOUG apIBuoUg I1oxUouv Ta
TTOPAKATW:
(a). Av ged (x,n)=1 1618 x» D2 =1(modn).
(B). Av x e Q, 161 X" P9  modn eival pia TeTpaywvikA

piCa Tou xmodn .
(y). Eotw x ceivar évag aképaiog €xoviag lakwpiavo

oUupBoAo(Jacobi  symbol) JS =(£) =1 «xa €éotw d=(n—p-—q+5)8. Tote
n

x av xeQ
x> modn = "
n-x av x¢Q,

(®). Av  p#g(mod8) 70T JS=(2)=-1. ‘Eto1 o
n

TTOANATTAQCIOONOS TOUu X HE To 2 A pE 2'modn avrioTpégel 10 JSTou x.( O
oképalol Tou TUTTOU n = p* g OTou p =g =3(mod4) ka1 p # g Aéyovrar Williams
OKEPQIOL.)

EkpeTaAAeudpevol TIG TTAPATTAVW 1810TNTEG TwV p Kal g Oa opicoupe TO
TpoTroTroINUWéEVO  OXAua aAAGlovTag TOUG OPICHOUC OpIoHEVWY CUUBOAwY TTOU
QaivovTal oTov Trivaka 1.
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2UuBoAo Mepiypagn
{meZ, :m<|(n-6)/16]}

{me Z, : m=6(mod16)}
{seZ,:s’modn)epm}

R (m)=16m+6 yiadha1a m e M
2 {meZ,: m=6(mod16)}
Mivakag 1.

RIS

(a). AAy6pIBuoG dnuioupyiag KAEIBIOU.

(1). O A Tmapdyelr duo peYGAOUG Tuxaioug TIPWTOUG apIBuoUg
p =3(mod 8) ka1 ¢ =7(mod 8) kai utTtoAoyilel n = p *q .

(2). To dnuodaoio KAe1di Tou A gival TO n KAl TO JUOTIKO KAISi gival To
d=(n—- p—q+5)/8.

(B). AAy6piBuog dnuioupyiag UTTOYPAPIG.
(1). O A utrohoyicel m'= R(m) =16 m +6.
(2). YtroAoyicel 1o lakwpBiavd ouuBoro JS = (%) .
(3). Av JS =1 167€ utroAoyilel s =(m')’ modn .
(4). Av JS =-1 161¢ UTTOAOYICEI s=(% Y modn.(Av JS #1 1 —1 16T¢

J§ =0 dnAadn gcd(m',n) #1. Autd pag odnyei oTnv TTapayovrtotroinon Tou n. H
mOavoTnTa va cupBei autd gival pndauivi).
(5). H utroypaer Tou A yia T0 m €ival TO s .

(y)- AAYy6pIBuOoG TTIOTOTTOINONG TNG UTTOYPOYNG.

. O B E€ao@ahicel To dnudoio kAe1di Tou A To 7.

)
). YrrohoyiZel m''=s> modn .

). Av m'' =6(mod 8) 1é1e m'=m'"".

)- Av m'' =3(mod 8) 161 m'=2m'"".

)- Av m'' =7(mod 8) 161 m'=n-m"".

). Av m''=2(mod 8) 16t m'=2(n-m"").

7). Mototroigi 611t m' € M, , aAAIWG ATTOPPITITEI TRV UTTOYPAPH).
)

ATode1En Tou aAyopIBUOU TTIOTOTTOINONG.

210V OAYOpIBUOo dnuioupyiag uttoypa@ng o A uttoypd@el 10 u=m' N
u=m'l2 av@dhoya Tol0 ammd Ta dUo £xel JS =1. ATO TIG 1B10TNTEG TWV TTPWTWV
apIBuWV TTou €idape oTnv TTApdypao autr (atmo 1n (D)), Exoupe 6T évag ATTd TOUg
m',m'/2 éxel JS =1. H iy u 110U uttoypda@eTal gival T€Tola woTe ©# =3 4 6 (mod 8).
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ATI6 TV (y) éxoupe 6Tl s°modn=u f n—u (€0PTETAI TTOI0 ATI6 TO AV © € 0,
Emeidn n =5(mod 8) auTég ol TTEPITITWOEIG UTTOPOUV POVADIKA va SIaXwpPIcTOUV. ..

Mapadeiypa 2. ‘Eotw o1 o A emAéyel p =19 kai g =31, Kal uttoAoyicel
n=p*q=589 ka1 d =(n— p—q+5)/8=68 To dnudacio kAeidi Tou A eival To n =589
Kal To MUOTIKO KAeldi 10 d =68. To olvoho M, TeplAauPdvel Ta oToIxEia TTOU
@aivovTal oTov TTivaKa 2 JE Ta avTioTolxa Toug JS .

m 6 22 54 70 86 102 118 134 150 166 182 198 214 230 246

(o) |11 1 1 1 1 1 1 1 1 -1 1 1 1 1

m 262 278 294 326 358 374 390 406 422 438 454 470 486

(o)1 1 1 1 1 14 1 1 1 1 1 1 -1

m 502 518 534 550 566 582

()l 1 1 11 1 1

Mivakag 2.

o
‘Eotw om m=12. O A umoloyifer m'=R (12)=198, JS =(ﬂ)=(%)=1 Kal
n
5 =198%® mod 589=102. H utroypaer] Tou A yia 1o m =12 givar s =102.
O B utrohoyilel m'' =s” modn =1022mod 589=391. ETreidf m'' =7(mod8) o B
uttohoyiel  m'=n-m'' =589-391=198. Tehk& o B umoloyier m=R"'(m')=
(198-6)/16=12 kal aTTOdEXETAI TNV UTTOYPAPN. . .

Me Tov aAyopiBuo tTou Treplypdyape Kaveig 6 Ba uTTEypage éva PAVUUA PE
Ty u éxovrag JS=-1 emeidf autd odnyei OTnV TTOPAYOVTOTIOINGN TOU 7.
MapatnpoUye 6T 10 y =u! =5 mpémel va éxel JS =1, aAd& y°=(u’)* =u*(modn)
atd v (y). ‘Eto1 (u — v )(u + y)=0(modn ). EmeidA o1 u, y TpéTmel va €xouv avTiBeTa
JS, Ba éxoupe om ged(u—y,n)=p f q.

H emiBeon pe utrapiakn mAacToypdgnon eEakoAhouBei va ugioTartal. Apkei o
avTimaAog va Bpel éva s TéTolo Tou 1< s <n-1 WoTe eite s° eite 25° eite
2(n-s*)modn va i0oUTal ue 6 mod 16. e OTTOIASATIOTE ATIO QUTEG TIC TTEPITITWIOEIG
T0 s €ival vopIun utroypa@n yia m'=s> modn .
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3.6 ZxAuaTta utroypawyv Feige-Fiat-Shamir ka1 Guillou-Quisquarter.

Oa doupe oe auThi ThV €voTNTA Ta OXAMATO UTTOypaPwv Feige-Fiat-Shamir kai
Guillou-Quisquarter.

3.6.1 Xxnpa utroypa@ng Feige-Fiat-Shamir.

To oxnpa utroypagng Feige-Fiat-Shamir gival éva TpotroTroinuévo oxfAua Tou
Fiat-Shamir kai xpnoiyotrolei yia one-way hash cuvaptnon #:{0,1}" —{0,1}" vyia
KATTOIO OUYKEKPIPEVO BETIKO aképalo x . To {0,1}" opilel TO GUVOAO TWV PNVURATWY

peyéboug x kal 10 {0,1}" 1O OUVOAO OAWV TWV PNVUUATWY. Oa doUue To OXAU
UTTOYPOAQNG YE CUVNUUEVO TO Privupa. H péBodog autr gival TTlavoTikH.

(a). AAyOpIBPOG dnuioupyiag KAEIBIOU.

(1). O A rapayel duo peyaAAoOUG TUXAIOUG TTPWTOUG apiBuoug p Kal g
Kal uTToAoyilel n= p*q.

(2). EmAéyel éva BeTIkO aképalo x  Kal dIAPOPETIKOUG TuXaioug
QKEPQIOUG §,,S,,....5, € Z, .

(3). Ymohoyier u,;=(s;)” modn pe 1< j <«k.

(5). To dnuobaio KA&di Tou A eival (n,u, ,...,u, ) KOl TO HJUCTIKO KAEID
EIVAIL (8,855 8, ).

K

(B). AAy6pIBuOG dnuioupyiag utTToypagng.

1). O A emmiAéyel éva Tuxaio aképaio » pe 1< r <n-1.

(1).

(2). Yohoyigel u=r>modn .

(3). YrohoyiCel e=(e,,e,,...e_)=h(m||u ) yia kGBe e, € {0,1}.
(4). YToMoyiCel s =7 >!<l_[1;:1 s; modn.

(3). H utroypaen tou A yia 1o pufivupa m gival 1o Ceuydpi (e, s ).

(y)- AAYy6pIBuOG TTIOTOTTOINONG TNG UTTOYPOYNG.

1
2

O B EGao@aAicel To dnuoaio kAedi Tou A 1o (n,u, ..., u, ).
YTrohoyilel w=s> * H;ujf mod .

).
).
). YTrohoyicel e'=h (m || w).
).

ATTOBEXETAI TNV UTTOYPAPK OV Kal Joévo av e=¢'.

