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Given free will but within certain limitations,

I cannot will myself to limitless mutations,

I cannot know what I would be if I were not me,
I can only guess me. .

Robert Wyatt
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To avtixeipevo g epyaoiog authg elvar 1 anapidunon v xAdoewv 16oduva-
plog UEXTOY XENOY P0G OLXOYEVELNS CUVOAWY OTUEIWY XAl O UTOAOYIGHOS TOU
nohuténou tou Nebtwva g anaAelpoucag evog cUG TAUATOS TOAUGVIUGY.

Trdpyer wa 1-1 xou ent avuiotorylo 1wy xAdoEWY AUTOV, UE TIC XOPLUYPES
0V ToAUTOTOL Tou Nedtwva TN ANUAEIPOUCOS TOU CUOC THUATOC TOAUGVIUGY
pe oOvola o thpEng otny owoyévelo auth. H avtiotoryla autr pog emtpénel va
unoloyiooupe ta axpaio povdvupa (extreme monomials) tng anakeipovooc.

z 4 ’ ’ 4

Méow tou teyvdopatog Cayley, 1 anapidunon 6wy twv xAdoE®Y 10OOU-
voplog UET®OY XeEN®Y, avdyetal oty anapldunoy dAwv 1oV xAdcewy 160du-
Vopiog TV XAVOVIXOV TRIYWVOTOoE®Y VO VEou cuvolou. H amapidunon
TV TEAELTUWV UTopel var YIVEL YE EQPUPUOYT DIaBOYIXOY TOTXOV YETACY UL

, . . , ’ ’ 7 4
tiopov (bistellar flips) oe xatddinha vroolvola Eexvidvtog and o apyixh
Tplywvo-Tofnon.
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[Tpoteivetar 1 tpononoinomn evég anoteheopatixol alyopidyou aviiotpopng
avalfitnone [14], dote autds va urnohoyiler udvo tic xhdoei woduvapiog twy
AAVOVIXWY TPy WVOTOLACEWY.

z INg4 4 4 ’ 4 ’

Téhog, diveton uLa QopUOY T TwV Tapandvw YeVddmY Pe TNV epLy papt| evog
alyopidpou ahyeBpixonoinone [7], o onoloc unoloyilet éva unepalvolo Twy po-
voVopov g ol yeBpixfc eZiowong piog napapeteid doopévne (unep)empdverag.



Euyapiotiec

Euyapioté tov emPBrénovta xodnynts wou, x. Iwdvvn Eulen, yiatl ye épepe oc
ENAQY| UE EVOL CUVIPTUO TIXG Xat OYEDOY dyVwoTo ¢ euéva medio, Yio T UTo-
oeiCerg xan Ty ovvey?, othpllt) tou. Euyapiotd enlong ta uéhn g tpyehole
emtponhc, xadnyntéc x. Hiia Koutooumd xo x. Eudyyeho Pdntn. Xtov
TeleVTolo OgEilw €va IBLIUTERPO EUYAPIO TG Yo TN cuvEY Y eVidppuvomn xat TNV
eunio 1000V Tou. Xwplg autée dev Yo ftay Buvath 1 CLUVEYLOY TV CTOUDKY
Hou.

Euyapiotdd 6houg toug ouvieheotég tou Metantuytaxol Ilpoypdupartog
ot Aoywry xou v Yewplor Ahyopldpwy xou 18tadtepa toug xadnyntéc x. I
MooyofBdxn xou x. K. Anuntpaxdénoulo yia 0 cuuBolt| toug ot dnutoupyia
EVOC QLAMX00 X ETUC TRUOVIXE XAPTOPOEOU XA(HATOC.

Télog euyapIo T TOV TATERA UOU XAl TOUS GEAOUC UOU YIX TNV UTOUOVY X0t
™y o thetEn Toug xod OAN TN BLEEXEIL TWY GTIOUBWY UOU.

Adrva, Xprotoc Kovaérc
ToOhoc 2006



Eicaywyn

To xipio avtixeiyevo pehétng otny epyaoio auty etvar to toAbTono Tou Nebtw-
VoL TG TopxAC 1 apatdc amaholpoucus EVOC UTERTROGOIOPIOUEVOU GUG THUATOC
TOANWVOUWY UE GUPPBOAIXOUEC GUVTEAEGTES Xat 1) avdmTulT ahyoplluwy Yo Tov
unohoyioud tou. Ieprypdgpovion facixd otoyeio tng Yewplag aparde analoipthc
xdOC xon T epYahela and TN CUVBLAC TIXT| YEWUETRIO TOU AUTH YpNooTOLEL.

H Yewplo apatde anaropric Eexivnoe and v epyacia twv Gelfand, Kapra-
nov xat Zelevinsky [9] to 1994, 6nou ewofyoryay Ty Yehétn Saxptvouc®y xat
anahOLPOUC®Y PE GLVOLAC TIXY epyaAelo. And tdte T0 edio €yel pehetniel xou
avantuydel évtova xou e@apudletal oty €xiAUCT TOAUVGYLIIXOY CUC THUATWY,
oty anololpr uetaBAnT®y, oty alyefpixonoinon xou ahhol. Eva napdderyua
eQapUoYnic 6TNy aAYeBpIxonomo BiVoulE 610 XEQPAAUO b UE TNV TEPLY PUPT| TOU
alyopidpou IPSOS [7], tpononomuévou HGote va ypnotponotel to anoteAéopata
e epyooiag avthg. Luyxexpuéva o alyoprdpog yenollonotel uor uhonoinon
tou J. De Loera [5], n onola unohoyiler dhec tic xavovixée tprywvonoioeLs
evog ouvolou onueiwv. Avtixahotoduye auth tnv viornoinon ue wo véa Tou
Baoiletar otny avtiotpopn avalhitnorn xo utohoyilel xhdoeic 1woduvoplog xo-
VOVIXOV TRIYOVOTOoEWY. Autd €yel w¢ anotéhecpa TNy dpao Tixy Yelwon tng
ToAUTAOXOTN TS YWEOL Tou akyopiluou alyefpixonoinong.

H xhaowxr) f§ npoBohixy| anaholpouca evog UG TRUATOS N TOAUGVOU®Y f1,
.y Jn og noyetafintéc pe oupPohixolc ouviehesté, elvon €va TOAUWVLUO
UE axépaloug OUVTEAEG TES xat UETABANTES TOUG GUVTEAEG TEC TWV TOAUGYOUMY,
T0 0Tol0 P Tap€yEL Wia cUVDAXN Yl THY ETAVGLUOTNTA TOU GUC TAUATOS TWV
fi- Luyxexpéva 1 npoPolxt) anaholgouvoa undevileton av xor woVo av To
TOAU@VLUA TOU aVTIo TOLY 00V OE Wia avaleoT) TGV 6 Toug oLUSoAX00S GUVTE-
Aeotég, €youv xow pila. Me dAha Aoyia Yiot GUC TAUATA GUYXEXPIUEVNC DOUTHC
n onofa xaopiletonr and toug Paduolc TwV TOALOYVOUGY, 1 TpoBolxt| analoi-
(pouca anoTEAEL £VOL XPITHPLO Ylal TIC TIUEC TWV CGUVTEAEGTOV TOU QVTIO TOLY 00V
oe ouoThuata To onofa €youv Abor. INa tov unoloyiopd tng npoPfohixrig ana-
Mofgpovoac xataoxevdlovtar nivaxes 1 opillovoa Twv onolwv woltar e TNV
anaholpouca A pe éva tolhamidotd tne. O nivaxeg autol v Buvduer unopoly
Vo TERLEYOUV 0TolodNToTE Hovwvupo Baduol wixpdtepou ¥ (oou tou Poduol
x4 Tohuwvipou xor autd augdvel onuavtixd to uéyelds toug. Emmiéov 7
opiCouca TV TVaXWY aUT®Y Unopel vor undevileTtol TAUTOTIXG UE ATOTENEGUA VAL
unv opileton n npoPokixr analoigouvoa. Ye xdnoleg and auUTéS TIS TEPITTWOELS



elvon duvatdy va optotel 1 Topixr) analoigovoa.

H topuxd # apoud anahoipovoa eZetdler Ty Unapln pilldv otov yweo (C*)™.
[evixelel ta anotedéopata g xhaotxig Yewplog anahotghc ue tnv €vvola ot
Toutileton Ye TNV mpoPfohixr] anaAolpouca Yol CUC TAUATAE TUXVOV TOAUWYU-
pwv. Xe avtideon ye tov yopaxtnelopd TV TOAUGVIUmY YEow tou Baduold
ToUg, N Vewpla aputds analolpric exgeTaAAedeEToL TNV Dowr| Toug Vewp®VYTIS To
w¢ avpolopata povevipwy. H dour) auth aviavaxhdtor YEwUETpXd and 1o
nohbtono tou Nebtwva. Av avtioTolyRooude xdUe LOVOVUPO UE UT Undevixo
OUVTEAEG TY €VOC TOAUGYVOUOU f, pe 1o Bidvuoud twv exVeT®VY TOu, TOTE TO
toldtono tou Nebtwva N(f) tou todvwvipou eivor 1o xuptd nepifinua twy
dravuoudtmy autdv. To nolltono autd napéyel ToAAEC TAnpogopies oyeTxd
WE TNV YEWUETEIXY Dopr| Tng unepempdvetag f = 0. Luyxexpluéva 1 aouuntw-
T CUUTEPLYPOPE NG UTEPETLPAvELaS auThc xadoplletar amd Ti¢ XOPUPES TOU
rohuténouv N(f). Emnhéov to nohdtono tou Nelwwva exgpdlel tnv apoudtn-
ot Tou ToAuwvigou. H expetdiievon tne doprc twv mohuwviuwy odnyel oe
wxpoTteEpOLS Tivaxeg g analoigovoag xal enouéveg ot Behtinon tng moAu-
TAOXOTNTAC UTOAOYIOWOU TNE.

Mo and Ti¢ mo evVIuTWolaxéS EQUpROYES TV ToAuTénwy tou Nedtwva
oe ahyeBpixd mpofhiuata ogeileton otoug Bernstein, Kouchnirenko xou Kho-
vansky ot onofol édwoav gedyuata otov TAHY0C TwV AIGEWY TOAUGVUIIXGOVY
cuoTNUdTLY yenotponowwvtas Pextols dyxous. To anotéheoya avtd yevi-
xeVeL éva xhaowd anotéhecua tou Bézout to omolo mapéyer gpdyuata oto
tAfYog Twv Aoewv Tou ex@pdlovial and TO YIVOUEVO TV Boludy TV TOAUG-
vopwy. O Badudc tne topixfic anahoipovcag oyetiletou eniong Ye to @pdyua
Tou Bernstein.

Enakndebovtag v otevi| oyéon e Vewplag apoudc anohotphc Ue T GUV-
duac Ty yewuetpla, éva onuavtixd anotéheopa [9, 18] eivar n neprypagtr tou
rohuténou tou Nevtwva N (R), e topixic anahoigovoos R, péow twy Tpryw-
VOTIOWOE®Y EVOS GUVOAOU onueiwy. Buyxexpluéva unopolue va unohoyioouue
T x0pués tou mohuténou N(R) urnohoyilovtoag pepixéc pévo and g tpl-
ywvorolfoelg ou toluténou tou Nebtwva evog fonintixol nohuwviuou. To
nohbtono tou Nebtwva avtol tou Bonintixol toluwvipou urnopel va xoto-
oxevaotel xou péow tng anexdviong Cayley 6nwg neprypdgetar 6ty evoTnTa
3.1. To anotéhecpa auTd EXYETAAAEVOUACTE GTO XEQPIANO 4, TPOTOTOLOVTIC
évav ahyopriuo anapliunone xavovixdv tprywvornoioeny [12], dote va ana-
prduel woVo *AAGELS I0OBUVIPINC TWV XAVOVIXMY TELYWVOTOIACEWY UECK TWV
onolwy urnopolue vo avaxthooupe Tic xopugéc tou N(R).



Kegpdiawo 1

Oewplo AAYeLBExnC
ATAAOLPNG

Y10 xe@dhono autd TERLYPAPOVTUL cUVOTTIXG T Pacixd ototyelo Tng Yewplag
alyePpixic anahowpric (elimination theory).

1.1 Kioow? (ntpoBoiixr) Analoipovoca

H anahoigouoa ¥ Sylvester resultant R = Res(f, g, x), evéc ovothuatog duo
rohuvipey f, g € Clz], ue

f = ax"+...4+an, ag#0, n>0,
g = box™ 4+ ...+ by, bg#£0, m >0,

opileta we 1 opilovoa tou (n +m) X (n 4+ m) nivaxa Sylvester:

ao bo
a; Qo bl bo
a2 ap - b2 b1
g — as - ag b2 . b()
Qp, - aq bm . b1
2% az bm b2
L a/n bm -

2 ’ 4 4
O nivoxxag Sylvester eugaviCeton oty Pifhoypagpioa xou wg 0 avdoTpopog
TOU TAUPATAVE TVOXAL.

Ou héye 6Tt 1o G elvar Eva TOAUGVURO 6TOUS GUVTEREG TEC TV fo, f1,. .., fn
av v xdde ocuviekeo T ¢;; TV f; undpyet wa petaBint u;; oto G. Me
G(fo, f1,---, fn) ovgPolilouye Tov apripd mou TaipVoUuUE avTixahio TAVTISC Xd-

Ve uetaAnT u;; Ye Tov avtiotoryo oUVTEAEDTY ¢ ToU f;.



H onahoigovoa R = Res(f, g, x) eivon éva TONUGVLUO UE axépaious GUVTE-
Aeotée, pe petafAntéc Toug (oupBoiixoic) cuvieheotéc Ty f, g , Tou undevi-
Cetan 6mote ta f, g €xouv xowt| plla. To dvoud tne ogelhetar 610 YEYOVOHS 6TL )
Res(f, g, ) anakeiger ) petoafAnth) z and 10 obotnua wwyv f,g. Ta nupandve
oULPEYOLY UE Toug optouolc 1.1.2 xou 1.2.6, mou divouue 611 cuVEyELa.

H onoudeigovoa R = Res(f,g,x) unopel va exppactel ye molholc tpo-
moug. o mapdderyya av 1, ..., Ty, clvar o1 pileg Tou ToAuVOUOU g, ToHTE 1)
anahelgouvoa divetar and tov T0N0

m
R = Res(f,g,x) :a{)”Hg(xi). (1.1)
i=1
Mnopolye vo eTeEXTEVOUYE TNV £VVOLAL TNS ATAAOLPOUCAUS XOL Y10 TOAUWVLUA
UE TEPLOCOTEPES O Wi UETAPANTES.

Opltowodcg 1.1.1. O npoPohixdc ywpog P elvon 10 60voho TwV XAICEWLY 100-
duvaplag twv dtavuopdtwy 6to C™ + 1 pe TOUAdYIoTOV Wa un UndEVIXT, GUVTE-

Torypévy, 6mou tavtilovye to toAamhdoto ue Eva un undevixd otoepd aprdyd
l € C*. Anhads:

P" :={(c1, 2. .. ,cn+1)e(C"+1|E|i ci #0&(c1,¢2,. .. cng1) =1l(c1, 2, ... Cng1), LECT}

‘Eow Fy, Fi,...,F,, n+ 1 opoyern nohudvupa ue oupfohixois cuvte-

Aeatés uyj, ouvohxol Baduol dy,. .., d, aviiotowya, otov Clx], 6mou x =

20, ..., 2Tpn. To cbotnua twv n + 1 eliodoewy oe n + 1 ayvootoug
Fo(x)=Fi(x)=---=F,(x)=0 (1.2)

€yer nédvta ) pndevixr, Ao (zo,...,x,) = (0,...,0). Moc evdiagépet va

yvwpilouye mote €yel xar dAAeg Aboeig extoc tne pndevixic. Ty andvinon
07O EpMTNUA aUTO pac Ny divel 1 anadolgousa tou ouo thuatog (1.2):

Optopde 1.1.2. H npoPohixt anahoigovca R = Res(Fy, Fi,. .., F,) eiva
éval TOAUGVUPO PE axépatous oLVTEAES TEC, PE ueTaBAntéc Toug (oupBolixoic)
ouvteheo Tég w;; Twv Fy, Fh, ..., F, , v 10 onolo woyler R = 0 av xat pévo
av 10 cbotnua (1.2) éyer pn undevixr xowvf horn oto P

Oewpnuo 1.1.1. [9] H araroipovoa R = Res(Fy, Fi,. .., F,) tov ovotij-
pazog (1.2) etvar to povadiké avdywyo moAvdvupo otov Zlui;), ya to omoio
wyvtet R =0 avv to obotnua (1.2) éyer un undevikn kown Avon oo P™.

IMoagdderypa 1.1.1. 'Ectw 10 olotnua Ypouux®y e€lomoewy

Fy = coporg+ -+ conrn =0

F, = cporo+ -+ cpnwn =0.

10
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To cOotnua (1.3) éxet povaduai Aon av xat pévo av 1 opilouca Tou mivaxa
WV GLVTEAEG TOV Tou eivan fom pe undév. H opillovoa auth elvan €va ToAuGYLYO
010Ug ouVTEAEO TEC TV F o tautiletar pe v anoloipovoa Tou GuUC THUATOS.

O tinog 1.1 pmopel var yevixeutel xou 6 TNV TEPINTWOY OUOYEVHDY TOAUWVY-
wov Fo, Fi, ..., F, € Clzg, a1, ..., 2], Poducy do,. .., d, aviiotoye, ye v
vnddeon 61 Res(Fo, F1,...,Fp_1) #0:

R = RGS(FQ, Fl, . ,Fn) = Res(Fo,Fl, . ,Fn_l)d" H fn(p)m(p), (1.4)

peV
6TOL
filzo, ..., xn_1) = Fi(zo,. .., Tn-1,1),
Fi(xo,...,2n 1) = Fi(wo,...,2,_1,0),
V =V (fo,--., fn=1), 10 0Uvoho Aicewv TV TOAUGVIUWY fo,..., fo—1 (O7F

Aad¥, o oponoapalhnhixé (affine) tphpe tou npofolixol akyefpeixol cuvolou
V(Fo,...,Fh—1)) xat m(p) n molamhétnta tne pifac p € V.

H anoloigovoa evéc 6uG THLATOC OUOYEVOY TOAUGYUUGY utoloyileto eite
¢ 10 TnAixo g oplloucug evog xatdhhniou TeTpaywVIXoL Tivaxa TEog TNV
optlovoa evéc unomvaxd tou [13], elte wg o uéylotog xovoe dapétne evic
ouVOAoU 0ptlouoWY XATIAANALY TVAX®Y. XTOYO0C EIVOL 1) XATUOXEVT| TETPO-
YOVIXOV TVAxXwY EAAyo NG Bidotaong, ondte n analoipovoa eivar 1 opiloucd
toug. ['evixd Sev undpyer 10mog yia oV UTOhOYIOUO TG amaholpoucus o€
OUVHPTNON TWV CUVIEAEGTOV TOU GUGTAUATOS. XE UEPIXEC MEQINTWOELS elvol
duvatdc o umohoyopos g we opilovoa evoc udvo mivaxa xow TOTE AEUE OTL
o tounog eivon determinental. Yt undAolneg TEPITTWOELS EMOUOXETAUL 1) XATIA-
OXEVY| TVAXWY UE TO lxpdTERO duvatd péyedoc.

1.2 Topwy (toric) Anaioipouvoa

Trdpyouv cucTAuaTa TV ool 1 xAaoixt analolpouca eivor THUTOTIXY Un-
devixr). Autd oupBaiver dtav undpyet Eva obvoro pllwy 6To dnElpo Tou omoiou
n Owdo taon ebvar Vet Ye autég TIC TEQINTWOELS Wit DIUPOPETIXY ATAAElPOU-
oo unopel vo optotel, 1 onolo xan Yo Topéyel Eva xpithpto Yot TV Umapn ¥ un
AMOGEWY TOU GUC TAUATOC.

H xhaowy) anaholgovoa mou oploayge otny Tponyoluevy evotnta, apopd
oe tuxvd (dense) mohudvupa, To OO TEPLEYOUY GAOL TOL LOVOVUUA GUVORLXOD

’ o 7 7 /, 1 z ’

Baduol ioou ye to cuvohixd Padud Tou TOAUWVOUOU * xou TapEYEL TANPOPOplES

! AxpiBéotepa, éva mohudvugo oe n petaBAntéc eivar muxvé dtav éyel TOAUTOTO TOU
Nedtwva tou elvor Minkowski tohhanhdoio tou povadiaiou anidéxou otov R™, BA. Oplopoic
1.2.2 xou 1.2.3.
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yioo Ty Onopdn mpofolxdyv pillev. Xt mpdln ouws, ouy Ve CUVAVTAUE To-
Auvupa Todhof and Toug GUVTEAESTEC TwV omolwy elvon undevixol. Tote elvon
onuavtixd vo optotel wio topixd| (toric) ¥ apoud (sparse) anoloigouoa, 1 onoi-
o EXPETOAAEVETAL T1) DOUY TV CUYXEXEIEV®DY TOAUGYOUGY. Eve 1 xhaou
anahoigouca exppdlel v Unapin npofolixmv pilldv (dnhadh pildv oto PT),
1 topxt| anaholpouca expedler Ty Umapln topxedv pilloy, dnhadt pillwy ot
wo toptxy todamhdtnta (manifold) T tne onolag o tépog (C*)™ elvan muxvéd
vrooVvoro, (C*) C T C P™, érouv m eivon 10 TAHloC TV poveviuwy dAonv
TWV TOAUOVIUOY.

1.2.1 IloAUtorna, adpolopata Minkowski xou pewxtog oy-
x0¢

Ogwopodcg 1.2.1. To odvoho otipiEne (support) A C Z™ evéc mohuwvipou
f € Clzy,...,x,), eivar 10 00VOhO TV Slavuoudtwy twv exVETOY TOV Ho-
VoVORoVY UE N undevixd ouviekeoth| tou f. Av A = {a1,aq,...,a;}, t61€
f= Zle cix%, brou ¢ Z0,Vi=1,...,k.

r 4 Z. ’ 7 ’ z ’
Eva nok(torno elvon 10 xuptd mepifhnua evog nenepacpévou cuvérou on-
pelov.

Optowdg 1.2.2. 'Eotww éva nohudvupo f € Clzy,...,z,] ye obvoko oth-
piinc A C Z™. To nohbtono tou Nebvtwva N(f) tou mohvwvipou f eivar 1o
xUpTo6 TEpiBAnua conv(A) tou cuvéhou oThpIERc Tou.

4 4 ’ 7 ’ 4

To nokltomo tou Nebtwva evig mohuwvipou avtixatontpilel YewueTplxd

™V dopn Tou xat anoTelel T epyaleio Yoo TV PEAETH OAYERRIXAOV IDIOTHTWY
HEow TNG CUVBLAC TIXTG YEWUETPLAC.

IMopdderypa 1.2.1. Eotww to nuxvd deutepofdiuio toludvupo g(z,y) =
co + 17 + cay + 372 + camy + c5y? xu 10 wpanb Tohudvupo eniong deutépou
Boadpol, f(x,y) = a1z — agy — agzy. Lto Lyhua 1.1 PAénovye ta nohltona
tou Neltwva twv tohvevigey f,g. Eivar goavepd nwg 1o mohuovugo f éyet
okl wxpdtepo nolltono tou Nedtwva and 10 TOAUGYLUO ¢.

N(g)

N

A\ 4

Yyfua 1.1: Ta morhbtona tou Nebtwva yio 1o nopdderypa 1.2.1.

Axohovdwvtag pa aviiotpogn dwdixacio, doléviog evog ouvéhou A =
{a1,a9,...,ar} C Z™, pnopolye va oploouvge 10 0UVORO OV TOAGYIUGY,
TV onolwy To povevupa éyouy exdétec oto A:
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L(A) = {eix™ + -+ x" | ¢; € C}.

To obvoho L(A) elvar évac dravuopatindc yopos ent tou C didotaone k.

Egboov 1o olvoho A unopel va nepiéyet xon BlavOouato Ue dpVNTIXES GUV-
TETAYUEVES, TPEMEL VAL ENEXTEIVOUUE TOUG 0PLOUOUS TWV UOVWVIUWY XAl TOAUG-
VOuwy OoTe va €Youpe xot Ta avtiotoyo ahyePpixd avtixelyeva. Autd odnyel
oty évvolr Twv Laurent poveviuwy xat ToAUeYIuY:

‘Eow a = (a1,...,a,) € Z", éva didvuopa ue axépaes ouvtetaypéves. To av-
tio oo Laurent povavupo 6t PeToBANTéS 21, . . . , Ty, Elvan To X* = 27" ... 2l

To Laurent mtohumvupa eivon tenepacpévol ypouuixol ouvduaouol Laurent po-
vovopeyv. To clvolo twv Laurent tohuwvipwy elvar évag petadetinds doxtid-
Mog pe Tig ouvilelg tpdlelc g nEdoVECTC XAl TOU TOAAATAAGIAGUOY TOAUG-
vipwv xa oupBohiletan Clztl, ... a).

[Mo tn ouvéyeta Vo ypelao TOOUE PERIXESC YEMUETOIXEC EVVOLES.

Opwopdég 1.2.3. Eow A, B CR" xat A > 0 mpoypatindg apdpoq.
a. To dpoopa Minkowksi A + B twv duo cuvélev eival

A+B={a+blac A& be B} CR".
B. To Paduwtd ywouevo tou A pe 10 A elvon
M={Xa|aec A} CR"

Av ta A, B eivar tolOtoma, 16TE xot To A + B elvar ToAIToTo xot ETTAEOY
urnopel va unohoytotel we 1 xupth 9hxn tou ouvélou {a+b | a € Vert(A), b e
Vert(B)}, érou ye Vert(P) ouuBohilouge 10 6UVOLO TV XOpUQEOY TOU TONU-

témou P.

F S
I S
I S~
[ !
[N !
LA e ! A1+A2
A1 + I > =
I 7
'
- //

Yyfuo 1.2: "Adpoiopa Minkowski evoc tprycdvou xou evog TeTpaydvou.

Mnopolye vo enexTeiVOUPE TOUC TORATAVE OploUolE XL Yiot OTOLOOTOTE
(nenepaopévo) TARDog GUVORLY ¥ TOALTOTWY.