(
(
(3
(4

Aode1gn Tou aAyoépiBuou TTIOTOTTOINONG.
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‘Exoupe oTI . . .
2e; e 2 e.
k * J J * -
w=s?*]] _u? modn=r’ [1s7 11w = 2+ [ 1Gs5u) r’=u(modn).
J=1J Jj=1 =l Jj=1
Emeidl w=u Ba éxoupe 611 e=¢'...

Mapadeiypa 1. O A emAéyel TpwToug apiBuoug p =3571 kai g =4523 Kai
uttoloyiCel n = p*q=16151633. ZTov Trivaka 1 @aivovtal n emAoyr Twv s ; (To
MUOTIKO KAEIdi Tou A) Kal Twv OKePaiwv u, (T0 dnuocio KAedi Tou A) pe TIg

eVBIAUETEG TIHEG TwV (s,) .

fi 1 2 3 4 5
s, 42 73 85 101 150

J

(s,)' modn | 4999315 | 885021 | 6270634 | 13113207 | 11090788
i =(s. )’ modn | 503594 | 4879739 | 7104483 | 1409171 | 6965302
J J

Mivakag 1.

‘Eotw 61 h:{0,1}" —{0,1 }5 eivail n hash cuvdptnon. O A emAéyel éva Tuxaio
aképaio 7=23181 kai utoAoyilel u =7’ modn=4354872. MNa va uTToypAWEl Eva
puAvupa m o A umohoyilel e=h(m||lu)=10110 . O A uTttoAoyicel
s=r*s, *s,*s, modn=(23181)(42)(85)(101) modn =7978909, n uttoypaen yia 10
m €ival (e=10110, s =7978909).

O B utrohoyilel s* mod n =2926875 kai
u, *u, *u, modn =(503594)(7104483)(1409171) mod n =15668174.

O B utrohoyiGel w=s7 *u, *u, *u, modn=4354872.

Emeidn w=u éxoupe omi e'=h(m||w)= h(m | u)=e kai o B amodéxetal TNV

utToypaqn.. .

H aoc@dAcia Tou oxnuatog BacifeTal oTOV UTTOAOYIOHO TWV TETPAYWVIKWV
piwv modn. ‘Exel amodeixBei 6T yia va €ival ao@aAég To OoXAua evavtia oTnv
€TiBEON TTpoCAPUOCIPOU €TTIAEyPéVOU unvupatog, n hash ouvdptnon 4 Tmpémel va
gival Tuxaia Kai Ta s ; JINPOPETIKA PETAGU TOUG.

3.6.2 XZynua utroypa@ng Guillou-Quisquarter.

Ze autd 1O oXNua Bswpoupe om £:{0,1}" — Z, eival n hash ouvapTtnon kai
n gival BeTIKOG akEPAIOg apIBUAG.
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(a). AAy6pIBuog dnuioupyiag KAEIBIOU.

(1). O A rapayel duo peyadAoug TUXaioUG TTPWTOUG apiBuolg p Kal g
Kal uttoAoyilel n= p*q.
(2). EmAéyer é€va BeTikd aképaio e € {1,2,...,n-1} TéTOIO TTOU
ged (e (p-1)( g-1)=1.
(3). EmAéyel éva Bemikd aképalo J, pe 1<J,<m OTOU E€ival n
TautotnTa Tou A kai ged (J,,n)=1.
(4). KaBopicel éva aképaio @ € Z, T1é€tol0 TTou J , *a“=1(modn)
wg €&NG:
a/. Yrohoyicel (J, )™ modn .
B/. YTrohoyiGel d,=e” mod (p -1) kai d,=e”' mod (gq-1).
y/. Yohoyiel a,=(J ;)" mod p kai a,=(J;' )" mod q.
o/. Bpiokel pia Abon yia 1o o T€T010 TTOU @ =, (mod p ) kai
a=a, (mod q).
(5). To dnuobalo kAe1di Tou A eival (n,e,J ;) Kal TO JUOTIKO KAEIDi €ival
0 @ .

(B). AAy6pIBuog dnuioupyiag uttoypagng.

. O A emiAéyerl éva Tuxaio aképalo x Kal uttoloyilel » =x° modn .
. YmoAoyiCet u=h(m||r).

. YTroloyilel s =x *a" modn .

. H uttoypaon Tou A yia 1o yvupa m €ival To Ceuyapl (s, u ).

(y). AAy6pIBuOoG TTIOTOTTOINONG TNG UTTOYPOYNG.

(1). O B Egao@aAicel To dnuoaio kAedi Tou Ato (n,e,J ).
(2). YmoAoyiCel w=s*J' modn ka1 u'=h(m||w).
(3). ATrodéxeTal TNV UTTOYPA@H av Kal ovo av u =u'.

Aodei1gn Tou aAyoépiBuou TTIoTOTTOINONG.

Mapatnpolpe Om w=s‘*Ji=(k*a") *J', =x‘*(a’*J, )" =

k‘=r(modn). Emeidn w=r éxouue 6Tl u =u'.

Mapadeiypa 1. O A emiAéyel TTpwToug p =20849 Kal g =27457 kai utToAoYiCEl
n= p*qg=572450993. EmAtyel éva aképaio e=47 kai J,=1091522 ka1 Bpiokel Tov
a worte af*J,=1(modn) pe o =214611724. To dnuoéoio KAeidi Tou A eival
(n=572450993, e=47, J ,=1091522) kai yuoTIkO KA€Idi o =214611724.

MNa va utroypdawel 1o pivupa m =1101110001 emAéyel €va Tuxaio x =42134
Kal uttoAoyilel » =x° modn =297543350. O A uttohoyilel u=h (m ||r)=2713833 kai

s =K *a" modn=(42134) 214611724?""3*3 mod n =252000854. H utoypapry Tou A
yla TO pivupa m gival 1o Ceuydpi (s =252000854, u =2713833).
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O B utrohoyiZel s¢ mod n =252000854*" mod n =39864 1962,
J mod n =1091522?""* mod n =110523867 kai TeAIKG
w=sJ modn=297543350.

Emeidn w=r*u'=h(m||w)=h(m||r) o B amodéxeral TNV utroypa@n. ..

O apIBuog e TIPETTEl va gival apKETA PEYANOG WOTE VA OTTOKAEioCOUME TNV
mBavotnTa TNG TAacToypdgnons. O avtittalog emAéyel éva Privupa m  Kal
utrohoyigel u=h (m||J') yia OpKeTEG TIPEG TOU ¢ PEXPI VA IOXUEl yid KATTolO ¢
u=t (mode), autd avauéveral va yivel o€ O(\/z ) TpooTTaBeIeS. 'ExovTag Kabopioel
éva TETOI0 Ceuydpl (u,t) , o avTimaAog kaBopilel éva aképalo x TETOIO TTOU
t =x*e+u Kal utroloyilel s =J; modn.

Maparnpoupe 6T s * Ji=(J; ) J=J " =J  (modn) xai h (m||J)=u. E10I TO
Ceuyapl (s,u) €ival dia vouiun (TTAacToypa@nuévn) UuTToypa@r] yia 70 JAVUPG m .

MTtropoUue va XPnOIUOTIOIOOUKE auTOd TO OXAMO KAl yia UTToypagn ME
QVvAKTNON TOU pnvUparog. ©a éxoupe o1t M =7, kol m € M . Ztn dnuioupyia Tng
uTToypa®ng €mAgyoupe éva Tuxaio x T€TO0I0 TTou ged (x,7)=1 kal uttoAoyioupe
r=x‘modn kal u=mmodn. H umoypagn cival s=x*a"“ modn. H moTotmoinon
Oivel s * Jh =k *a® * J =x“=r(modn). To pfjvupa m WTTOPEi va avaktnOei amod
10 u*r 'modn. OMwg eiTage Kai o€ TIPonyoUUEVa OXAUOTA WE avAKTNON Tou

MNVUpaTog n €tmAoy KATAAANANG cuvdapTnong avaywyrng R Traifel omroudaio poho
oTNV A0QPAAEIQ TOU CUCTAMATOG.

3.7 IxApara utmroypa@wv DSA, ElGamal, Schnorr kai €AA&ITTTIKWYV
KOUTTUAWV.

©a douue o€ auth TNV evoTnTa Ta oxAuarta uttoypapwyv DSA, ElGamal, Schnorr
KAl EAAEITTTIKWV KAPTTUAWY , GTTOU KUPiwg 0TNPICoVTal 0€ KUKAIKEG OPAdES Z; otou p
givalr évag peyAAog TTPWTOG APIBUOS aAAG o1 PNnXaviopoi Toug JTTopouv va
YEVIKEUBOUV 0€ OTTOIAdNTTOTE TTETTEPACHEVN KUKAIKY OMADA(EKTOG aTTO TIG EAAEITITIKEG
KAMTTUAEG). AVAKOUV OTNV KATAyopia Twv TTBAVOTIKWY UTTOYPAPWY HE CUVNUPEVO TO

MAVUPO OAAG PTTOpOUV VO PETOOXNMATIOBOUV O€ UTTOYPAQEG HE AVAKTNON TOU
pnvouartog. Mia Baoikry ouvBikn yia Tnv ac@AAeia OAWV Twv OXNMATWY Twv

uTToYypa@wy €ivalr OTi 0 UTTOAOYIONOGC  AoyapiBuwv oTo Z; gival UTTOAOYIOTIKG
QVEPIKTOC. AUTH N GuvBrKn Ogv €ival APKETA yIa TNV AOQAAEIO QUTWY TWV OXNHATWV.