To dvpoioua Minkowski twv noAuténwy tou Nebtwva 6uo toAvevipey f, g
avuototyel oto nokltono tou Neltwva tou ywvopévou f - g, dnhadh N(f) +
N(g)=N(f-g)

Mo and Tic TpdTES EQUPUOYES TV TOALTOTWY Tou Nebtwva Rtav oty
elpean tou apiol TV xov®y plloy EVOC GUC TRUATOS TOAUOYUUIXOY EE160-

OEWV.
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‘Eotw Vol(P) o euxkeidioc dyxoc tou toduténou P C R™ oplopévoc étot
o te o govadtaiog x0Bog otov R™ va éyet povadiaio dyxo. To tuyaio toAbtona
P, Py oxan Aq, .o N, € Ry, éxgpoon Vol(A Py + -+ - + A, Pp) elvan éva
OMOYEVEC TOANUDYUPO GTIC UETUPBANTES Aq, ..., Ay, Baduol n, [10].

Opgiopog 1.2.4. O pextéc dyxoc MV (P, ..., Py) twv nohuténey P, ..., P, C
R™ elvor 0 ouvteheo g ToU Ypouuixol 6gou, dnhady Tou 6pou A ... A,, TOU
rtohuwvipou Vol(Ai Py + -+ + A\, Py), VewpolUevo g TOAUMYUUO 0TI YETA-
BANtég A1, ..., A

r N4 ’ 7. ’ ’
Evog 10od0vapog oplouds tou petxtold dyxou twv molutonwy P, ..., P,
elvon 0 endPEVOL.

Opiopog 1.2.5. 'Eow Py,...,P, C R" nohbtona xat Aq,..., A\, € Ry.
Trdpyet wo povadixr, npaypatixf ouvdptnon MV (Py, ..., P,) yio v onofo
woybouy ta e&hg:

oo HMV(Py,...,P,) eivar ypopuxh o¢ npog x&e petofAnth, dnhadr
MV(Py,... , MNPitpPl, ..., Py) = \AMV(P1,..., Pe,...,Pa)+puMV(Py,...,Ph,..., Py),
B. MV (Py,...,P,)=n!-Vol(P),av P, =---=PF, =P.

IIépopa 1.2.1. MV (Py,...,P,) > 0. lodtnta wybe av o Y P; éye
unodevikd dyro (10odlvapa tidotaon pikpdtepn tov n) 1j av vrdpyer kdrow P
térow nov dim(F;) = 0.

IMépwopa 1.2.2. H MV (Py,...,P,) puropel va vrodoywtel and tov tino
(eyrAeloo? - aroxAewrpov):

MV(Py,...,P)= Y (=1)"1"Vol (ZP) (1.5)

Ic{1,..,n} iel

Y1 ouvéyeta Yo e€etdoovye @pdypata 6Tov apriud Ty xovey ploy xo-
A oplouévwy (TETRAYOVWY) cLoTNUATOY ToAueViuwy. Eotw éva clotnua
|
TOAUOVOUWY

fi=fo=-=fu=0, fieClat, ... o, (1.6)

xou Py = N(fi), i =1,...,n, ta toh0tona tou Nedtwva 1oV TOA@VILGY f;.
Av ta ohvola oThpiENg v tohvwviuwy f; tautilovtal, o oboTnua xaAeito
un UewxTo, SLopopeTind xokelton UEXTO.

To npdto gedypa mou Va e€etdooupe divetar and to Vewpnua touv Bézout
xat aopd 6T xowég pilec Twv mohuwviuwy atov C" 1 atov P

Oewpnua 1.2.3. (Bézout)[4] Av to odotnua (1.6) éxea nenepaouévo apidud
Aboewr kar kauia AVon oto drepo, tote éyer to TAV d = dy - dy ... d,, Adoeg
orov C", dnov d; o Paludés tov todvwriuov f;. Emmdéor av ta molvdvuua f;
efvar yevikd (generic), tdte to gpdypa elvar akpifés.
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To endpevo Yedpnuo tou anodelydnxe and tov D. Bernstein to 1975 yevi-
xeveL To Vedpnuo tou Bézout. H nepintwon duo noAuwviyeny ot duo YetaBir-
Té¢ elye Non anodetydel and tov Minding to 1841, npwv o Minkowski eiodyet
TNV EVVOLO TV UEIXTOV OYXOV.

Oewpnua 1.2.4. (Bernstein 1 BKK)[4, 9] Av o obotnua (1.6) éxer nene-
pacpévo apiilué Aoewr, téte éyer to todd d = MV (Py,...,P,) Aloeag otov
(CH™. EmmAéor av ta modlvdvuua f; elvar yevikd (generic), téte to gppdyua
elvar akpipés.

1.2.2 Oplopdg xou WBLOTNTES TN TopXYg analolpouvoag

H apour) 1§ topinr| anadeipovoa, oplleton yia UTEPTPOGBIOPIOUEVI GUC THULATA TNS
popepric
fo=fi=-=f.=0eCli",. ...z (1.7)

n

Y nepintwon auth dev oplleton 0 gextdc 6yxog tou cus Thdatos. Mno-
polue duwe va e€dyoude Eva dve Qpdypa 6Tov dpilud Twv Xovmy pilldV Tou
CUC THUATOC YENOLHOTOWOVTAC YEIXTONS OYXOUC.

Iapazripnon 1.2.1. Av o obotnua (1.7) éyer nenepaopévo oprdyd Adoewy,
t61€ éyet 1o tohs  d = MV_;(Po,...,Pi_1,Pit1,...,P,) MNoeg otov (C)™.
Emunhéov av ta mohuevupa f; eivon yevixd (generic), téte 10 @pdypa eivar
axplBéc.

‘Ectww Ao, A1, ..., A, CZ" 1o tou 10 Y1 A va mopdyer tov Z™ xon
fi € L(4;), Laurent nohudvuypa pe ohvoha othpiine ta A;. Kdde f; eivar tne
wopns fi = ZaijeAi cijx®. ToutiCoupe xdde mohudvuyo f; ue 1o didvuoua
TWV OUVIEAECTWY TOU, ¢ = (Cio,Cil,- -, Cin) XU TO 0UGTARY TWV f; YE TO
dtdvuopa ¢ = (co, €1y, Cn).

Ocwpolue 10 6UVONO Zj TV SLIVUCUETWY ¢ TOU AVTIOTOLYOUY OE GUGTH-
porte ToAvwvopwy e popyhic (1.7) pe fi € L(A;), o ta onola éyouv xowh
oila. 'Eotw Z n Zariski xheiotdétnta 1ou cuvéhou Zy. To clvoho Z eivon éva
avdywyo alyefeixd olvoho. H topur) analeipouvoa tou cuothpatoc TV f;
elvon T0 povadixd avdywyo mohuwvuuo tou opilet TRy Z.

Optowdg 1.2.6. H apor| % topixdy anahkelipovoa R = Res(Ag, A1, ..., Ap)
TV TOANOYOUOV fo, f1, ..., fn €vor To govadixd (L€ypic Tpoohuon) TONUGYLUO
pe oxépatoug cUVTEAEOTEG xat UETABANTEC Toug oLUUPBOAX0US CUVTEAEC TEC TWV
fi, dnhadh R € Z[c], pe tic axdhouvdeg dibtntee:

a) av codim(Z) = 1, téte 7 R elvar 10 povadixd avdywyo ToOAUGYLUO TOU
opilel v unepempdveln 7,

B) av codim(Z) > 1, t6te R := 1.

IIépiopa 1.2.5. To R eivar opoyevés moAvaruvpo ws mpog tovs oupfolikols
ourtedeotés kdide noAvwviuov f;, Balpot ivov pe MV_;(fo, ..., fi—1, fit1s- -+ fn)-
Av ta rolvdvuua f; éxovr kown pila ocov (C*)", tére R = 0.
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Av ta mohudvupe f; eivar ey, (10odlvopa ta ovvola Py = conv(A;)
elvon Minkowski molhamhdota tou povadiadou anidxov otov Z"), 161e 1 opatt|
anahelgovoa tautiletar ye TRV xhaoixt|, anaAeipovoa.

Oplowdg 1.2.7. H owoyévela tov ouvohwy othipiEng A; tov toluwvipwy
fi, i =0,...,n, Ya xakeitor ouctddne (essential) av yia 10 oponopakknhixd
mhéypo (affine lattice)

L= En:)\zaz | aiEAi, /\Z‘EZ, i:)\i:1
i=0 =0

tou mopdyetor and T A; woyler rank(L) = n xou rank(L') > |J| yio xdide
J C{0,1,...,n}, 6mou L elvou t0 oponapalhniixd nhéypa Tou nopdyeto and
™V oxoyévelo ouvohwy othping {A; |7 € J}. .

Av xde alvoho A; €yel xvpth Uxn Bidotaong n, TOTE 1] OIXOYEVEL TWV
ouvohwY o TthpENe A; elvar ouoLOING.

IMépiopa 1.2.6. [19] Eotw n oikoyévaa ovvddwr otipiéns {A; tier. Tha to
akyePpiké otvoko Z (BA. Opiopé 1.2.6) wyve codim(Z) =1 av kar pévo av
vrdpyer pa povadikn vrooikoyéveia ovvddowr otripiéng {A;}ties n orola eivar
ovoong. Tére ) topiki) arakoipovoa tov oVOTAHATOS TOAVWYUUWY UE TUVOAa
otipiEng ta {A;}ier tavtiletar pe tnr wopikn anedoipovoa tov ouoTiuatog
roAvwviuwy pe ovvola otripiéns {A;}ic.

O vunoloyiopde TV TopX@V ATAAELPOUC®Y PacilETol GTNY XATACKEUT) EVOC
TeTpaywvixol tivaxa M tou onofou 1 opillouca eite woolton ue v analeipovoa
elte elvon éva un tetpipuévo mohhanidoto tne. To Pooixd epyohrelo yia
xatooxeut, tou tivaxa M eivar ot petxtés unodpéoelc [Canny-Emiris).

Oplopde 1.2.8. Mo noluedpixt] unodaipeon evog TOAUTOTOU Q) €lvon o
ouloy?| and mhfgoug didotaong tolltona Q; ta onola dauepilouvy 0 () xou
avé 800 téuvovton o€ uot xovy| Touc 6gn (mdavae xevi).

Oplowoe 1.2.9. Eotww éva nodbtono P = Py + -+ 4+ P, C R" didotaong
n. M pexty vnoddipeorn S tou P eivon wior ouhhoyr and mohltona R;, i =
1,...,k, Sdotaong n, ta xehd péylotng dldoTaong Tng unodiaipeong, mou
IXAVOTO00V TIC TUPAXdTw WDIOTNTES:

1. T xdde i # j, n RiNR; eivon wa xowy) €dpa (mdavag xevh) tov Ry, R;,

2. Ta R; anotelolv wa dragépton tou P, donhadh P = R U --- U Ry,

3. Kdie xehl R; ypdpetor wg Minkowski dpoioua urtocuvorev twv Pj:
R, = Fj1 + -+ + Fiy, Fjj C Pj xauwoyber n = dim(P) = dim(R;) <
dim(F;1) + -+ + dim(Fy,).

Av oty nponyoluevy oyéon .oy Vel lodTNTA, TOTE 1) UEIXTY UTODLXPEDT) XaAe{TaL
Aent?, (fine, tight). IoodUvaya, po yetxtr unodaipeon xoheitar Aenth av xdie
HEXTO XEAL TG OV TEPLEYEL WC YVHOLO UTOGUVOAO TOU €va GANO PELXTO XEAL.
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Av S, S’ etvau duo petxtés unodionpéoelg evog tohuténov P = P+ -+ +
P, C R™, Yo Mpe 6t n S exhentaiver (refines) v S’ xou Yo ypdgpoupe S < 5,
av yio xdide pewtd xedl R = Y F; e S, undpyet éva pextd xehl R = > F!
e S, dote F; C F! yio xdde i. To 60voho TV YEXTOV UTODINPECEWY TOU
rohuténov R e ) oyéon exhéntuvore (<), eivon éva pepixde Statetaypévo
olvoho (poset). To ehaylotxd oroyela Tou cuvohou autol elvar o Aemtéc

z N z ’ z 4 ’ 4 7 4 . .
pewxtéc unodlanpéoelg xou Y autés toylel 6t xde xell toug eivon Minkowski
14 7 x 7 7 ’ 2 z 4
dpotopa amhoxwy. To yovadixd ueyioTxd otoiyeio elvan 1 TETPUUUEVT UELXTY,
unodiadpeorn, P. Ot Aentég peixtés unodiounpéoelg elvon Yo Ti¢ UEIXTES UTTODIoL-
PEGELC TO AVIAOYO TWV TPLYWVOTOIMGEWY YLa TIC TOMVEDPIXES UTODLUPEDELS.

Mo et unodiatpeor S tou noduténov P = Py +- - -+ P, elvou xavovix

| 1 n;
(regular), av vndpyer wa cuvdptnor avidwone (lifting function) w : P — R,
étow Tou 1 S va ebvan 1 TpoBolt Twv dEewy Tou xdtw (10odlvaua Tou dvw)
tepiBAfuatog tou ouvéhou y Py, 6nou Py = {(a,w(a))la € Pi}. To didvuopa
w pe ouvtetaypévee 1o w(a), xoheitar didvuopa Popmv (weight vector) tne

N 7 4 4 4 / . 7
vnodtadpeonc.  Av 7 ouvdptnon avidwons w elvor yevixi (generic), tdte n
ENAYOUEVT] XoVOVIXT UEXTY) UToDLadpeoT) elvar AemTy).

Y ouvéyeta Vo Ypd@ouue UEXTY UTOBIAPEDT) EVVOMVTAS XAVOVIXT, AETTH
HETr) unodlalpeoT).

T

(@) (b)

Eyfua 1.3: Kataoxev| pog xavovixic (a) xou piag oyt xavovixhc (b) uextic
uTodLAPEOTC WEow Ui ouVApTNong avidwong.

Optopéva xehid pioag petxtig vnoduipeong €youv wialtepn onuacia.

Opwowog 1.2.10. Eva xehl R = Fy + -+ + Fy,, F; C P;, mag yextic
unodiadpeorc tou tohuténov P = Py +--- 4+ P, C R™ xoheiton peixtd xehl av
dim(F;) <1y xddei=1,...,m.

Enoyévoe, av m = n, dnhady P = Py + --- + P,, téte xdle pextod
xeh R; ypdgetar oc Minkowski dlpotopa axpdv twv P (dim(F;) =1). Ly
nepintwon nou ta P efvar to toAUtona tou Nebtwva n+1 Laurent ntoAuwviygony
fos f1,- -, fn o8 nopetaBhntéc, xdde pewxtd xehl Yo eivan tng popyrc R =
Fo+- -+ F+ -+ F,, 6nouv dim(F;) = 0 xou dim(F}) = 1, j # i, xou
xoheltan yewxtd tonov i.

To enduevo Yempnua delyver 0 YpNOWOTNTA TOV UEIXTOV UTODIUPECEWY.
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Oewpnua 1.2.7. [4] Eotw P, ..., P, toAdtona otov R™ ka1 S na pextrj
vrodaipeon tov atpoiopatos Minkowski P = Py + --- + P,. Téte o pextdg
dykog MV (P, ..., P,) vtodoyiletar and tov tino

MV (Py,...,P) =Y Vol(R), (1.8)
R

omov to dipowpa eivar tdvw oe 6Aa ta pextd kelid R tng S.

~<_ < ~ [N
N ~ h ~ ) o
| 1 1 7
- N -

! [ P

-
Rt ! [ e
~

Syfua 1.4: Mewtée xou un peixtég unodlapéotic.

Mo dhA7 eopuoy TwV perxtdv utodioupéoewy tou adpolopatoc Minkow-
ski n 4+ 1 mohuténwy, eivar 610V UTOAOYIOUO NS TopixKC amaholipoucas Tou
avTio ToLY0U CLUOTARATOS TOAUWVIUWY, OIS AVAPEQUNHE Xl TAQATAVE.

[pogavae, yio xde nohbtono P = Py + ... + P, undpyouv ToAAEC UeL-
x1é¢ unodlaipéoelc oL omoleg xataoxeudloval and SIAPOPETIXEC GUVIPTATELS
avOwone. Apxetéc and autég €youv T (Do peTd xehd. O ywplioouue to
GUVOAO TV UEIXTGV UTOdLNEEcEWY Tou P oe xAdoelg looduvauiog Tou xahodv-
Tou Sropopdoelc ety xehwy (mixed-cell configurations) [15, 18]. Kdie
OLUOPPWOY) UEXTMVY XENMVY TEQIEYEL OAEC TIC PEIXTES UTODINPECELS OL OTOlES
€)0UV Ta (Dol UETA XEAIL, ETOUEVC AV EVOIAPEQOUACTE UOVO YO TA UELXTA
xeMd wag unodalpeong, apxel va JEAETHOOUPE POV TIC DLUHOPPWOELS UEIXTOV
AEMWV.

Trdpyet wior oTEVH oyéon PETAD TV DIAUOPPOOEDY UEIXTMOY XENDY TOU
nohuténou P = Py + - -+ + P, %ot gepx@dv poveviuwy. ‘Eotw 1 analeipovoa
R T0U CUGTAUATOC TWY TOAUGYOUWY

fi= > e, i=0,.,n, j=1,...,]A, (1.9)
ajEAi

érov N(f;) = P, = conv(4A;).

Ta yovevuga g anoieipovoas ta omolo aVTIOTOL 00V OE XOPUPES TOU
noluténou tou Nevtwva N(R), xahoOvton axpoia (extreme monomials).

H anahoigovsa R tou custhuatoc (1.9) eivon éva ToOAUGVUIO 6TOUC OUY-
Bohwxolg cuvteheatéc ¢j; TV fi. Enouéveg xdlde povovuuo e R, ebvan g
nop@nc Hc;}f;“. Mrnopolye vo TaUTIGOUVUE TO HOVWVUUO aUTO PE TO BLivuoua
0V eXVETOV ToU (..., Viq,...). [a xdle ouvdptnon cuvdptnon avidwong
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w, vrohoyiloupe TV T TNC 010 Brdvuoua Twv exVET®Y ToL Yovevigou. H
Tph, auth elvon o Bépoc (weight) tou povevipou we tpoc Ty w. H apyxr
wopyy| (initial form), init,(R), tne R eivor 10 dlpolopa twv poveviuwy e
we wéyoto Bdpoc we mpog Ty w [18].

To enduevo Yewpnua opilel pla anEXOVIOT TOU GUVOAOU TV UEIXTOV UTO-
dtaup€oewy enl TOU GUVOLOU TV LOVOYOUWY TNG apy XS HOop@NS NS amaAel-
pouocag. H anewdvion auty| yiveton 1-1 xau eni av tnv neploplcouye 610 ohvolo
TWV OLAPOPPOOEWY UEIXTWY XENLODV.

Oewpnua 1.2.8. [18] Eotw éu ta olvola otipiEns Ao, A1, ..., An twv
roAvwriuwy fo, ..., fn €var ovoiddn (essential). Téte n apyixn popery tng
top1kn§ anadoipovoas R, ws mpog tny yeviki (generic) ovvdptnon avipwons
w, €lvar lon e

n
. o Vol(R)
init,(R) = const - H H Gpo
=0 R
omov to devTepo ywvouevo elvar ndvw o€ dAa ta peaxtd kehid R, tinov i, g

7 /7 z /7 /. 4
HEKTHS VTodiaipeons mov endyetal and Ty w Kai ¢; f; €val 0 CUVTEAEOTIS TOU
povowvipov ue exiétn to onueio F; € A;. H otalepd const etvar +1 1j -1.

4 4 4 4 / 4 - - Z.

[Ma xdde yevixh ouvdptnon avidwone w, 1 apyixh popey init,(R) eiva
éva axpaio govaovuuo g R. To povovupo autd avtiotoyel oty xopugn tou
rohuténov N(R) n onoia éyer unepeninedo othpiine (support hyperplane) pe
x&veto didvuopa (normal vector) to w. Av 1 w dev elvor yevixr| ouvdptnon,
t6TE M apyxh pop@y| init,(R) avuotoyel oe éva Toludvupo 1o omofo eivar
YIVOUEVO AMAAOLPOUCEHY CLUC TNUATWY PE GUVOAX G THRIENS, UTOGUVORA TwV A;
(Octdpnua 4.1 [18]). H w, o nepintwon auth eivar 1o xdleto didvuoua ot éva

’ 4 4 z ’
unepeninedo othpiEng xdnotag €dpac tou nohuténou N(R).
2 7 14 4 . 4 4

Eivou gavepd nwe yia xdde yevixr (generic) ouvdptnon avijwone w, uno-
hoyiloupe xou war xopugh (Ot anapaitnta dgopetixy) tou TOAUTETOU TOU
NelGtwva e anaholgovscoas, 1 onofo €yer xddeto didvuopa 10 w. ‘Etol 1o
vewpnua 1.2.8 pog mapéyet évav alydprpo yio 1oV UTOAOYLOUS TOU TOAUTO-
mou tou Neltwva N(R), ™G anaholQoucuC: XATAGKEVACE ONES TIC PELXTES
unodiupéoelg tou adpolopatoc Minkowski twv noluténwy tou Nedtwva twv
TOAWVOUWY TOU UG TAUATOS XAl YETOLLOTOWOVTAS T0 Vewpnua 1.2.8, utohd-
yioe ta axpaio povevupa tne arakeipovoac. To N(R) eivon 1 xupth Hxn tov
ONUEILY QUTOVY.

Kde xopugh tou N(R) nou avtistotyel oe éva axpaio povevupo e R,
€yel TOANG xdetar Stavhouota w. XenouoTowVTaS XATOL QUTY WG CUVIPTH-

7 4 4 XN 4 4

o€l avOPONG Yiol TN XATACKEVY) Wag UE TS untodiadpeong, Yo unohoyilouvye
péow tou Yewpruatog 1.2.8 ndvta 1o (B0 axpaio yovwvupo. Enopévws o no-
pandve alydprdpog eivar avanoteheoyatixds a@ol Pooiletor oTNY Anexovion
TWV UEXTOY UTODLLRECEWY 6T axpaio povovuua e R, 1 onola duwg dev etvor
1-1. Xpnowonowwvtag v 1-1 xou eni avtiotoryio TV BIALOPPOCEDY PEIXTOV

19



7, ’ 7 7 4 7
AENDY %o TWV axpal®V LOVOVOUWY UTOPOVUUE VO TPOTOTOICOUUE TOV JAYO-
ptdpo wote va unohoyiler povo xhdoelg looduvoploug uexT@y utodioupéoewy. H
AATAOEVY) QUTH avamTOOGETAL 6T0 XEQIAAO 4.

Keivoupe 1o xe@dhato autéd pe éva Yewpnua mou agopd o 614 oo ToU
rohuténou N(R).

Oedpnua 1.2.9. [I18] H tidotaon tov nodvténov tov Nevtwra N(R) tng
araloipovoas twv toAvoviuwr fi, i =0,...,n, elvaam — 2n — 1, énov m =

> iz |Ail.
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Kegpdiawo 2

Tewywvonowoelc

2.1 Ewayowyn

'Eotw A, éva menepuouévo olvoro onueiov! otov R™ xar P = conv(A), 7

xupth Ofxn tou. 'Eva dnioxo (simplex) otov R™ eivon n xupth 0fxn evéc
opornapahiniixd avedptntou (affinely independent) ouvéhou, mAndixdtnrac
n+1, n.y. évaeudiypapuo tuRpe otov R, éva tpiywvo otov R?, éva tetpdedpo
otov R3 %1\

Opwopodg 2.1.1. M tprywvonoinon 7 tou A elvon pla nenepaopévn sulhoyy
and dmhoxa 11, ..., T C P, ta kehid tng tprywvonoinomne, tétot Tou

1. dim(T;) =n, yia xdde i = 1,..., k,
3. T xdde @ # j, n T; N T ebvon wa xowy édpa (mdavde xevh) wwv T;, T;.

Mia tprywvonoinon 7 tou ouvbhou A, eivar xavovixy (regular), av vndp-
Yet wa yevx, (generic) ouvdptnon avidwone (lifting function) w : A — R,
tétow mou 1 7 va elvor 1) ool Twv GYemy Tou xdTw (100dlvapa TOU dvw)
TEPIBAAUATOC TOU GUVOROU A = {(a,w(a))|a € A} 510 conv(A). To didvuoua
w pe ouvtetaypévee 1o w(a), xoheitar didvuopa Popmv (weight vector) tne

TplYwvonolnong.

Iapatnpnon 2.1.1. M tprywvonoinon evég ocuvohou A dev elvan anapaitnto
va yenowonotel 6ha ta onpeio tou A. T mopdderypa av A C R, undpyer wa
Yenow I - PAOELYY ; PYEL Y
Tprywvornoinon tou A nou amotekeiton and éva uévo dmhoxo, 1o eviiypauuo
tuhua conv(A), xar yenoponotel pbvo ta onueio tou opilouv T dxpa Tou. Ay
wa tprywvonoinon yenotponotet 6ha to onuela oto A Yo xakeliton emxolintou-

oo (spanning).

Mo tprywvonoinor evog mohuténou P, elvan yio Tpty wvomoinoy) 1ou 6uvo-
Aou TV xopuP®y Tou. Av 10 ToAbTOoNo P elvon éva n—ywvo, t61e 0 aptiudg

1 ~ ~
To onuela tou cuvérou A dev elvor anapalTnTo OAA DLAXEXPLLEVA.
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ty, TV Tprywvonotfioewy tou eivar {og ye tov (n — 2)—octé Catalan opriud

1 < 2n — 4 >
lp=0pg=—— .
n—1\ n—2

To 6UVOAo OAWV TWV TELYWVOTOOEWY EVOS N—Y®OVOU yopuxtneiletou and
oyéoeig mou cuvdEouy ta uéAn tou. Kdle ecwtepint| axur plog tprywvonoinomng
7; Tou n—Y®OVoU, elval JLa Bty OVIOg EVOC TETpAmAEVpOL oy oynuatileton and
duo tpiywva (xehd) tne Z;. Mnopolpe adhdlovtag Ty Staydvio auth pe v
0elTERN DLy OVIO TOU TETRATAEUPOU, VO XATAOXEVACOUPE UL TELYWVOTOInoN
7; mou Bropépel T0 Aydtepo duvatd and v 7. H Swdcaoio autd xokeita
avtio tpogn axprc (edge flip).