3.7.1 ZxAua utroypaeng DSA.

@a xpnoiyotroifooupe Wia hash ouvaptnon h:{0,1}" — Z, Yo K4Trolo aképaio
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(a). AAyOpIBOG dnuioupyiag KAEIBIOU.

(1). O A emAéyel éva TIPWTO apiBué q TéToio Trou 2'%9< g <21
(2). AloAéyer ¢ €101 woTe 0< ¢ <8 Kal emAéyel éva TTPWTO aApIBud p
étou 2° % < p <27 e v IBI6TNTA 6T O ¢ Siaupei Tov ( p -1).
(3). EmAgyel éva yevvATopa « TNG HOVAdIKAG KUKAIKAG Opddog TAgNng
q 010 Z,.
o/. EmAéyer éva oToIxeio g € Z; Kal  UTToAoyiCel
a=g"""modp.

B/. Av a =110T€ eKTEAEDE TO TTPONYOUNEVO Bra.
(4). EmAéyel éva Tuxaio aképaio a Tétolo TTou 1<a< g -1.

(5). YmoAoyiZel y =a®mod p .
(6). To dnudoio kAeidi Tou A gival (p,g,a,y ) Kol TO HUOTIKO KAEIDI
givalr 1o a.

(B)- AAyOpIBuOG dnuioupyiag uTToypPaPnG.

1). O A emmiAéyel éva Tuxaio puoTikG aképalo K pE O<kx <gq.

2). Yohoyiel » =(a” mod p )modgq .

4). YtrohoyiCel s =x "' {h(m )+ar} modgq.

(1).
(2).
(3). YmoAoyigel ¥ modgq .
(4).
(4).

H uttoypan Tou A yia 1o uAvupa m gival 1o Ceuydpl (7,5 ).

(y)- AAy6pIBuOoG TTIOTOTTOINONG TNG UTTOYPOYNG.

(1). O B E¢ao@aAicel To dnuooio kAeidi Tou AT0o (p,q, a0,y ).

(2). Mortotroiei om 0<r<g Kol 0<s<g aANWG OTTOPPITITEI TNV
uTTOoYPa®H.
3). YmohoyiZel w=s"' modg ka1 h(m).

(3)-

(4). YrohoyiCel u,=w * h(m )modq kai u,=r * w modgq .
(5). YmohoyiZel v=(a" y*> mod p ) modgq .

(6). ATTodéxETON TNV UTTOYPOPA AV KAl JOVO AV V=7 .

ATode1En ToU aAYOPIBUOU TTIOTOTTOINONG.
Av (7r,s) €ivar n utoypa@ry TOou unvupatog m  TOTE Ba 1oXUEl
h(m)=-ar+x s (modg). NMoAAammAaciddovtag Kal Ta dUo péAN pe w Ba ExOoupe
wh(m)tar w=x (modg). AMaA §&époupe o1 u,+au,=x(modq). TeAka

(a™y

u,

mod p ) modg=(a” mod p) modg.Apa v=r...

Mapadeiypa 1. O A emAéyel TpwToug p =124540019 kai g =17389 T€TOI0UG
TToU 0 ¢ Oiaipei Tov ( p -1). EmAéyel éva Tuxaio oTtoixeio g=110217528 € Z; Kal
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89 mod p =10083255. ETeidr) a #1, 0 a &ival évag yevvATOPaS

uttoloyilel a =g
TNG MOVadIKNG KUKAIKAG utToouddag T1aéng g oOTO Z;. EmAéyel éva Tuxaio apiBuo
a=12496 TETOIO TTOoU 1<a<g-1 Kal utroAoyidel
y =a *mod p =10083255"**** mod 124540019=119946265. To dnudoio KAeidi Tou A
eival ( p =124540019, ¢ =17389, a =10083255, y =119946265) Kai TO HUOTIKO KAEIDI

gival 10 a=12496.
MNa va uttoypdwel To uAvupa m eTAEYEl Eva Tuxaio aképalo k =9557 kal uttoAoyicel

r=(a* mod p )modg =(10083255%°" mod 124540019) mod 17389 =

27039929 mod 17389 =34. O A utrohoyilel k' mod g =7631, h (m )=5246 kai TEAIKG
s =(7631){5246+(12496)(34)} mod g =13049. H utroypaen yia 10 m €ivai T0 {euyapl
(r=34, s=13049).

O B utrohoyigel w=s"' modg=1799 , u,=w * h(m )modq =
(5246)(1799) mod 17389 = 12716 ka1 u, =r * w mod g =(34)(1799) mod 17389=
8999. O B utroAoyiCel v=(a" y** mod p )modg =

10083255'2""® * 119946265%°%° mod 124540019) mod 17389=

27039929 mod 17389=34. Eme1dr) v=r o B atmmodéxeTal TNV utroypaQn. ..

H aogpdAcia Tou DSA otnpidetal oe dU0 SIOPOPETIKA AANG ouOXeETICOPEVA
TTPoBAAuATA TWV JIAKPITWYV AoyapiOuwv.

Y10V aAyépIBuo TaToToinong utrohoyifoupe s~ modg. Av s=0 T6TE TO 5~
oev uttapyel. MNa va atTo@Uyoupe auTh TNV TTEPITITWON 0 A TTPETTEl va eAEyEel av s =0
Kal av Ioxuel 0TI To s €ival Eva Tuxaio oToixeio Tou Z  TOTE N mMOaAvVOTNTA vV CUPEI

1

160

auTto (s =0) ival (%) (undauiv mBavéTnTa va cupBei). Etriong mpétrel va eAéyel

av r=0. Av 1oxuel 611 =0 4 s=0 16T TTPETTEI Va ETTIAECEI pia KalvoUpyia TIUN yia TO
K.
Agv gival amapaitnto KGBe péAog va eTTIAEGEl BIKOUG TOU TTPWTOUG p  Kal

q .Z10 oxfua DSA emrpémeTal ol p, g, va gival Kovoi yia 6Aoug. Auto BEBaia
gival éva onPAavTiKO TTAEOVEKTNHA YIO TOV AVTITTAAO.

3.7.2 XIxAua utroypa@ning ElIGamal.

To oxnua utoypa®ng ElGamal civalr mBavoTikd. Anuioupyei UTToypagEg e
OUVNUUEVO TO MPAVUPO PE Pnvupata o€ duadikhy popery auBaipeTou WPAKOUG Kal

xpnoiyotroiei pia hash ouvdaptnon #:{0,1}" —Z, , 0mou p eival évag peyalog

TTPWTOG apIBudG.

(a). AAyOpIBOG dnuioupyiag KAEIBIOU.

(1). O A emiAéyel éva peydAo TTpwTO APIBUO p KaI éva YEVVATOPA &
NG TOAATTAAGINGTIKAG OHABOG Z .

(2). EmAéyer éva Tuxaio aképaio a ye 1<a< p -2.

(3). YmoAoyiCel y=a® mod p .
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(4). To dnuoaio KAeIdi Tou A gival (p ,a, ¥ ) Kol TO JUOTIKO KAEIDi gival
TO a.

(B). AAy6pIBuoG dnuioupyiag utToypagng.

(1). O A emAéyel éva Tuxaio PMUOTIKO aképalo x PE 1<k < p-2 pe
ged(x, p-1)=1.
2). YmohoyiZel r=a" (mod p ).

(2).

(3). Ymrohoyilel ' mod (p-1).

(4). YrohoyiCel s=x ' {h(m)-ar} mod (p-1).

(5). H utroypa@n Tou A yia To ufvupa m gival 1o Ceuydpl (7,5 ).

(y)- AAYy6pIBuOoG TTIOTOTTOINONG TNG UTTOYPOYNG.

1
2

(1). O B E¢ao@aAicel To dnuooio kAeidiTou ATo (p,ax, ).
(2).
(3). YmroAoyiCel v,=y" * r’ mod p .
(4).
(5).

MoTotrolei 611 1< 7 < p -1, AANIWG ATTOPPITITEI TNV UTTOYPOPT).

4). Ytrohoyier A (m ) kai v,=a"™ mod p.
5). ATTodEXETAN TNV UTTOYPAQI) AV Kal JOvVOo av v, =v, .

ATode1gn Tou aAyoépIBuoU TTICTOTTOINONG.

Av n uTTOoYPa®N onuIoupynenke amé TOov A TOTE
s=x '"{h(m)ar} mod (p-1).
MoAAhammAacidloviag  kal  Ta  OU0  PéEAN e Kk Ba  éxoupe Kk *s§=
(h(m)ar) (mod (p-1)) < h(m)=( ar+x s)(mod (p-1)). TehNkd Ba €xouue

ah(m) =q ar+ks =(aa)r rS(mOdp ) Apa V1 =V2 Lo

Mapadeiypa 1. O A emAéyel TpwTo 0pIBud p =2357 kai éva
YEVVATOPA « =2 TG Z;”. O A emAéyel éva PuoTIKO KA€1di a=1751 kai uttoAoyidel
y=a?mod p =2"""mod 2357=1185. To dnudoio KA&di Tou A eival ( p =2357, a =2,
¥ =1185). Na amAoTNTa Bewpolpe OTI T pnvupaTa gival aképaiol ammd 10 Z, Kal

h(m)=m . Na va uttoypdwel o A éva yfivupa m =1463, emAéyel éva Tuxaio aképalo
x =1529, utrodoyiCel 7 =(a* mod p )=2""* mod 2357=1490 ka1 x ' mod( p -1)=245.
Tehikd o A utrohoyilel 5 =245{1463-1751(1490)} mod2356=1777. H
utToypa@r] Tou A yia To puivupa m =1463 cival o (euydpl (» =1490, s =1777).