Mnopolye enopévmg vo Yewpfooude ToV YRA®Po Tou EYEL WS XOPUPES TIC
TELYWVOTONOEIC TOU N—YWVOU Xal ©¢ aXPES TIC avTioTpogéc axpoy. O ypd-
poc xakelton ypdgpog avtiotpopov axuwyv (flip graph) twv tprywvonotfoewmy
T0U N—y®vou. Eg@dcov yio xdlde ecwTepixt| DlaydVIO TOU N—YWVOU UTAQYEL
xou ot avTIo TR QT axunc, éneton 6Tt o Badpdg Tou Ypdgou eivar 1 — 3, Snhadt
xde tprywvonoinom €yl axpiBog n —3 avtio Tpogéc axpmyv. AnodeixvieTton e0-
xoha 6Tt 0 Ypdog elvar cuVdEBEUEVOC, BNhady and onoldRTOTE TpLywvoTnoinom
umdpyEL pat axoloudia and aVTIoTEOQES axU®Y 1 onola odnyel oe onoladhToTE
GAAN: @ TprywvoToinon Tou n—y®vou xakeltar i-tumixy (i-th standard) av
xdde tpiywvo g €yel xoputh Ty i. [ xde dAAn tprywvonoinom extdg g
1-TUTUXTNC, UTEPYEL pia avTIo TpogT axurc n otoio augdvet tov Padud tng xopu-
ghc 1. Xe xde tplywvo ijk avtiotpépoupe v daywvio jk, émou ol g, k Oev
elvon Bradoyxés xopupéc. Evo napdderyyo gaivetor 6to oyrfua 2.1.

Yy 2.1: Avtiotpogéc axpody mov 0dnyoly TNy -TUmXY| TptywVoToinom.

O ypdgpog TwV TEIYWVOTOACE®Y TOU N—Y®OVOU elvor £vol TOAUTOTO BL8o Ta-
on¢ n—3 xot ovoudleton associahedron. Eivon eidixy| tepintwon wioag xatnyopiog
Yedpwy tou opilovtan yia xdde obvolo onueiwy A xou xaholvtou devtepelov-
to. tohOtona (secondary polytopes). Oo opicoupe auotned ta deutepedovta
moh0TOTA G TN GUVEYELA.

Ot tpryevonotfoeic evog ouvolou onuelwy A 610 eninedo €youv oployéveg
xahéc 116N TEC oL dLeuxorlvouy 1 pehétr toug. T'ia mapdderyua avtio totyolv
o éva oLVOEDEUEVD Ypdpo, To deutepebov mohbtono. o ohvola onueiwv o
YOPOUC PEY I TEPWY Bla0TdoEWY, axdua xat oTov R3 | tétola anotehéopata dev
oy louv. Av buws TEploplo TOUUE GTO GUVORO TWV XUVOVIXOVY TRLY WVOTOLRCEWY,
UnopolUE Vo eE8YOUUE aVAAOYA ATOTENEGUOTA.

IMo 0voha onueiowy ot ywpoug Tuyalac SL8o TAONS, N EVVOLL TNS AVTIO TPO-
PR axuhc TG Dty wViou VS TOAUY®VOL, YEVIXEVETAL OE Lol avTio oty m évvola
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’ / IN ’ 7 ’ 4 !
TomXOY UETAOY NUATIONOU Tov 0dnyel and wa tprywvornoinon 7 o€ wo GAAn 77,
OO TE Ol BUO TPLYWVOTOIOELS Vol Blapépouy To AyOTERO BuVATO.

2.2 Kuxiopata

To xatdhhnho cuVBLUC TIXG EPYUAEID VIOl VAL OPIGOUYE TOUC TOTUXOUE UETATY Y-
patiopolg wag tptywvonoinong evég cuvolou onueiwv A C R™ eivon 1o x0xhw-
po (circuit). ‘Eva xOxhopa Z eivar éva eNdyioto ogonapadnhixd eaptnuévo
(minimal affinely dependent) uvrooivoho tou A. Enopévec xdle yvioio uno-
olvolo tou Z eivar éva dnhoxo xdnolag didotaorg wixpdtepng 1 fong tou n.
Mo topdderypo éva xOxAopo TAfpous dido taong otov R elvar éva hvolo tpLodv
ouveudeloxdv onuelwy, otov R? éva ohvoro and tpla onueia xor éva tou dev
Beloxetan oTic mAeupée Tou TEryY@VOL Tou opilouy Ta umbhowma, otov R? éva
oUvolo tecodpwy onueiwy tou oynuatiCouv éva TeTpdedpo xa €va onueio o
omnolo dev avhixel o€ xdnow and ¢ dPec tou x.Th. (Bh. Lyfua 2.2). Av 1
onuelo Tou A ebvar ot yerikry 9éon?, téte éva xOxhopa evon évo UTooivoro
ou A mAndixdtnrac n + 2.

dim(Z)=1
s

A= A
N =g

LN, VA

Myfua 2.2: Kuxhdpata thfigoug didotaone otov R, R? xar R3 xot ot avtiotol-
YES TEIYWVOTOIRGEL TOUC.

dim(z)-2

Trdpyet pror povadixn (uéyptc tohhanhactaopol pe Vetind npaypatind aptd-
16) oponapalknhixt; oyéon petald Twv otoyeiwy Tou Z :

Z%z:o JE Z%:o kat v, #0, Vz € Z.
z€Z z€Z

“Eva cOvolo onueiwv otov R™ eivar oe yevixh 9éon av xdde n + 1 onuela tou eivor
opomapalhnhixd aveldptnta (Loodivaya, av éxouv xueth Ixn ddotaong n).
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IMpétaon 2.2.1. [9] Kdle kixkdowpa Z éxea akpifds dvo tprywvononjoes
Tr ={conv(Z\{z}) | 7. >0} xar 7T_ ={conv(Z\{z})|~. <0}
EmnAéoy kai o1 6vo elvar kavovikés.

Mapdderypa 2.2.1. Eotww 1o xixdopa Z = {(0,0),(1,3),(2,2),(3,—-1)}

e avtiotoryo Sdvuopa v = (—1,4+4, —5,42). Ot tprywvonotficel tou elvan ot

T, = {conv(Z\ (1,3)), conv(Z\ (3,—1))},
7 = {conv(Z\ (0,0)), conv(Z\ (2,2))}

6mwe Qaiveton xat 6To oyfua 2.3.

'y

Yo 2.3: Ot tplywvonooeic Tou xuxAopatoc Z tou napadelypotog 2.2.1.

Ou YPNOWOTOIRGOUUE T XUXADUATA YIA VO OpIGOUUE TOUS TOTXOUS UE-
TAoYNUATIOROUC OE Wla Tptywvomoinoy Tou cuvolou onueiwy A, yevixebovtog
™V dwdixacio Tou axolovifoaue oTiC TplywvoTolfoel Tohuyovey. H Baot-
x) 10€a elvon OTL UTOPOVYE VO UETAOYNUATICOUUE TOTXd Yol Tptywvonoinon 7
Tou A, emthéyovtag éva xatdhhnho xOxhopa Z tou A xou avTxoio TOVTIG TNV
Tplywvornolnon touv Z mou endyeto and v 7, ye tnv ouuuetpixh tne. Me
TOV Tp6T0 auTé TapdyoupE pa tprywvoroinon 77 n onola Sragépet to hrydtepo
duvatd and T (BA. oyfua 2.4).

O enduevoc oplopdc yapaxtneiler To XUXADUUTA TOU UG EVOLUGEPOUY.

Optowdg 2.2.1. [15] 'Eoww A C R" éva oOvoro onueiov, Z C A éva x0-
xhopa xoa T wo tprywvonoinon tou A. H 7 Ya owpiletan (supported) oo
Z av undpyouy Y7,...,Ys, utocOvoha tou A (s > 1) xou wa tprywvonoinon
T+ tou Z (n onola Yo ebvon 1y 74 1 m 7_) tétota mou:

1. T xdde xehl (Gnhady dnhoxo péylotne didotaons) I e T4 xat yio
x&e xehl J e T wyde: I CJ = (Fie{l,2,...,s}: J=Y;UI)

2. Twxdde i € {1,2,...,s} xou yro x&e xehi I tne T, woylber: Y;UI € T.

Y

‘Evoc 10000vopog adld mo SioucUntixds oplopdc elvan 0 ETOUEVOL.
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Optowdg 2.2.2. [9] 'Eotww A C R"™ éva olvoho onpeiowv, Z C A éva xOxhopa
xou T wa tprywvonoimon tou A. H 7 Yo ompiletoan (supported) oto Z av
10y 00UV TA THEAXTL:

1. Aev undpyouv xopugéc anhdxwy tne T yéoa 610 conv(Z) extoc and o
onuelo Tou Z,

2. To nolbtono conv(Z) elvan évwon edp®dv twv anhéxwy e 7T,

3. Av conv(I) xou conv(I") eivar duo xehd prog and tic duo duvatéc Tpti-
yYwvornooee tou conv(Z), tdte v xdve unoohivoho Y C A\ Z, 1o
drhoxo conv(I UY) epgaviletor otn T av xot uévo av 1o conv(l’ UY)
eupaviCetar oty 7.

Av |Z| = n+ 2, dnhadt 1 didotaor tou Z eivon n, tdte 1 ouvidixn (3) tou
Optopol 2.2.2 mpoxintet and v (2). H ouviiun (3) elvar amopaitntn oty
nepintwon mou ta onuela tou A Bev elvan oe yevixr Véor), ondte prnopolue va
€Y OUUE XUXADUOTA UxXpOTERTC OLdo Taomng and n. Av yia to A 1oy del n undieon
yvevixric V€ong, t1éte éva xixdwya Z ivar 1 évwon n 10 ToA) anhdxwyv o onola
Tépvovtar avd 800 ot wa xowvn toug 6Ym. To drhoxa autd avixouv xo TNy
avtioToyn tprywvonoinomn touv A.

T T
(@)

T T
(o)

T (€) T

Yyfuo 2.4: Tomxol yetaoynuatiopol péow evdg xuxhwuatog Z mhipoug did-
otaore (a),(b) xa wxpdtepne didotaong (c).

Av T eivor wa tprywvonoinon touv A nou otnpiletar oe éva xdxhoya Z, t161e
n T endyet o tprywvonoinon tou Z 1 onofo eivan o and ¢ 74, 7-. ‘Eotw
6t elvon m 7. Oa oupBolilouvye pe flip,(7) ) tprywvonoinoy nou naipvoupe
avtixoo TdVTag 6ha T drhoxa g popgic conv(I UY), énou conuv(I) € T4,
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e T dnhoxa g popyhc conv(I' UY), érov conv(I') € T (BA. oyfua 2.4).
Hpogavie xon 1 véa tprywvonoinon 7/ = flip (7)), wavorotel Tic ouvdfixec Tou
Optopol 2.2.2, enopévme xat auth) Yo otpiletoar 610 Z xau woybet flip,(77) =

7.

ITio avotned 1 mtapandve Sadixacio diveton and Tov ENOUEVO 0ploud.

Opwopodg 2.2.3. 'Eotww T tprywvonoinon tou A, Z C A éva xOxhwua 010
onoto otnpiletar i 7 xou Yq,..., Y, 6nwe atov Opiopd 2.2.1. Av ny T endyet
v tpryevonoinon 74 oto Z, téte n avuiotpogt axurc (bistellar flip) tne 77
010 Z elvou 0 YeTaoynuatiopos mou opiletar wg:

flipy(T) = (T\{YiUI[1<i<s, T€T )U{Y,UI[1<i<s, [€T}.

Oplowoce 2.2.4. AvJ € T, eivau éva xehl tng 7, Yo Aéyue 611 10 Z oyetileta
we to (involves) J av J & flip (7).

Av 10 Z oyetiCetar ye 1o J, téte o flipy xataotpéger 1o J xar diver ta
xehd e flip,(7) nou dev vndpyouv oty 7. H egoppoyt; tou flip, oty
Tprywvonoimon T tou A Ya pog dooet wa véa tprywvornoinon tou A. ‘Ouwg av
n 7T eivar xavovixy| (regular), dev oy et ndvta bt xou n flip 7 (77) eivan xavovix.
‘Etol yetd and xde egoapuoyr tou tehecth flip, npémer vo ehéyyouvpe v
AAVOVIXOTNTA TNS TRLYWVOTOINoNG.

2.3 Acutepeov IloAUToro

Topo propolue va oploouye 10 deutepelov TOAITONO EVOC TENEPUOUEVOU GU-
’ ’ n
vohou onueiowv A otov R™.
7 ’ 7 7 ~ 7 ~ 7
Ye xde tprywvonoinon 7 tou A avuiotoyolue éva didvuoua ¢7, 1o Bid-
vuopa 6yxwv (volume vector), nou opiletat w<:

¢7' = ((pl, cee ,g0|A‘), ©; = Z VOl(O’), (2.1)

o€T, v,Eo

OTOU TO ; LoOLTA UE TO QUPOICUA TOV OYXOY OAOY TOV JATAOXWY PEYLO TN
otdotaong o e 7 mou €Youv TO v; WS XopUYT.

Iapatipnon 2.3.1. And tov mponyoluevo oplogd mpoxUTTEL OTL ZLill w; =
(n + 1)Vol(P), érouv P = conv(A).

Optopdg 2.3.1. To deutepetov nohltono (secondary polytope) X(A), tou
ouvéhou onueiov A C R™, eivor 1o xuptd epiBinue’ tov dlavuopdtov dyxev
o1, OAWV TV Tplywvonotoewy Tou A.

*Stov xdpo R 1ov npaypatixdy ouvaptioewy pe tedio ogiopol to A.
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Iapatipnon 2.3.2. O napandve optoudc tou deutepeboviog ntohutdrou L(A)
06Unxe and toug Gel'fand, Kapranov xou Zelevinskii xou yio %dde tprywvo-
noinon 7T tou A divel tic ouvtetaypéves tne avtio totyne xopughc vy tou X(A)
péow twv davuoudtoy oyxwv. Evog StapopeTtindc ahhd 1oodivapgoc 0plopog
060nxe and touc Billera xou Sturmfels oto [2] xou neprypdget to tohitono X(A)
¢ ohoxAMpwyua Ty o TtoBddwy (fibers) tne mpofolic m 1 Ay — conv(A), 6mou
A4 ebvan éva dmhoxo pe |A] xopugéc xou 1 m elvon 1 1-1 xou entl anexbvion wwyv
x0puP®Y 0V Ay 610 A.