O B umohoyiger v, =1185""%1490""" mod2357=1072, h(m )=1463

=01463

Kal v, mod 2357=1072. O B amodéxeTal TNV utroypa@r| eTeidr v, =v,..".

‘Evag avTittahog Ptropei va TTpooTTaBnoel va TTAAoTOYPaPioEl TRV UTTOypaQn
TOU A yIa TO UAVUua m €TTIAEYOVTAG €va TUXAIO AKEPAIO x Kal UTTOAOYIovTag

r=a* mod p . O avriTrahog TrpéTrel va kaBopioel 1o s= k' {A (m )-ar} mod (p -1).
Av 10 TTPORANUa Tou diakpIToU AoyapiBuou gival UTTOAOYIOTIKA aVEPIKTO TOTE TO HOVO
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TToU PTTOpPEi va KAvel gival va To €TIAEEEI Tuxaia, OTTOTE N TBAVOTNTA ETTITUXIAG gival

1
MOVO — TTOU €ival undapiv yia geyaAo p .
p

MNa K&Be privupa TTOU UTTOYPAQPETAI TTPETTEI va ETTIAEYETAI DIAQPOPETIKO K,
aANIwG o avtiTtahog Ba ptropéoel va Bpel TO YUOTIKO KAEISi e peydAn mBavéTtnTa.

Eotw  s,=x '{h(m,)-ar}mod(p-1)  kai s,=x""{h(m,)-ar}mod(p-1).
Tote (s, - s,) * k=(h (m,)- h (m,))( mod (p-1)). Av s, —s, #0(mod (p-1)) 16TE
k=( s, —s,)(h (m)- h (m,))( mod (p-1)). OméTE QV TO K €ival yvwoTd TO a
MTTOPEl EUKOAQ va BpeDdei.

Av dev xpnoipotroijooupe hash ouvaptnon 1616 s =x ' {m-ar}mod (p-1).
H e1miBeon atmoé Tov avTitTralo pe uttapélokh TTAACTOYPAPNon PTTOPET EUKOAX VO
TpaydaroTroinBei. O avtitrahog eTIAEyel Eva (euydpl akepaiwy (u,v ) YE
u+av

ged (v, p-1)=1. Ymoloyiel r=a" *y" mod p=«a mod p Kai
s=-rv'mod (p-1). To leuy@pi (7, s ) €ival gia VOUIUN UTTOYPA®H YIa TO JAVULG

m:s*umod (p—1)£n£|6r’] (ama-ar)sfl =all*y"'=r_

210V 0AYyOpIBuo TmioToTroinong o B Ba Trpétrel va eAéyéel av O<r<p. Av d¢
YiVEl aUTOG 0 €AEYXOG, TOTE O AVTITTAAOG UTTOPEI VO UTTOYPAWE! UNVUPATA TNG ETTIAOYAG
TOU ME VOUINN uttoypa@r]. 'EoTw o1 (7,s) €ival n uttoypa@r yia TO PAVUUG m TToU
onuiolpynoce o A. O avrtitahog emAéyel éva pfvupa m' TNG €TMAOYAG TOU Kal
uttoAoyicel h(m') kai u=h (m')*[h (m)]"mod(p-1) (uToBéTovTag OTI
[h (m)]"mod( p-1) umdpxel). Metd utroAoyidel s'=s *u (mod( p-1)) kai 7' TéTOI0
mou #'=r *u(mod(p-1)) kar '=r (mod p ) (UTTGPXElI TTAVTA TETOIO 7' CUUQWVA UE
10 KivéQiko Bewpnua). To Ceuyapl (7', s") €ival yia utroypa@r yia 10 pgrjvupa m' Trou
Ba yivel atrodekT a1Td TOoV B av dev eAéyel 6T 0<r'< p.

To oxfua uttoypa@rg TTou €idaue Bacifetal oTnv TTOAAGTTAQCIOOTIKI OPAda
Z;. Mrropei va yevikeuBei oe otroladATroTe TreTTEpacuévn aBehiavry oudda G . Oa

dolue TO vyevikeupévo oxnua utroypagng ElGamal émou atraiteital pia  hash
ouvaptnon h:{0,1}" — Z, o6mou n eival o apilBudg Twv oToixeiwv TG G .
Oewpolpe 0TI KABe oToIxEio ¥ € G PTTOPEI va avatrapacTadei oe duadik Hop®A,
omoTe n h () opiCeTal.

(a). AAyOpIBOoG dnuioupyiag KAEIBIOU.

(1). O A emAéyer pia KatdAAnAn KUKAIKR opdda G pe n oToIxeia Kai
£va yevviTopa o .

(2). EmiAéyel éva Tuxaio PHUOTIKO aképalo a pe 1<a< n-1. YToAoyiCel
TO OTOIXEIO TNG OpAdOg y =« °.

(3). To dnudboio kAedi Tou A gival (o, y ) ME TOV OPIOPO TNG TTPAENG
TNG OPABOG Kal TO JUOTIKG KA&ISI ival TO a.
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(B). AAy6pIBuoG dnuioupyiag utTToypagng.
(1). O A emAéyel éva Tuxaio PuoTiKG aképalo xk e 1<k <n-1 ue
ged (x,m)=1.
(2). YmrohoyiCel 1o oToIXEiO TNG OMGdAG r=a” .
(3). YmohoyiZel k' mod n .
(4). YtroAoyiCel h(m ) kal h (r).
(5). Yrmohoyilel s=x "' {h(m)-h (r)ymod n.
(6). H utroypaqn tou A yia To prjvupa m gival 1o Ceuydpi (7, ).

(y)- AAYy6pIBuoG TTIOTOTTOINONG TNG UTTOYPOYNG.

(1). O B E¢aogaAicel To dnuoaio kAeidi Tou AT1o (¢, ).
(2). YtroAoyiCel h(m ) kai h (r) .

(3). Ymohoyiel v, =y" " x p*.

(4). Yohoyigel v,=a"™ .

(5). ATTOdEXETAI TNV UTTOYPOAPN AV KAl HOVO AV v, =V, .

Mapadeiypa 2. ‘EoTw To TETTEPACUEVO OWUA F; TTOU KATOOKEUAZETOI ATTO

T0 avaywyo ToAuwvupo f(x)=x" +x* +1 Tavw oTo F,. Ta atoixgia Tou owparog
gival 31 duadikég Tevradeg pe 1o 00000 6TTwG aivovTal oTov Trivaka 1.

I o Lo Lo Lo

0 [ 00001 8 01101 16 | 11011 24 | 11110
1 100010 9 11010 17 110011 25 | 11001
2 | 00100 10 | 10001 18 | 00011 26 | 10111
3 | 01000 11 | 00111 19 | 00110 27 | 01011
4 |10000 12 | 01110 20 | 01100 28 | 10110
5 [ 00101 13 | 11100 21 111000 29 | 01001
6 | 01010 14 111101 22 110101 30 | 10010
7 110100 15 | 11111 23 | 01111

Mivakag 1.

To otoixeio o =(00010) eival £vag yevvATopag yia Tnv G =F2*5 , N TTOAQOTTAQCIOOTIKNA
KUKAIK) opdda Tou owpatog. H T1dén tng opddog civar n=31. 'Eotw O
h:{0,1}" — Z,, €ivai n hash ouvdptnon. O A emAéyel éva puoTIkG KAeIdi a=19 kal
utrohoyiler y =a @ =(00010)"°=(00110). To dnudoio kAeidi Tou A eivar (o =(00010),
y=(00110)). MNa va utoypdwel 10 privupa m =10110101 o A emAéyel éva Tuxaio
aképalo & =24 kai utrohoyilel 7 =a 2 =(11110) ka1 x " mod31=22. O A utroloyilel
h(m)=16 ka1 h (r)=7 ko s=22+*{16-(19)(7)} mod 31=30. H utroypa®n Tou A yia
10 pAvupa m  givar (r=(11110), s=30). O B umoloyiCer h(m)=16 , h(r)=7 ,
v, =" % p = (00110)" * (11110)*=(11011) ka1 v,=a""™ =a "°=(11011). O B
QTTOOEXETAI TNV UTTOYPAQH ETTEIDN Vv, =V, .. .

Mia ammé TIG TO ONUAVTIKEG EQOPUOYEG TOU  YEVIKEUPEVOU OXNUATOG
utroypa@ng ElGamal eivail n mepimmtwon omou n memepacuévn apehiavh opada G
€ival KATAOKEUOAOWEVN aTTO TO OUVOAO TWV OTOIXEIWV MIAG €AAEITITIKAG KAWTTUANG
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TAvw o€ €va TrETEPAoUévo owpa £, (Ba doupe autd TO OXNHA UTTOYPOPRG o€
eTOuEVN TTAPAYPAPO).

3.7.3 IxAua utroypa@nig Schnorr.

‘Eva dAo oxnpa utroypa®ng tmapdpoio pe 1o ElGamal eivar to Schnorr.
Ot kal To DSA oTnpicetal o€ pia uTtoopdda Ta¢NG g OTO Z; , OTTOU p €ival évag

MEYAAOG TTPWTOG aplBuog. To oxAWa autd Xpnolgotroiei pia hash ouvdptnon
h:{0,1}" —>Z,.