To 6UVOLO TV XAVOVIXGY TELY WVOTOLOEWY EVOC GUVOLou onueinvy A C R”
ouvdéetar uéow utag 1-1 xan ent avtio torylag ye TiI¢ x0puPES Tou BeuTEPElOVTOC
nolutémou X(A). Lyetxd éyouye 1o enduevo Oedpnua:

Oedpnua 2.3.1. [9] I'a kdde ovvolo onueiwr A vrdpyer éva todvtono X(A)

T€T010 TOUL:
1. H tdotaon tov X(A) eivar |[A] —n — 1.

2. O1 kopupés tov X(A) eivar o€ 1-1 kar enl avniotoiyla pe Ts Kavovikég
Tpiywrotooes tou A.

3. Avo kopugés ki, ko tov X(A) pe avtiotoiyes tprywvoromjoes Ty kar 1o,
ouvvOéovtar pe pia akpn av kai uovo av vrdpyet éva kikAowua Z C A oto
omoio otnpiletar n Ty ka1 Ty = flip,(77).

Ta Sraviouata OYX®WY U] XAVOVIX®Y TELYOVOTOOEWY 1) XAVOVIXWY UTO-
droupéoewy, avtioToryoly ot onuela 610 ecwtepxd Tou L(A) ¥ oe onuela 010
E0WTEPIXO XATOLAC £DpUC TOU.

<
‘O =

Yyfuo 2.5: Acutepedovia ToAOTORA EVOS TEVIAYOVOU X0l EVOS TETRATAEVPOU.
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Kegdhawo 3

Anapiﬂpnon TWY XOULVOVIXWYV
TELY WVOTIOLHOEWY

3.1 Teéyvaoua Cayley

7, z 4 ’ ’ 4
Onwg avagépetar 010 xepdiato 1, o unoloyiouds Tou todutdnou tou Nebtwva
e anahoipoucac evéc ouoThUNTOC TOAWVORLY fo,. .., fn € Clz1, ..., y],
pe obvola othpiEng Ag, Ar, ..., A, C Z", avdyetar 0Tov UTOAOYLOUS OAWY
TWV XAVOVIXWY AETMTOV UEXTOVY Lnodlapéoewy tou avpolopatog Minkowski
P=Py+- -+ P,, 6nou P; = conv(A4;).

Méow piag avtiotolytong, Yvoothc we téyvacpa Cayley (Cayley trick), o
UTIOAOYLOUOC OAWY TOV XAVOVIXWY AETTOV UEIXTOV UTOdLapEsEwY Tou P avdye-
TOL G TOV UTOAOYIGUO OAMY TWV XAVOVIXGDY TRLYWVOTOMOEMY EVOS VEOU GUVOAOU

C.

Opwowdg 3.1.1. Heygitevon Cayley &, twv nohuténwy P, ..., P, opiletu

e
n

C:=xk(Py,P,...,P,) = conv <U(P’ X {ez})> c R¥+L
i=0
6mou T e; eivar pla oponapoAnhixy Bdon tou R™. H idotaon tou cuvdiou
k(Py, Py, ..., P,) clvar 2n.

[Ma vo xataoxeudooupe 1o 6Ovoro C', UTOgOVUUE Vo YENOWOTOCOUE WS
oponapodAniuet, Bdon tou R™ ta Staviopata eg = (0,...,0),e; = (1,0,...,0),
ez = (0,1,0,...,0),...,e, = (0,...,0,1) € R", ondte C C R?" 4 1 dravd-
opata e, = 0,...,n tnc opdoxavovixfc Bdone tou R"L onéte C C R

H cugitevon Cayley umopel va opiotel yevixdtepa yio oOVOha onpeiev
Aq,...,Ar CR", wg el

k
Ci=r(Ar,..., Ar) = [ J(Ai x {e;}) CR" x R
=0
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7 7, 4 z 7 7 TN
To enduevo Yewpnua eyxohotd Evay 1ooUop@LoUs UETOEY TWV UEELXS Dlo-
TETAYUEVODY GUVOA®Y TWV TOAVEDRIXWY UTODLNEEcEWY Tou C' Xal TV YEXTWY
UTOdLNPECEWY TOU GUVOLOL P.

Oedpnua 3.1.1. (Téyvaoua Cayley)[9] Yrdpyea a éva mpog éva kar ent
avtiotoyia petaél twr paktor vrodiapéoewr tou adpoiopatos Minkowski
P = Py + -+ P, ka1 twr moAvedpikar vrnodwaipéoewr tov noAvténov C' =
k(Po, ..., Py). H avuotoyia avt repopiletar o€ pa avniotoyia twv kavo-
VIKQOY AETTOY UeEIKTAY vnodiaipéoewy tov P e Ti§ Kavoviké§ tprywmvono)oeis
wou C.

H 16éa tou teyvdopatog Cayley elvar 61t nalpvouye éva dnioxo otov R”
xau tonoYetolye xdle P; ndvew and xdie xopupr tou, ot €va yhpo opYoy®vio
TPOS TOV YMEO GTOV 0OTO(0 AVAXEL TO AThoX0, OTWS QaiveTon xou 610 oyfua 3.1
yio Tic mepintwoels n = 1,2. Me tov 1péno autd ot eixoves 1oy P Bploxovto
o€ TupdAANAa UTEPETINEDY GE Evay YOEO OLdc TaoTS 2n.

Pox e,

Pyx e,

€

E P,xe, P.xe,
P.xe,

Yyrfua 3.1: H 1déa tou teyvdopatog Cayley yw n = 1,2.

Av éyoupe wo xavovixtr] tprywvonoinon 7 tou ouvéhou C, unopolye va
Beolue v avtiotoyn xavovixy Aenty| ety unodwigeon tou adpolopatog
. . ’ / / n 1 .
Minkowski P, téuvovtac to C' ye tov oponapalhnhixd undyweo R x {3 —e;}

/7 N4 z 7 IN 2n ’ 7 IN /7
1) UE omolodnnote dhho urnepeninedo tou R*" nou dev elvan unepeninedo oTrpl-
&ne xdmotou and o k(F;). AxpiBéotepa, otn npmty nepintwor Bploxoupe pio
xavovixyy Aenty| Yewxty| unodialpeoy, Tou und xhipaxo adpolopatoc Minkowski
1

o b (11,17

Toa vnoovoha ¢ terywvornoinong 7 tou C mou avtiotolyoly o€ xeEMA
¢ avtiotoyng uewthg unodiaipeong S tou P, elvar olugova Ue 10 ETOUEVO
Afppa, ta drhoxa nthigoug didotaons. ‘Eva tétoo dnhoxo npénet va neptéyet
TOVAdytoToV €va onueio and xdle olvoro P; X e; yia vo TéuveTton and TOv

£ £ n 1 .

oponopahnhind undywpo R™ x {37 —5e;}.

Adppa 3.1.2. [11, Arjupa 3.2] To R elvar keAi tidotaons n pag pextig
vnodaipeons S, tov vrd kAipaxa adpoiopatos Minkowski Y %_HP, av kai
HOvo av elvar n tou1) €vos atAdkov odotaons 2n pias tptywronoinons 7 tov

C, o omolo mepiéyer tovddywtov éva onueio (aj,e;) ané kdle olvodo A; X e;.

To oyfua 3.2 anotelel éva mapdderypa egoupuoyic Tou teyvdouatog Cayley
yia éval TETRAYWVO xat €va Tplywvo.
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g f / )
x({a,b,c,d},{e,f,g}) 7 /
7 /
—_—) ! - -
a b Ly ’
. (a’o 4 // (‘D,O),’/
/ y’ /
E / /
¥ / /
d C //// /
(d,0) (c,0)

Eyfua 3.2: H egapuoyy tou teyvdopatoc Cayley ota obvoha {a,b,c,d} xu
{e 1.9}

To téyvaopa Cayley epunveteton ahyeBpxd wg e€ng: Yewpolye tic n + 1
véeg UETABANTES Yo, - - - , Yn XA XATAOXEUALOVUE TO TOAUGVUYO

f=wyofo+wnfi+- -+ ynfn

To olOvolo othpiEng tou f elvon to

A= U P; x {e;} c Z*"+1,
i=0

H Sidotaom tou ouvéhou autol eivon 2n. Oétovpe z = (x,y), N =2n+1,m =
|Ag| + -+ + |Ap| xou Yewpolye v A-Suaxpivousa Dy [9]. Téte woyder to
ENOUEVO.

IMpéaon 3.1.3. [9, lpéraon 1.3.1] H topikn} anadoipovoa R twv modvwry-
pHov fo, ..., fn 1000tar pe Ty A-dakpivovoa A 4.

3.2 O aiyodpripog anopidunong

To téyvaoua Cayley pog emtpénet va unohoyilcouue 1o mohitono tou Nebtw-
v ¢ anohoipovoag anaprinmviag GAEC TIC XAVOVIXES TRLYWVOTOLOEL EVOQ
véou ouvohou. T 10 ox0mbd AUTO UTAEYOULV UEXETEC UAOTOAOELS OTWS Ot
PUNTOS [5], TOPCOM [16] x.o.. Xpnotponolodye €vay anoTteheopotind oh-
Yopripo anapllunomng Twv XAVOVIX®Y TELYOVOTOGEWY EVOS GUVOAOU oNuelnY
C movu ogeiletar 6touc T. Masada, H. Imai, K. Imai [14],[12].
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O ahyodpripog autds yenotponotet wa teyvixy) anapidunorne tou xaAeiton ov-
tiotpogn avaltnon (reverse search) xou tpotdinxe and touc Avis xou Fukuda

1.

3.2.1 O alydpuipog tng aviictpopng avalnNinong

H avtio tpogn avalfnon eivar pa teyvixt anopidunone (xataoxeuric) ouvolov
HEYShou TARUYOUS BLoXPLTOY AVTIXEWUEVWY 1) OTOLX UELOVEL TNV XATAVIAWOT UVT}-
ung. Xt yevixr e pop@y), unopet vo Yewpnlel we 1 eZepelbvron evog 6évipou
emxdhudng, tou dévipou avtiotpogne avalAtong, evéc ypdgou G = (V, E)
0L onolou Tig xopupéc Yéhoupe va anapriufoovue. Ot axpés Tou Ypdpou xo-
Yopilovtan and wa oyéon yerrvioong Adj. Or axyéc tou dévipou avtiotpopng
avalhnong, xadopilovtar and wa fondntixn cuvdptnon. H ocuvdptnon auth
uropel va Vewpnlel wg uta tomixy| ouvdptnor avalitnong f oe éva npoBinua
Behuotomoinong mou opiletar 610 clvolo TV xopup®y Tou G. Trdpyet étol
wa xopuyr v* tou G 1 onola eivar Béhtiotn. Aladoyixéc eQoppoyEg g ou-
vaptnong f oe xdlde G xopuen v, tapdyouv éva povadixd LovordTL and TNV
votn vt

Ioodvapa, ot axpéc tou dévtpou avtiotpogne avalhtnone xadopilovto
optlovtag wa olx) oyéon Sudtadng < TV x0pUPKY Tou yedgou. Lo xdie
x0pu@h v, emAéyoupe and OAeC TiC YEITOVIXEC NS, TV xopu@h v/ mou eivor
<-péyotn. 'Etol napdyeton évo govondtt and v o1 v*.

To 6Ovolo OAwV auTOY TwV govoratny opllel xou to 8évipo avtiotpopng
avalhtnong.

H ouvdptnon f (n didtadn <) opilet 610 6Uvolo twv xopupey tou G ua
oyéon yovéa - mawdol (emnAiéov tne oyéone yerrvioone), n onolo BeATidVEL
N YW1 TOAUTAOXOTNTA CUYXEITIXA UE GAReS uevddoug anapiiunong onwe 1)
avalhtnon xatd Bddoc xar xatd tAdtoc (Depth-search-first (DFS), Breadth-
search-first (BFS)).

H avtiotpogn avalhtnorn Zexwd and tn BEATIo Ty xopuph v* xat xatd v
Otdpxeld e uévo ot axpéc tou Bévipou aviicTpopne avalitnong dtatpéyov-
tou. Kde gopd mov anapriueitar ma xopugt, autr divetoar otny €060 xau Oev
anoVnxeveton yrott 1 xopuph auth unopel vor avaxtniel yéow e f (Héow e
<) xat emnhéov UnopolUE Vo PTEoOUUE 08 aUTh péow evéc pbVo puovoratiol.
Auto €yer onuavtid ogéhn o1 yweix’, TOAUVTAOXSTNTA TOU ohybpLriuou.

[Mo v egapuoyy g aviiotpogng avalhtnomng, Teénet o Ypd@og TIC X0pu-
péc tou onolov Va anapriuncovpe, va elvor cuvdedeuévos xon va Yvwpilouvpe
€va v gedyua 0 oto uéyioto Badud twv xopugny tou. H oyéon yerrviaong
TEENEL VoL TPy EL GELPLAXE OAOUG TOUS YEITOVESC Xd¥E X0opuPHc Ywplc ENAVAAT-
Peig.

O endpevoc opiopde xadopllel TOTE UNOROVUE Vo EQUPUOCOUVUE TNV AVTi-
o tpogn avalhtno.

Ogwopoc 3.2.1. To (S,d, Adj, f) elvar o doury avtiotpogne avalhtnone av

xovornoLel T ENOUEVAL:
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1. To S elvon éva menepacuévo ohvolo xar To § efvan évag Quoxdg apriude,
2. Adj : S x{1,...,6} — SuU{0}

3. T xde xopueh v tou ypdgou xot yioo xdde ¢ = 1,...,9, n Adj(v,1)
elvol ol YEITOVIXTH X0puUQT TG ¥ 1 TO Undéy,

4. Av yio xdmotar xopugh v xou 1,5 < d woyder Adj(v,i) = Adj(v,j) # 0,
10TE 1 = J,

5. T xdde xopupy| v, 10 {Adj(v,7)|Adj(v,i) # 0,1 < i < &} eivar 0
oUVOAO OAWY TV YELTOVIXMY XOPUYPWY TNG U,

6. H f : S — S elvu 1 ouvdptnon nou divel tov yovéa piog xopugig,
f(v) =v 1 f(v) = Adj(v,i), yio xdnoto i,

7. Yrdpyer wo povader, xopugt| 1 (1 pila tou dévtpou), tétota nou f(r) =
r. Do xdde dhhn xopuer v, undpyet évag uods apudg k Tétolog mou

f) (v) =r.

To theovexthpata e pedddou avtiotpogne avalitnone eivar to eZhc: (1)
elvan evalodny €€660u (output sensitive), enouévws 1 ypovixh tohuthoxbtntd
e ebvar avdhoyn tou peyédouc tng e€60ou enl €va mohuwvupo oto péyedog
¢ el06d0u xou (ii) N ywexh TOAUTAOXETNTE TN ElvaL TOANUGVUUIXT WS TEOS
10 péyedoc tng €16680L.

Oevpnua 3.2.1. [I] Av wavorowlvtar o1 tapandve tpoinodéoer, téte n
xpovikn toAvtdokdtnta tng avtiotpopns avalnTnons etvar O(6 - (time(Adj)
+time(f)) - |S]), drov time(Ady), time(f) eivar o1 ypovikés noAvmdoxdTntes
s oxéons Adj kar tng ovvdptnons f avtiotorya. H puvrun mov ararceitar
etvar oimAdona tov peyéfovs €vos avtikeyuévov tov auvddov S.

b d b d

(i) (ii) (iii)
Eyfua 3.3: Iopdderypa egaguoyhic e aviiotpogng avalAtnong oto 6UVoho
onueiwv S = {a,b,c,d,r}: (i) o ypdyoc yerrviaone twv onueinv tou S, (ii)

ol oyéoewc yovéa - toudol mou opilet 1 ouvdptnon avalhtnone f xa (iii) to
dévtpo avtiotpogng avalftnong.
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3.2.2 Ilepuypopn tou alyopiduou anopldunong twv xo-
VOVIX®VY TELYWVOTOLACEWY

Oa meprypdhoupe T Baocixd onueio Tou ahydprluou anapliunong Twv XaAVovIX®OY
Tprywvonomoewy Ye yeRon aviiotpopne avalftnone mou diveton ota [14, 12].

O ahydbprdyoc nou meprypdgetar oto [12], yenowonotel wo tapodhayr ne
Baowrc Sopric avtiotpogne avalitnong violetdvtag Wio ohixy) oyéorn didtang
oto abvoho S.

Optopdg 3.2.2. To (S5,d, Adj, <) eivar wo dopr avtictpogng avalitnong
HE oA SLETAn OV IXAVOTOLEL TOL EXOUEVAL

1. To (S,d, Adj) wavorotel Tic ouvifixec (1) - (5) tou optopol 3.2.1,
2. 1 < ebvan wa o) oyéon didtagng oto S,

3. To povadix6 ctoyeio r € S nou ixavonoLel Ty
maz< ({v € S|Fiv=Adj(r,i)} U{r}) = r, ebva 10 péyioto wc mpog
v < ototyelo tou S.

‘Eoto ta obvoha othpine Ao, A1,..., A C R" xu C = {v1,..., 0},
érou m = |Ap| + ... + |Ay|, To olvoko mou naipvoupe e Ty egopuoyy Tou
teyvaopatog Cayley. H 8idotaon tou cuvorou C eivon d 1= 2n.

Ye xdde tprywvornoinon 7 tou C avtictoyel éva didvuopa Oyxwy ¢ =
(@153 Pm), OMOU i = Y A 4.cp VOU(O) (BN oyéon (2.1), 0.26). Awatdo-
GOUPE OMXd Tar BlavioUATA GYXWY OAWV TV Tprywvonoioewy tou C' ypnot-
womoidvtac T AeZixoypaoneh didtagnt. To deutepelov nolltoro X(C) tou C
efva 10 xupT6 TEPiBAnua TwVv dSravuopdtoy autdv (BA. evétnta 2.3).

Or axpéc tou X(C) avtiotoryolv o€ avTio TPoPES axp®Y Tévw O XATOLo
xOxdopo Tou C. Av oyler 1 unddeon yevixric Véong, TOTE T XUXAGUATA
elvon oOvola and d + 2 onueia mtou oynuatilouv drhoxa ta onola Téuvovioal o€
wa xowt| toug o, Ilopatnpolue ot dha ta xuxhdpata €youv xupTh VHx
dtdoTaong d.

To enbpevo Afupa npoxdnter and to upper bound theorem (McMullen).

Afppa 3.2.2. [12, Ajupa 10] Av Gewprioovpe atadepri tn oidotaon d, tére
0 ap1u6s twv atAékwy idotaons d kar o epruds twv atAdkwy kdle Oidotaong
o€ e tprywvoroinon T wov C, elvar s4 = O(ml%J) Kar s = O(mL%J),
avtiotoya.

H Sour avtiotpogne avalftnong yia 1o mpofinua tne anapiiunonc 6Awv
OV XAVOVIXGV Tptywvonotioewy tou ouvbrou C eivar 1 (R, 6, Adj, <), bdnou
R eivon 10 00voho dhwv TV xavovixdv tprywvonotfioewy tou C, 6 = O(ds)
elvon 0 PéyioToc apriuds YEITOVIXWY TP WVOTOoE®Y (100d0vaud, 0 UEYLoTog
apripdg xuxhwudtoy ota onofa uropel va otnpileton wa Tprywvonoinom, BA.

VEva dudvuoua (21,...,Tm) evor pixpdteco Aefixoypaoxd omd  éva didvucua
yeees potep Ye
(Y1, -y Ym), v Yo xdmowo i, 1 <7 < moyler z; < y; xou x; = y; yro x3d9e j < i.
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7 ’ 7 4 4 4 7 /
nopayVel and v T pe avtio tpo@r axuric oe xdmoto xOxhwpa) xou < 1 OAXT
4 4 4 SO ’
O1dTaE N TWV TPLYWVOTOWoEWY TTou endyel 1 Aedixoypapixy| Sidtaln twv avti-
OTOY WY BIAVUCUATOY OYXOY.

tapaxdtw), Adj(T,i) =(n i-ooth xavovixh tprywvonoinon 1 onola unopel vo

Ta anopaltnta oToLyElN WIS TRLYWVOTOINGNEC AVATOQRIo TOVTOL ON6 TIC TOPO-
XATe Oopéc:

o '‘Anhoxa. Ta onueia tov C elvar oe yeviki) 9éon. Kdde dnhoxo (xehl)
7 2 4 7 7 ’
wag tprywvonoinong 7 tou C, elvar éva obvoro and d + 1 onuelo xou
avanapiotatar Yewpntuxd and To SLIVUOUL TWV DEXTMY TWV XORUPKYV
Ié ’ ’ 7 z 4 7

tou. Kdie tprywvonoinorn avanopio taton and éva ypdpo ye xéuBouc ta
drhoxd tng xou axpés Ti¢ xovég Toug Odelc. O xowvég deic Twv anhdoxwmy
avamoplo To0Y TIC OYECEIC TPOOTTWOTC UETAZ) TOUC.

Kée xowr) tétota 6dn eivar éva dmhoxo d onueiwy xou Tny avanaplo ToUuEe
UE Tat Buo onueid TV BUO TEUVOUEV®Y ATAOXWY TOU DEV AVAXOLY G TNV
- , d+1
6y auth. H Sopr) auth yeetdleton O(dsq) ydpo, énou sq = O(mL 2 J)
elvon 0 péyiotog aptpdg anhéxwy dido taomg d Ot io TPy wVoToinoy tou

C.

Ta onueta tov C dev elvar o€ yevik) Oéon. Xtn neplntworn auth tpénet
va dratnpolye o dmhoxa xdle didotaonc. Autd yivetar dratnpdviog
Yo xde Tprywvomoinon, o Yepxme SlateTayhévo (e Tpog TV oyéon
C) obdvoho twv edpodv e (face poset). O ywpoc nov arnouteiton eivon
O(ds), 6mou s eivor o péyiotog apriudc anhdxwy xdde didotaong oty
Tprywvonoinon (to péyedoc tou face poset).

o Kuxiopata. Ta onueia tov C elvar o€ yeviin) éon. Awtnpolue dha
To XUXAGUaT Tou xavorowly Tic ouvixes (1) xon (2) tou Optopod
2.2.2. Ané v undieon yevixrc Véong Enetar 6Tt éva xOxhwyua elvon €va
oOvoho and d+ 2 onpeio, to onola Yewpolyue SlaTETAYUEVA 1OC TEOS TOUG
oeixteg Toug. To ohvolo Ghwv TwV xuXhwUdTwY avanapio Tator VewenTi-
%8 and Wior Mo To TV TUPATAVE GUVOAWY oTUelomy dtatetayuévn Aelixo-
yeagixd. H xupth V¥xn evog xuxhopoatog anoteleiton and 1o tohd d+ 1
GmAOoXO XU TEAXTIXA AVUTUPLO TOVUE €va XOXAOUO UE To GTAOXO AUTA.
O apripédc v xuxhepdtov eivar O(dsg) xot 1 napandve avanapdo o
toug anoutel O(dsq) ydpo.

Ta onueta tov C dev elvar ve yerkn Véon. Tia xdde tprywvonoinon
7 tou C datnpolyue Gha ta xuxhopota e didotaor (tne xupthc Toug
Wxne) k, yro 1 < k < d, ot onola otnpiletan np 7. Lty nepintwon
QUTYH TO XUXADPATA TOU DIATNPOVUE TEENEL VA IXAVOTIOLOUY ETUTAEOV %ol
™ ouviixyn (3) tou Opiopol 2.2.2. "Eva xdxhwpa didotaone k elvo
éva oOvolo and k + 2 onuelo xou 1 xvpth 1xn Tou anoteAeitar and To
okl k + 1 dmhoxa didotaong k. Avanapiotodue xdie tétolo xOxhwyua
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HEow TV amhdxwy autodv. O apriuds v xuxheudtwy eivar O(ds) xo
1 Topandve avanapdo taon toug arnatel O(ds) ybpo.

o Ataviopata 6yxwv. o xdde tprywvonoinon 7 tou C, dwtnpolye
XL T0 avtioTotyo Sidvuoua OYXwV ¢7.

Metd and xdile epopuoy| plag avTtio Tpoghc axpng teénel va yiveton evnué-
PWON TV doU®Y auT®yv. Autd yivetow avolutixd we eghg:

e 'Anhoxa. Ta onueia tov C etvar o€ yeviin) Uéon. Xperdletan va €youpe
TO PEEIXWS DLOTETAYUEVO GUVONO WoVO Twv d xou d — 1 anhoxmy xou auto
yivetar o€ ypbvo O(dsy).

Ta onuefa tov C' dev eivar oe yevikny Oéon. Ilpéner va evnuepdvoupe
TO UEPIXWS OLATETAYUEVO GUVORO TV E0p®Y Wag Tptywvonoinong. Autd
yivetaw o ypbvo O(ds).

e Kuxdhopata. Ta onueia tov C efvar o€ yeviij 9éon. To nohl d? xu-
xhopato Sty pdgovion 1} tpoo tidevtar 6N Mo ta, Buo XUXAOUATE CUYXPEL-
vovtal g tpog ) Aedixoypagixy dtdtaln oe ypbvo O(d) xa ot cuviiixeg
tou Optopon 2.2.2 ehéyyovion oe O(d?) yia xéde xOxhopa eréyyoviac
Toug Yeltoveg Tou. Enouévwg n avavéworn tng dourc mou avamaplo td T
xuxhGpata Yiveta o ypévo O(d%sy).

Ta onueta tov C dev elvar oe yevikn Uéon. Ye xdde avtiotpopt axunc,
10 oA (d+1)s xuxhdpota tou anotehovvia and neploodepa ToU EVOC
drhoxa draypdgoviar 1 tpootilevioan ot Mota. O unohoylopds twv
xALRITOV autey Yivetu ot ypévo O(dls). O éheyyoc 1wV ouvinuody
tou Opiopol 2.2.2 oe O(ds) yia xdde xdxdopa. Yrdpyouv 1o Tohd m
XUXAOUATA TOU amoTEAODVTOL antd EVa TAOXO X0 O UTOAOYIOWOS TOUG
Yiveta og ypévo O(d*sm). Enopévec 1 Sopf Yo 1o xuxhdpata uropel
va avavewel ot ypévo O(d1s?).

o Awavlopata 0yxwv. O unohoylopdc tou dyxou evog ankoéxou yi-
veta o€ ypévo O(d?), enopévwc o utoloyiopdc Tou Blaviopatoc Gy xwy
wog Tprywvoroinong yiveta oe ypdvo O(d®s).