(a). AAy6pIBuog dnuioupyiag KAEIBIOU.
Eivai o idiog pe autdv Tou oxrpaTtog DSA xwpig Toug TTEPIOPICOUG YIa
TO PEYEDN TWV p Kal ¢ .

(B). AAy6pIBuog dnuioupyiag utToypagng.

(1). O A emiAéyel éva Tuxaio puoTIKG aképalo K e 1<k < g-1.
(2). YrrohoyiCel r=a* mod p,e=h(m||r)xka s=ae+x mod q .
(3). H utroypaer] Tou A yia To pjvupa m gival 1o Ceuydpl (s, e).

(y). AAy6pIBuoG TTIOTOTTOINONG TNG UTTOYPOYNG.

(1). O B egao@aAicel 1o dnuooio kKAeidi Tou AT0 (p,q,a, ).
(2). YmohoyiCel v=a’y “ mod p kai e'=h (m]|v).
(5). ATrodéxeTal TNV UTTOYPA®H av Kal yévo av e'=e.

ATode1gn Tou aAyoépiBuoU TTICTOTTOINONG.

Av n uTTOoYPa®N onuIoupynenke amé TOv A TOTE
=q" =y (mod p).Etol h (m||v)=h (m]|r)kal e'=e...

v=a'y ‘=a’a

Mapadeiypa 1. O A emAéyel TTpwWTOUG OpPIBUOUG p =129841 kai g =541
((p-1) g=240). Me1a emAéyel €va Tuxaio aképalio g =26346 < Z; Kal uttoAoyidel
o =26346%° mod p=26. Emed) a #1, 0 a cival yevwATOpag TnG HOVASIKAS
KUKAIKNAG uttoouddag 1édéng 541 oTo Z;. EmAéyel €va puoTikd aképalo a=423 Kai
utroloyiZel ¥ =26**mod p =115917. To dnudoio kAeidi Tou A eivar (p =129841,
q =541, a =26, y=115917). Na va umroypdwyel 1o pAvupa m =11101101 emAéyel Eva
Tuxaio apiBud & =327 Tétolo Tou 1< x <540 kai uttohoyiCel »=26%"mod p =49375

Kal e=h(m]|r)=155 . Tehikd@ o A utroloyiCel s=423+*155+327 mod 541=431. H
uTTOYPaQN Yia TO uAvupa m ival (s =431, e=155).

O B umoloyiZel v=26"" * 1159177 mod p =49375 ka1 e'=h (m||v)=155. O B
OTTOOEXETAI TNV UTTOYPA®H €TTEIDN e'=e...
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3.7.4 ZXAua utToYPAPRG EAAEITTTIKWY KANTTUAWV.

Ta KPUTTTOOUCTAMATA TWV EAAEITITIKWY KAPTTUAWY TTapoucidaocTnkav 1o 1985
a1d Toug V. Miller kai N. Koblitz ave€dptnTa. Ta dU0 onUAVTIKA TTAEOVEKTAMATA TTOU
gidav ATav:

(a). H oAU peydAn eukapyia otnv emAoyn TG opddog ( dnAadn yia kdBe
dlvaun Tou TTPWTOU apPIBUOU g UTTAPXEl PMOVO Wia TTOAAQTTAQCIAOTIKY) opdada Fq*,
aAAG UTTAPXOUV TTOAAEG EAAEITTTIKEG KAUTTUAEG E/ F)).

(B). H €Aeiwn katdAAnAwv aAyopiBuwv (subexponential time) yia va
OTTAo0UV €va TETOIO KPUTTTOOUOTNUA av n E gival KAaTGAANAa eTTIAeyuévn.

Oa TTeEPIYPAYOUNE TO OXAUA UTTOYPAPNG TWV EAAEITTTIKWY KapTTUAwy (ECDSA)
Tou gival avédAoyo Tou oxnuartog utroypagrs DSA TTou eidape oe TTponyouuEvn
Tapdypao. MNa atmAdTNTa Ba XPENOIUOTTOINCOUNE EAAEITITIKEG KAUTTUAEG OTO CWUA

F, étmou p eival TTpWTOG apIBUOG, AV KAl N KATAOKEUN PTTOPET va TTPOCapHOOBEi Kal
o€ GAa Tremepacpéva owpara. ‘EoTw £ eival pia EAEITITIKN KAUTTUAN oto £ Kal

€0Tw P eival éva onpeio 14¢ng g o1o E (F)).

(a). AAy6pIBuog dnuioupyiag KAEIBIOU.

(1). O A emmiAéyel €va Tuyaio aképalo x PE 1<x<g-1.
(2). YmrohoyiCelt Q=x * P.
(3). To dnudoio kKAeIdi Tou A gival To O Kal TO JUCTIKO TO X .

(B). AAy6piBuog dnuioupyiag uTTOYPaQrG.

(1). O A emmiAéyel éva Tuyaio aképalo kK PE 1<k <g-1.

(2). YmohoyiCer x * P=(x,,y,) ka1 r=x,modg ( O x, eivai évag
oKEPAIOG PETALU Twv 0 Kai p -1, kal 0 7 €ival TO EAAXIOTO PN GPVNTIKO UTTOAOITTO
modgq ) Av =0 16Te eéaTpewe oTo Bripa 1( Av =0 16TE N €icwWwaon TNG UTTOYPAPAG
s=x"'(H(m)+ x *r) modg dev dlac@ahilel TN YUOTIKOTATA TOU X, Gpa To O Sev
gival atrodekTA TIUA yIa TO 7).

(3). YmoAoyigel ¥ modg .

(4). YohoyiCel s=x"'(H (m )+ x *r) modqg (H H (m) sivai n hash
TIUA yia 1o yAvupa m ). Av s =0 T1éT1E emméoTpewe oTo BAMA 1. (Av s=0 16TE N TIUA
s mod g TTou aTraiTeiTal aTov aAyopIBUo TIOTOTToINONG OEV UTTAPXEL).

(5). H utroypaen Tou A yia 10 uAvupa m gival 1o Ceuydpl (7,5 ).

(y)- AAYy6pIBuOG TTIOTOTTOINONG TNG UTTOYPOYNG.

(1). O B e¢ao@ahicel To dnudaio kAeidi Tou A 10 Q.
(2). EAéyxer 6T o1 s gival aképaiol oTo didoTtnua [1, g-1].
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3
4
5
6

. YTohoyiZel w= s~ modgkai H (m ).

. YtroAoyiCel u,=H (m) * w modg Kai u,=r * w modgq .
. YtoAoyiel u, * P+u, * Q=(x,,y,) Kal v=x, modg .

. ATTO0EXETQI TNV UTTOYPO®HA AV KAl Ovo av v=r.

~— ~—r N ~—

(
(
(
(

Aode1gn Tou aAybépiBuou TTIoTOTTOINONG.

u,* Pru, * OQ=(u,+u, * x) P= sT(H (m)*x*r)P=x* P ...
Kaveig dev yvwpilel kamoia pébodo yia va Bpel Toug (7,5 ) Xwpic va yvwpidel
TOUG K KOl X .
H Baoikr dlagopd autou Tou oxAuatog atd 1o DSA cival To didoTnua oT0
OTT0I0 ETTIAEYETAI O TUXQIOG apIBuoS 7.

3.8 AAAa OXAMATA UTTOYPAPWV.

3.8.1 ZxAuaTa utroypa@wyv piag xpnong (One-time Digital Signatures).

2XAMATA UTTOYPAQWY HIOaG XPAONG €ival NXaviouoi ynelakwy UTToypa@wy OTTou
MTTOPOUV va XpnolyoTroinBolv yia va uttoypdyouv To TTOAU éva PAvVUUad, aAAIWG Ol
UTTOYPOaQEG UTTOPOUV va TTAacToypagnBouv. ‘Eva véo dnudoio KAeIdi atraiteital yia
KABe prvupa TTou utroypd@eTtal. To TTAEOVEKTNUA TWV UTTOYPAPWY HIAg XprRong civai
OTI n dnuioupyia Kal n TICTOTIOINCN TWV UTTOYPOQWV gival TTOAU €UKOAN. Eivai
XPAOCIMEG OE EQAPHOYEC UE MIKPA UTTOAOYIOTIKA TTOAUTTAOKOTNTA. TETOIO OXAMATA MIAG
xpnong civai To Rabin, To Merkle kai To Goldwasser,Micali, Rivest (GMR).

E@apuoyr) Twv oxnudTwy uttoypa@wy dIag xprRong eivar ta on-line/off-line
OX\MATA UTTOYPOPWV.

3.8.2 ZxAuaTta utroypagpwyv ue Tpia pépn (Arbitrated Digital Signatures).

‘Eva oxAua uttoypa@nig YE Tpia Pépn €ival £vag PINXAvIoPOG utToypa®ng otrou
amaiteital N Ommapgn evég Tpitou €umioTtou atépou (TTP) otn diadikacia Tng
dnuIoupyiag Kal TNG TMOTOTT0INONG TNG UTTOYPAPAG.

‘Exoupe éva ahyopiBuo ouppeTpIKAG KputrToypaenong E={E _:x € K} 61mou

K eivar o xwpog Twv KAeIdIwv. YTToBEToude N €i0000¢G Kal n £€0d0¢ yia KABe £, eival
ouuBolooelpég urkoug [-bits kai £:{0,1}" — {0,1}" eivai pia one-way hash
ouvaptnon. To TTP emAéyer €va kAedi x, € K kar 10 kpardel puotiko. MNa va
TNOTOTTOINCEI Pia UTTOYPA®H TTPETTEI VA YVWPICEl TO HUOTIKO KAEIDi Tou A.

(a). AAyOpIBpOoG dnuioupyiag KAEIBIOU.

(1). O A emmiAéyel Eva Tuxaio HUOTIKO KAedi kK, € K.
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(2). Me karrolo puaTikG TpOTTO peTadIdEl TO Kk, aTov TTP.

(B). AAy6pIBuog dnuioupyiag utroypagng.

1). O A utroAoyiCel H = h(m).

2). KpuTtrroypagei To H pe Tov ahyopiBuo E kai Traipvel u =Ek‘4 (H).
3
4

5). O TTP utroAoyicel s=E, (H |1 ,) kalr oTéAvel TO s oTOV A.
6

Z1éAvel TO u e Tn oupBoAooelpd auBevtikotnTag [, otov TTP.

(1).
(2).
(3).
(4). O TTP utroAoyicel Ek’j kai Traipver To H.
(5).
(6).

H utroypa®r Tou A yia TO PAVUPA m €ival TO S .

(y)- AAYy6pIBuOG TTIOTOTTOINONG TNG UTTOYPOYNG.

1). O B umrohoyiGer v=E, (s).
2). Z1éAvel 10 v pe Tn oupPBolooelpd auBevtikdtntag 1, atov TTP.
3). O TTP utroAoyicel E,:Bl (v) yia va Tapei 1o s .
). O TTP umohoyiGer £, (s) yia va maper 1o H|Z,,.
). O TTP utroAoyiCel w=E (H||Z,) kar oTéAvel TO woTov B.
6). O B utroAoyicel E,:Bl(w) yia va maper o H| 7, .
7). O B utrohoyicer H'=h(m).
8). O B déxetanl Tnv uttoypagn av kai yévo av H'=H .

3.8.3 ZxAua utroypaeng ESIGN.

Eival éva oxfjpa uttoypa@rg Ye cuvnuuévo TO PAVUNA KAl aTTaITEl Jio one-way
hash ouvaptnon h:{0,1}" — Z, .

(a). AAyOpIBpoG dnuioupyiag KAEIBIOU.

1
2

O A emAéyel Tuxaioug PEYAAOUG TTPWTOUG p KAl g ME p = ¢ .
YToAoyigel n= p° *q .

).
).
). ETAéyel éva BeTikO aképalo x pE K >4,
)-

To dnuoéoio kAeldi Tou A €ival 1o (7, k) KAl TO JUOTIKO KAEISi TO

(
(
(3
(4

(p.q)

(B)- AAyOpIBOG dnuioupyiag utTToypagnG.

(1). O A utroAoyicel v="h(m).
(2). EmAéyel éva Tuxaio puoTIKO aképalo x HEOS x < p*gq .
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(3).YTohoyiCer w =‘ (v—x")modn)/(pq) | Kal
y=w* (k*x* ") 'modp.

(4). YTrohoyiCel s =(x+ y* p*qg) modn.

(5). H utroypaen Tou A yia T0 JAVUPa m €ival 10 s .

(y)- AAYy6pIBuOG TTIOTOTTOINONG TNG UTTOYPOYNG.

(1). O B e€ao@aAiel To dnubdoio kA€idi Tou ATo (7, ).
(2). YmrohoyiCel u=s" modn kal z =h(m).

—logn
(3). Av zSuSz+2L wESé)(sTou Vv utroypa®n, aAliwg TNV
QTTOPPITTTEL.

ATode1En Tou aAyoépIBuoU TTICTOTTOINONG.

. z K K k k k—i i
Mapatnpolpe 6T s“=(x+y* p*q ) =) " ; (vrq)

=x"+x*xy*prg*x*" (modn). ANG K% x* 7 % y=w(mod p) Kal

é101 K*x* 'k y=w+I* p yiakdmoio [ € Z . Emeidn

st=x"+prqg(wtlxp)=x"+prqgrw=

(h(m) - x"Ymodn
pq

&=(x"-h(m))mod pq .

(modn) 61TOU

[h(m) —x* 4 jn+ [;‘J
pq

xx+p*q[ —‘z xK+p*q

‘Etol s"=x"+h(m)-x"+c=h(m)+& (modn). Emedy 0<¢&< p*q éExouhe OTI
h(m) < s* modn < h(m)+ p=*q

—logn
< h(m) +2{3 w , OTTOTE 0 B déxeTan TNV UTTOYPOAQN. ..

3.8.4 TupAd oxnpara utroypagwyv (Blind Signature Schemes).

Eival évag pnxaviopog hetaglu Tou amooToAéa (A) kal Tou utroypdgovTa (B). O
A otélvel éva TunRua TTAnpogopiag otov B, 1O oTroio To uttoypd@el o B kal 1O
ETMOTPEPEI aTOV A. ATTO AQUTH TNV UTTOYPa®n 0 A UTTOPEI va UTTOAOYIOEI TNV UTTOYpa®n
Tou B via éva pyivupa m Tng €mAoyng Tou A. O B d¢ev yvwpilel oUTe TO Prpvuua m
oUTE TNV UTTOYPAQI] TTOU OXETICETAI JE AUTO TO PAVUNA.

2TOX0¢ autoU Tou OXN\MATOG €ival va eutrodioel Tov B armmd 1o va Traparnphoel 1o
MAVUMQ TTOU UTTOYPA®EI KAl TRV UTTOYPAQr] TOU, WOTE apyoTEPA va gival aduvaTo yia
QUTOV VO OUCXETIOEI TO UTTOYEYPOAUMEVO MAVUMA JE TOV ATTOOTOALD A.

Ta TUPAG OXAMATA UTTOYPOQPAG €XOUV EQPAPUOYEG OTTOU O ATTOOTOAEdg A
(TreAadTNG) Oev BéAel 0 uttoypdewy B (Tpdtreda) va eival IKavog va CUCYXETIOEI €va
pAvupa m Kal pia utroypagn S, (m) yia 10 m pe Tov A. Autd eival Xproiuo yia
EQOPUOYEG  NAEKTPOVIKWV  TTANPWHWY  OTTou  éva Priivupa  m UTTopEl  va
QvTITTPOOWTTEUEI éva TTOCO TTou 0 A JTTopei va xpnolgotroinoel. Otav Ta m  Kal
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Sy (m) mapoucialovral otov B yia TTAnpwpr}, o B dev PTTOpEi va CUPTIEPAVEL TTIO
TUHAMO €ival TO PAVUPa 80B€vTog NG uttoypa®ng. Autd emiTpémel oTov A va gival
OVWVUMOG .
‘Eva oxAua TUQARG UTTOYPAPAG TTPETTEI va £XEI TA aKOAOUBa XapaKTNPICTIKA:

(a). Eva pnxaviopd utroypa@ng yia Tov utroypdeovta B. To S, (x) opiel Tnv
utToypar Tou B o1o Xx.

(B). ZuvoptAoelig f kal g (YVwoTéG POVO OTOV ATTOOTOAEQ) TETOIEG TTOU
g (Sz(f(m))=8,(m).H f Ayerai cuvaptnon T0Awong(blinding function) , n g
ouvaptnon emavagopdg(unblinding function) kai 1o f(m) TueAS pAvupa(blinded
message).

Napadeiypa 1. Oa dolue éva Tapddelypya OTToU N ouvdaptnon TUeAwong f
BaoiCetar oto RSA. 'Eotw n=p*qg e€ival 10 yivopevo dU0 peyGAwv TTPWTWV
apiBuwv. O aAyépiBuog dnuioupyiag TnG uttoypagrg yia Tov B (S,) eivar o
aAyopIBpog TTou cidape oto RSA (4.5.1) pe dnuooio kAeIdi (n,e) Kal JUOTIKO KA1 TO
d. Eotw k eival kdmolog aképaiog pe ged(n,x )=1. H ouvdptnon t0@Awong
f:Z, — Z, opitetar amd Tov 10O f (m)=m * k°modn Kalr n ouvaptnon
eTavagopag g: Z, — Z, opi¢etal atmod Tov 10TT0 g (m Y=k % m modn . MNa auth
v emAoy Twv f,g kai S, éxoupe 6T g (S, (f(m))=g(Sz(m * k° modn))=

g(m’ * x modn)=m’ modn=S,(m)...

TéNog Ba doupe Eva TTPWTOKOAAO TUPANG utToypa@ns Tou Chaum.

(a). O ammooToAéag A Aaupdvel pia uttoypagn Tou B yia éva TueAS uRvuua.
ATO autd o A uTttohoyiCel Tnv uttoypa®n Tou B yia éva privupa m  TETOIO TTOU
0<m <mn-1. O B dev &pel TiTTOTA VIO TO PAVUPG m OUTE yia TNV UTTOYPAQPr TTOU
OXeTiCeTaI PE AUTO.

(B)- O B xpnoiuoTroici To RSA, 10 dnpdacio kA&idi gival (n,e) Kal To JUOTIKO TO

d. O k c¢ival évag TuXaiog MUOTIKOG oképalog TTou eTmAéyeTal atmd Tov A e
0<x <m-1pe ged(n,x )=1.

(1). O A utrohoyiel m =m * x° modn kai To oTéAvel oToV B.
(2). O B utrohoyiger s =(m” )* modn kai To aTéAvel oToV A.
(

(v)-

1

3). O A utrohoyiCel s=x "' * s" modn, 6TTou €ival n uTToyPAPr Tou B

yia TO uAvuua m .

3.8.5 N'vijola oxnupara utroypagwyv (Undeniable Signature Schemes).

2€ QUTO TO OXNUA TNG UTTOYPA®AG YIa TnVv TIICTOTTIOINCN TNG UTTOYPAQNG
QTTQITEITAI N CUVEPYOCIa TOU ATTTN HE TOV UTTOYPAPOVTA.

O1 eQapuOYEC aQUTWY TV OXNUATWY €ival TTOAAEG:
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(a). '/Eotw oM 0o A (TeAdTng) BéAel va €xel TTpooBacn o€ éva aoQaAEg
TePIBAAAOV TTou eAéyxeTal atmd Tov B (Tpdmreda). To ac@aAéc mTepIBGAAov uTTopEi va
gival o Aoyapiaopdg tou TeNdTN oTnv TpdTmea. O B atraitei ammd Tov A va uTToypayEl
TNV WPA KAl TNV NUEPoUnvia TTpiv €xel TTPOoRacn oTo ac@aAlég TrepiBAAAov. Av o A
XPNOIUOTTIOINCEl £va YVAOIO OXNUa uttoypa@ng 101e 0 B &g Ba utropei va atmmodeigel
(oe KkATTOIO PETAYEVEOTEPN XPOVIKA OTIYUr) OTl 0 A eixe mTpooBacn Xwpig TN
oupueTox Tou A oTn diadikagia TNG TTICTOTTOINONG TNG UTTOYPAYPNG.

(B). 'Eotw Om oe pia peydAn ocuvepyacia o A dnuioupyei €va TTOKETO
AoyiopikoUu. O A utroypdgel TO TTOKETO aQUTO KAl To OTéAvel oTov B, o otroiog
aTToQAacidel va dNUIOUPYNOEI AVTITUTTA KAl VO TO JETATTWAACEI OE €va TPITO ATOPO TOV
. O I dev ptmropei va TOTOTTOIACEI TV QUBEVTIKOTNTA TOU AOYIOUIKOU XWpPig TN
ouvepyaoia Tou A. BéBaia o B dev gutrodideTal ammd 1o va dnuioupyAoel dia dIkid Tou
uTTOYPO@N] yia To AoyIOUIKO aAAd Ba xabei To dvoua Tou A atrd auTd Kal Ba PTTEl TOU
B. Av yivel auté o A Ba ptTopei eUkoAa va avakaAUwel Ty atmaTn Tou B.

Oa doupe éva oxAua yvAoIag uTToypaerG.

(a). AAyOpIBpoG dnuioupyiag KAEIBIOU.

(1). O A emAéyel €va Tuxaio TTPWTO p=2¢g+1 OTTOU KAl O ¢ Eival

TTPWTOG.

(2). ETmAéyel éva Tuxaio aképalo @ TnG uTTOOuAdaG, TAENG g OTO Z;.

(3). Av a =1, 161€ TTRYQIve 0TO BAMG 2.

(4). EmAéyel éva Tuxaio aképaio x € {1,2,..., g-1} kai uttoAoyilel
y=a” modp.

(5). To dnudoio KAeidi Tou A gival 10 ( p,a,y ) Kal TO JUOTIKO KAEIBI TO
K.

(B)- AAyOpIBpOG dnuioupyiag uTToypagng.

To yAvupa m egival éva oTOIXEIO TNG UTTOOUAdAG TAENG g OTO Z; .

(1). O A uttohoyiCel s=m" modp .
(2). H utroypaen Tou A yia T0 JAVUPO m €ival 1O s .

(y). AAy6pIBuOoG TTIOTOTTOINGNG TNG UTTOYPOYNG.

1). O B e€ao@ahilel To dnudaoio kKAedi Tou A 10 (p,a,y ).
2). EmAéyel Tuxaia puoTikoug akepaioug x,,x, €{1,2,..., g-1}.

4). O A utohoyiZel w=(z)* modp (ioxUel x * k' =1modgq) Kal
B

(5). O B umroAoyiCel w'=m™ * o™ mod p kai dEXETAI TNV UTTOYPAPH AV

Kal yévo av w=w'".

(1).
(2).
(3). YmohoyiCel z=s" * y™ mod p kal oTéAvel TO z oTOV A.
(4).
oTéAvel w aTov B.
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Amodei1gn Tou aAyoépiBuou TTIOTOTTOINONG.

-1 -1
w=(z2)¢ =(sT*x ) =(m T x@ ) =mtx g =w'modp...
O utmroypdopwv A utropei va apvnBei pia uttoypa@r TTOU KATAOKEUAOONKE UE

TOV TTapATTAvVW aAyOpIBUO e TPEIG TPOTTOUG:

(a). Na apvnBei va mdpel pépog otn diadikaoia TOTOTToOINONG TNG
UTTOYPaPNG.

(B). Na exteAéoel Tnv mioToTTOiNON AavBaouéva.

(y)- Na 1oxupioB¢ei 611 n utToypO®N €ival TTAACTOYPOPNUEVN AV KAl €XEI
TTETUXEI N O1adIKacia TTIoTOTToINONG.

3.8.6 ZxnAua utroypa@ng eupeong TAaoToypdgnong (Fail-stop
Signature Schemes).

g autd To OoXNUA TNG UTTOYPaPnG o A utropei va atmodeigel 6Tl yia utroypaen
givar TAaoTr. AuTo yiveTtal dgixvovtag 6Tl 0 BadiKOS uNXaviouog TTou dnUIoUpyEi TNV
uttoypa@n eivar decpeuTikKOG. H 1kavotnTa va atrodeicoupe 611 n uttoypa@r] civai
TAQOTH O¢ OTNPEICETal O KATTOIO KPUTTTOYPOQIKK] UTTO0eon OAAG OTI pTTOpEl va
atroTuXel ME MIKPA MBavotnTa. H mBavétnta atrotuxiag eival ave€dptntn amd tnv
UTTOAOYIOTIK) dUvaun Tou TTAaoToypd@ou. To PaciKd TTAEOVEKTNUA aAutoU TOu
oxAuaTog gival 0TI akOua Kal évag duvaTdg UTTOAOYIOTIKA TTAACTOYPAPOG UTTOPETEI VA
TTAACTOYPAPAOEl dia atTAr) uttoypa®r], n TTAaoTOoyPd@NON UTTOPEI va avakaAu@Bei Kal
0 OUYKEKPIYEVOG UNXAVIGUOG dnuIoupyiag TG uttoypa®ng o€ Ba xpnoipoTtroinbei oTo
MEAAOV.

Eival éva oxfiua uttoypa@ng Piag xprnong aAAd Ptropei va yevikeuBei woTe va
EMTPETTOVTAI TTEPICCOTEPES UTTOYPAPES XPNOIMOTTOIWVTAG BEVTPA QUBEVTIKOTNTAG.

‘Eva oxnua utroypa@ng eupeong TAAOTOYpA@NnonG TIPETTEl va €XEl TIG
OKOAOUBEG 1I010TNTEG:

(a). Av o umoypdwyv uTToypdyel €va HAVUPA HPE TO OECMEUTIKO
MNxaviopd 1617 auTtdg TTOU Ba TTIOTOTTOINCEl TV UTTOYPAQN TTPETTEI va T OEXTEI WG
Eykupn.

(B). O TAaoTOYPAYOG OE UTTOPEI VO KATAOKEUATEl UTTOYPAPES TTOU VA
mepAcouv atrd Tov aAyOpIBuo TTICTOTTOINONG XWPIG va XpelooBei eKBETIKG xpovo
epyaociag.

(y). Av o TTAaoTOypA®OG KATAQEPEI VA KATOOKEUAOE! Wia uTToypa®n
Tou Trepdoel atrd Tov OAyOpIBuO TTIOTOTTOINONG TOTE HE MeyAAn mmOavéTnTa O
aAnBivég uttoypdwy PTTopEi va atrodeicel Tnv TTAaoToypaPnon.

(8). O utrOoYPAPWYV dE PTTOPEI VO KATAOKEUAOEI UTTOYPOQPEG TTOU UETA
atTd TNV TTAPO0S0 KATTOIOU XPOVIKOU dIACTHHATOGS va 1Io0XUpIoBEi OTI gival TTAAOTEG.

Oa doupe Toug aAyopIBuoug yia éva TETOI0 OXAMA, OTTOU aTTaITeiTal N UTTaPEN
Kl evOG TpiTou £uTrioTou aTtopou (TTP).

(a). AAyOpIBpOoG dnuioupyiag KAEIBIOU.

(1). OTTP kdvel Ta €€AG:
o/. ETIAéyel TTIPWTOUG p Kal g TETOIOUG TTou 0 ¢ diaipei Tov (p -1)
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B/. EmAéyel éva Tuxaio aképalio a TnNgG utroopadag, TagnNg g OTO

y/.  Av a =1 161¢€ TMyaive ato BApa B.

o/. EmAéyel éva Tuxaio aképaio a pe 1<a< g-1 kol uttoAoyidel
L =a?mod p . O aképaiog a KPATIETAI JUOTIKOG aTTd Tov TTP.

g/. Z1éAvel otov AT10 (p,q,a, ) .

(2) O A kavel Ta €¢N1¢:

o/. EmAéyel Tuxaia aképaioug x;,x,,y;,y, Q1O TO dIAOTNUA
[0, ¢-1].

B/. YmohoyiCel fi=a™ * 2 modp ko f,=a” * > modp.

y/. To dnudaio kAedi Tou A givai (5, B, p,q,a, ) KAl TO JUOTIKO
KAEIST X =(X, X5, Y155 )

(B)- AAyOpIBuOG dnuioupyiag uTToypaPnG.

Baaoifetar oto TpoBAnua Tou diakpitou AoyapiBuou otnv utrooudda TALNG g OTO
Z, . To ufvupa m €0, g-1]
(1). O A utrohoyiGer s,,, =x, + my, modq Kai s,,=x, +my, modqg .

(2). H utoypaen Tou A yia 1o unvupa m givai (s, S,,,) -

(y). AAy6pIBuOoG TTIOTOTTOINONG TNG UTTOYPOYKG.

(1). O B e§aogahiCel To dnudaio kAeidi tou A 1o (B, B, , p.q.a, B ).
(2). YmohoyiCel v, = B, * B mod p ka1 v,=a"" * " mod p .
(3). O B d€xetal TNV utroypaer av Kai yévo av v, =v, .

ATode1En Tou aAyopIBUoU TTIOTOTTOINONG.
V] = ﬂ] * 2m :(axl * ﬁxz )(ayl * IBJ/Z m =axl+mYI * ﬂx2+mYZ :asl.m * ﬂSZ.m =V2 (modp ) -

I316TnTa TOU OXAMATOS utToypaPNng. Eotw o611 10 dnudoio kAeidi eival
(f,. By, p.q,a, B ) Kai To puoTIKO KAEIBI ival x =(X,,X,,V,,V, ).

5 —

(@). Ymapxouv akpiBwg g’ TETPABEG  x =(X,,X,,V;,V,) HE
X\, X5, )1, Y, € Z, OTOU £x0uv To (B0 amotéAeapa e 10 (S, ;) TOU TUAUATOG Tou
onuoagiou KAgIdI0U.

(B)- Eotw T 10 GUVOAO QUTWV TWV TETPAdWV Yyia 10 (S, B,). MNa kabe
m € Z, UTIapxouv akpiBwg g TeTpadeg oto 7' o6Tou divouv Tnv idia uTToypaen
(Sims S5,) YO TO m. ET0I Ol q° Tetpadeg Tou T Sivouv akpIBWS g SIOPOPETIKES
UTTOYPA®EG VIO TO m .
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(V). Eotw m' € Z €ival éva privupa dIa@opeTiko aTré 1o m. TdTe o1 ¢

TETPAdEG Tou 7' TTou divouv Tou A TIG UTTOYPAQEG (), S,,,)

OIOPOPETIKEG UTTOYPAPEG YIa TO m'..".

Mapadeiypa 1. Eotw p =29 Kai g =7 ka1 a =16 gival €vag yevvATopag Tng
uttoopdadag T1agnNg g OTOo Z;. Maipvoupe B =a *mod29=23. YmoBéToupe OTI TO
MUOTIKO KA&Idi Tou A eivai )_c=(x1,x2,y1,y2)=(2,3,5,2) Kal To dnuocio KAedi eival
Bi=a’* f° mod29=7, B,=a’ * 7 mod29=16. Z1ov Trivaka 1 BAéTToUE TIG ¢~ =49

TETPADEG TTOU divouv TO id10 dnudoio KAEISI.

yia 10 m, divouv

Av ol 49 TeTpddeg Tou TTapATTdvw TTiVOKA XPNOIKOTToINBoUY yia TNV UTTOypa@r Tou

1603 | 2303 | 3003 | 4403 | 5103 | 6503 | 0203
1610 | 2310 | 3010 | 4410 | 5110 | 6510 | 0210
1624 | 2324 | 3024 | 4424 | 5124 | 6524 | 0224
1631 | 2331 | 3031 | 4431 | 5131 | 6531 | 0231
1645 | 2345 | 3045 | 4445 | 5145 | 6545 | 0245
1652 | 2352 | 3052 | 4452 | 5152 | 6552 | 0252
1666 | 2366 | 3066 | 4466 | 5166 | 6566 | 0266
Mivakag 1.

unvopatog m =1, T0Te  UTTAPXOUV OKPIBWG ¢ =7 UTIOYpPaYES (s, ,

uTTOoYPA®H.

YTtroypagég | (2,6)

(3,3)

(4,0)

(5.4)

(6,1)

(0,5)

(1,2)

TeTpddeg 1610
2303
3066
4452
5145
6531
0224

1

2310
3003
4466
5152
6545
0231

624

1631
2324
3010
4403
5166
6552
0245

1645
2331
3024
4410
5103
6566
0252

1652
2345
3031
4424
5110
6503
0266

1666
2352
3045
4431
5124
6510
0203

1603
2366
3052
4445
5131
6524
0210

TéNog oTov Trivaka 3 BAETTOUNE yia KABE prjvupa m' e Z, , OAEG TIG UTTOYPAPES Yia

Mivakag 2.

TIG 7 TETPAdES OTTOU ) UTTOoYPAPN Tou A civail (0,5) yia To yivupa m =1.

ml
Terpdda | 0 | 1 2 3 4 5 6
1666 16 {0564 | 53 | 42 |31 20
2352 2305|5032 | 14 |66 41
3045 30 {0543 | 11| 56 |24 62
4431 44 | 05|36 | 60 | 21 |52 13
5124 5105|2246 | 63 |10 34
6510 65 |05 15|25 | 35 |45 55
0203 0205|0104 | 00 |03 06

Mivakag 3. ..

Sym)e ZTOV
mivaka 2 BAETToupEe TIG TMBAVEG Kal ekeiveg TIG TETPAdEG TTOU dnUIOUPYOUV KABE
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‘EoTw 611 0 TTAacToypd@og BEAel va Bpel TNV uTToypa@r] Tou A yia KATTOI0
MAVUpa m'. YTTGpXouv dUO0 TTEPITITWOEIG TTOU Ba EEETACOUE:

(a). O TTAaoTOYPAYOG £XEl TTPOCBACT POVO OTO dNUOCIO KAEIDI Tou A.
A6 TnVv 10160TNTA TOU OXAMATOG auToU, N TMBavoTnTa OTI N UTToypa®r TTou Ba

KATAOKEUAOEl va eival idla Pe TNV uttoypa@r] Tou A yia To PAvupha m'eival ion ue
q _1 AUTH Bava . . . A -

5 —q. N n mBavétnTa civar ave¢dptntn amd Tnv uTToAoyIioTik SUvaun Tou
q
TTAQCTOYPAPOU.

(B)- Av o TTAacToypd@og £xel TTPOCRACN O€ éva PAVUPO m KAl OTNV
QuBEVTIKA uTTOYpPaPr) TOU, TOTE N TMBAVOTNTA VO KATAOKEUAOEI Wia TTAaCTOYpa@nUEVN

1

UTTOYPa@N yia €va privuga m’ gival TaAl — otrou TTaAI auTr) n mBavétnTa €ival
q

avegapTnTn Ao TNV UTTOAOYICTIKA SUVAUN TOU TTAAOTOYPAPOU.

©a doUue TwPa HE O TPOTTO 0 A Ba PTTOpECEl va aTTodEifel Ye PeydAn
mBavotnTa 6Tl pia uttoypa®r €ival TTAAoTA. YTTOBETouuE OTI O TTAACTOYPAPOG EXEI
TTAQCTOYPAPAOEl Wi UTToypa® Tou A yia £va PAVUMO Kal £XEl TTEPAOEl YE ETTITUXIO
Tov aAyo6piBuo TmoTomoinong. O  TapakdTw  aAyopiBuog  ammédeiEng NG
TTAaoTOYpOQiag pag deixvel Twg o A Ba XPNOIYOTTOINGCEl TNV TTAQCTH UTTOYPa®r YIa
va Bpel TO JUOTIKG akEPAIO a TTou giXape utToBEael oTnv apxr OTI Tov yvwpilel JOvo o
TTP.

AAy6pIBu0G atrddeI§ng TnG TTAacToypaPiag.

MNa va atrodeiCoupe 611 n uTTOYPA®A S'=(Si,m, Sé,m) gival TTAaOTA yia
éva pvupa m , o A Ba Bper o a=log, . O A kdvel Ta €€ng:
(a). YmoAoyiCel pia utroypa@n s =(s,,,,s,,) Yid TO privupa m
XPNOIUOTTOIWVTAG TO OIKG TOU PHUOTIKG KAEIDI x =(X, X5, Y15V, )-
(B). Av s =s' TOTE TEAOG.

(v). YrohoyiGet a=( s,,, - 5,,,) * (S5, = S5, )"

modgq .

Aodei1gn Tou aAyopiBuou atrddeiEng TG TTAACTOYPAPIag.

. . ' 1 . . ] . .
H mBavotnta va 1oxuel s =s'cival — . ATTé Tov aAyopIBuo TTIoTOTToiNoNG £XOUNE OTI
q

as“m * ﬂsz’m =asi’"’ * ﬂslzv"’ (mOdp ) n asl,m—si,m =aa(s£,m—sz,nx)(modp )
r’] Sl,m - Sl,m =a( S2,m - Sz’m )( mOdq )

TeNiKa éxoupe 6T a=( s, - s,,) * (8,,-5,,)" modg...
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