H tprywvonoinon nou unohoyiletar Ue eQapUoyy| Wag avTio TROQRS oaxXuhc
UmOpEl var unv elvor xovovixt| dpo 8ev Var avTio Totyel 6 VEX X0pUQT TOU BEUTE-
pedovtog mohutonou. Enouéveg npénet va yiveton éAeyyog xavovixdtntag yio
xde véa tprywvonoinor. Autd unopel va yivel ye enthuon evog mpoBhiuatog
Yeopuxol npoypoappatiopol ot ypévo O(LP(m—d—1,s)) av dev oy bet n und-
VYeon yevinhc Véone (Ipdtaon 15, [12]) xa o ypbvo (O(LP(m —d —1,dsg))
av oylel (Oedpnua 3, [14]), énou pe LP(p, q) oupPoriloupe to ypbvo enilv-
om¢ eVOC TEOBAUATOSC YRAUUXOU TEOYPUUUATIONO) ¢ QUG TNEOY AVIOWOEWY GE
p peTaPBAnTéS.

O ahydpripoc yeewdletar pio apyixy Terywvonoimon yio va Eexwviioet. Emi-
Aéyoude TNV Tplywvonoinon e 1o UeYahOTERO Aedixoypapixd didvuoud OYxmy.
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Avt uropel va unoloytotel and onowdhnote G Tprywvonoinon (v omof-
o XATAOXEVELETAL YENOWOTOIOVTAC XATIMNANAY - YeEvixY) (generic) ouvdptnom
aviwone) petacynuatilovide v egapudlovtog dradoyixés avtio Tpopés ax-
LV ToU 00NYOUY OE TRLYWVOTOINGELS UE ONOEVA UEYAADTERY DlavOOUATA OYXOV.
O ypdvog mou yperdletar Yior aUTH TN XATACKELT| elvon apeAnTtéog o oUYXEION
UE TOV GUVOAIXO YpbVo Tou alybpripou anapidunons.

YuvodiCovtag ta mapandve, £Youpe To ETOPEVA VEMEHUOTAL.

Oedpnua 3.2.3. [14, Ocdpnua 4] Av ta onueia tov C elvar o€ pevikrj
Uéon, n doun mov opioape emzpéner Ty anapiunon twy Kavovikwy Tprywvo-
norjoewr tov owdlov C' ue avtiotpoyn avalnitnon oe xpévo O(dsqLP(m —
d—1,dsq)|R|) ka1 xdpo O(dsg).

Oedpnua 3.2.4. [12, Ocdpnua 13] Av ta onueia tov C dev eivar o€ pevikrj
Uéon, n doun mov opiloape emzpéner Ty anapiunon twy Kavovikwy Tprywvo-
romjoewy tov aurdlov C e avtiotpogn avaliitnon oe xpévo O(d*s*LP(m —
d—1,s)|R|) ka1 ydpo O(ds).
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Kegpdiawo 4

Amapldunon twv
OLOUOPPWCEWY UELXTWYV
HEALWDV

4.1 Ewaywyn

Méow tou ahydpripou avtiotpogne avalitnone tou xegohaiou 3 xat Tou Te-
yvéopatoc Cayley (Oedpnua 3.1.1), unopolue va anapdpfioouvge OheC TiC
(xavovixéc hemtéc) pewtéc unodumpéoec tou avpoiopatoc Minkowski P =
Po+ ...+ Py, 6nouv P; = conv(4;). Enopévec pnopolye péow tou Oewpt-
potog 1.2.8, va unohoyioouye tic xopugéc tou nokuténou tou Nebtwva N(R)
¢ anoholpoucag R tng ovoikdous owxoyévelag ouvohwy othglene Ao, ..., Ay
(BX. Oplopd 1.2.7).

Ot xopugéc Tou moAutémou tou Nebtwva g analoipovcag eivar o 1 — 1
avTioTotylo UE TIC DIAUOPPOOELS PEIXTWV XEALMDY, dNAADY UE TIC XAAOEK LOO-
duvapiog TV gexTtOv unodpéoewy (BA. xou oydhio YeTd and to0 Oewpnua
1.2.8). Xty mpdln 1o nhidoc TV SLIpop@OoE®Y UEXTOY XEAOV efvar TOAD
wxpodtepo and 1o mAfloc Twv UeET®yY unodupéocwy tou P. Enouéves, av
EVOLIPEQOUAOTE YA TOV UTOAOYIOUS TOU ToAUTOTOL Tou Nebtwva tng analoi-
pouoag, Yo mEENEL Vo UTOAOYICOUUE UOVO TIC DIOUOPPOOEIC YEIXTOV XEALDY.
Auté onpaiver 611 dev mpénel Vo anapliuooUPE OAES TIC XAVOVIXES TELYWVO-
nothoeic tou ouvohou C = k(Fo, ..., P,), ahk& ubvo doec avtiotoryody oTic
OIUUOPPOTELS UELXTOV XENLDV.

IMo 1o oxond autd npoteivoupe v Tpononoinon tou alydprpou anopiv-
UNONS TWV XAVOVIXWY TELYWVOTOACE®Y TOU XEPuAaiov 3, wote va anoptiuet
AAVOVIXES TPLYWVOTOIRGELS TTOU avTIo ToLy oLy, uéow tou teyvdouatog Cayley,
ot drapopproels Yetwy xehwv. H tpononoinoy agopd ctov evioniogd twv
XUXALUATWY Piog Tprywvonomong 7, o ta onolo 1) eQapuoy Y| avTio Tpo@nic axuhic
Yo odnyfoet ot wa véa tprywvornoinon 77, n onola avtiotowyel o véa daudp-
POLOY) UELXTOV XENLDY.
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Oewpolye ta toAudvuud fo, ... fr € C" pe avtiotoya tohltona tou Ned-
va Py, ..., P, xatny exéva toug C = K (P, ..., P,) péow e eppiteuong
Cayley k. 'Eotww d = 2n 7 8dotaon tou 6uvokou autol. Mia peixth utodiol-
peon S tou cuvdhou P = Py +...+ P, Yo avtio toiyel u€ow tou TeyvVIoUaTog
Cayley oe xdnowo xavovixr tprywvonoinon 7 tou cuvélou C. Egdoov 1 ey-
pUtevon Cayley etvon 1-1 xou enl, Vo Mye 6t t0 £ =Zg+ -+ 2y, Z; CF;
elvar éva xOxhopa e S, av 10 K(Z) = k(Zo,...,Zy), civon éva xOxhwpo
me 7. H avuotpogh axprc oe éva xOxhwua Z C S, eivar 1 avtiotpopy| ax-
whc oto xixhwpa K(Z). Ta euxohio, av dev undpyel xivduvoe olyyvone, Yo
ouuBohiiloupe ta Z xa K(Z) pe to (B0 didvuopa (Zo, ..., Zy) xou o oup-
pealoueva Yo xavopilouv av avagepduacte o€ vnoobvoho e S % e 7.
Téhog, Yo avanapiototye xdde 6OVONO Z; Ue T0 GUVOAO TV XOPUPKOY TOU S
Zi = {21,y 2z}, OTOU 25, € vert(Z;) C Py 1) zj; € vert(Z;) C P; X e,
aAVIAOY oL AV AVAPEPOUACTE 610 xUxhwpa TN S 1 g 7T avticTouyo.

Oupilouue 611 xde xehl Tng Tprywvonoinong 7 elvon éva dmhoxo SLdo Taomg
d, To onolo clugwva pe 1o Adupa 3.1.2, avuotowyel oe éva xehi Sidotaong n
¢ UewTthc unodiadpeorg S tou P.

Ou hpe 6Tt 10 xUxhwua Z e T oyetiletar pe peikto keAl, ov uTdpy et XEAL
I tng T xoun pextd xehil R = Fy + -+ + F,, g S, dote 10 Z va oyetileta
(Optopdc 2.2.4) pe to I xa emnhéov I = k(Fy, ..., Fy,), dnhadh to I eivou
exova touv R péow tng epgitevong Cayley.

‘Onwe xon pe to xuxdopata, Yo cupBorilovpe xdde yewtéd xehi R tng S
xou TNy exdva tou K(R) e 7, pe 1o do didvuopa (Fo, ..., Fy).

Zntdpe o xuxhopata Z tng 7 ta onola oyetilovton ye petxtd xehid. H
EQUPUOY T, AVTIO TEOPNEC axpnc O€ €val TETOL0 XOXALP Vol XATAC TREPEL TOL YELXTY
xeMd g S pe ta omofa oyetiCeton xon Vo Bivel véa.

4.2 H 6w nepintwon tng yevixng Yéong

‘Eotw 6t yio 1o onpeio tou C oyler n vrdleon yerviiiis Uéong, dnhady xdie
d+1 onueia tou €youy xupth Vxn Bidotaong d. Ané tnv unddeon autr éneto
ot xde xOxhwpa pag Tprywvonoinong 7 tou C elvon 1 xuptyh U7xn 6180 Taong
d, d+ 2 oponaparnhixd aveldptnToV onueiny, SNAAdY UTdEYOLY XUXAGBUAT
novo mhfpoug Sdotaorne. Kdde xixhwuo anotereiton and 1o noAd d dmhoxa,
0 xoéva didotaong d. H tour, xdie (edyoug and ta dmhoxa autd, eivor uia
xowy| 6gm toug, dnhady) éva dnhoxo didotaorne d — 1.

Oewpolye 10 xOxhwua Z e tprywvonoinong 7 tou cuvéhou C. Adyw
e undleone yevixhc Véong xar tou Aduuotoc 3.1.2, to xOxhwya Z elvou
évoon 10 tohd d anhéxwv e T, e poppic k(R;) = k(Fo,..., Fiy), 6tou
PiOF;#0xuwRi=F o+ -+ Fp yoo i =1,...,d, eivoau éva xehi tne
avtioToyng pewxthg urodialpeong S.

IMo va oyetiletoan 10 Z ye éva ueixtd xehl, Yo mpénel TouAdylotov éva and
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oo xeMd R; va elvon petxtd xehl tne vnodwipeone S. Anhady Yo mpéner va
undpyouv guowxol p,q, 0 <p <nxm 0 <q<d, dote va toylet

dim(Fy;) =1 ye i # p kaw dim(Fyp) =0, ()

xan enouéveg 1o Ry etvar Minkowski dllpotopa n axpcdv xon uiog xopugpig.

And o mopandve tpoxtntel 6T yio vor anoptduel o alydprdpog Tou xeqo-
Aaou 3, DIUOPPHOOELS UEIXTWY XEALMDVY, TRETEL VO DLATNREOVUE antd 10 6UVORO TwV
XUXAOUATWY LIAC TRLYWVOTOINoNS, WOVO Tol XUXAGDUATA To OTOLo IXAVOTIOL0Y 1,
napandve ouvirhxn. Kdde xOxhopa avanapiotaton and tn Ao ta twv anhdoxemy
mou 1o anoteholy. Enouévec ehéyyovtac now and autd ta dnhoxa oyetilovio
HE xdmolo UE T el xou SlorypdpovTag T UTOAOLTA, UTOPOVUE VA BLATTPOUYE
€V UTERGUVOLO TV XUXAOUATWY GTa oTtolol 1 avTio TpogY| axuhc Yo dWoEL uia
TELYWVOTOINOT TOU OVTIOTOLYEL OE VEX SLOpQWOT UEXTWY XEALDY.
Iapatipnon 4.2.1. Av yio xde xOxhoya, 0 EAEYYOC av 1) TPIYwVoToinoT oTr-
piletar oe autd (Optoude 2.2.2), mponyeitar tou eléyyou e ouvirxne (X),
ToTE BratnEolUE axpLBKOS T0 GUVOLO TV XUXAWUATOY, 6 Ta OTolo 1 AV TIo TPOYN
oxphic odnyel o VEo SLopdp@WoTn UEXT®Y XEAOV. AlQopeTixd, av o EAey-
yo< e ouvifixne (X) mponyeiton tou eréyyou v ouvinxov tou Optopol
2.2.2, t61e Bratnpolye éva LTEPGUVONO TV XATIAANAWY XUXALPAT®Y. Autd
oupPaiver yioti wa tprywvonoinon unogel va pnv otnpileton o xdnow and o
xUXAOUATA TOU XavoTotoly T cuviixy (X).

Ané 1 unddeon yevixrc Véorng émeton Ot Yo xdle uextéd xehl R thnou
p,pue R=3"" Fj;, 6nou Fj; C P;, wylet [vert(Fj;)| = 2 yio xdde i # p xau
lvert(Fjp)| = 1. Enogévewc o éheyyoc e ouvifixne (2) yio éva xixhwyo Z
mou anoteheitan and 1o dnhoxa k(R;) = k(Fjo,...,Fjn), j < d, ouviotata
oV ebpeon TouldyloTov evoe amhdxou Y To omolo ta civola vert(Fj ;)
€youv TIC xaTdAANAeg TANixdTNTES.

IMapdderypa 4.2.1. Ocwpolye dti toylel 1 unddeor yevixrg Véong xat n =
1. Toéte éyoupe ta Tohudvupa fo = co12% + cogxb, fi = cra2¢+ cl,gazd €
Clz], 6mou ot ¢; 5 elvon yevixol ouvtekeotéc. Ta moldtona tou Nebtwva twv
ToAWVOPLV eivor ta evdlypapua tphpata Py = [a,b], xa P = [¢,d]. Ané
Vv undieon yevixhg Véong, xde toludvupo mpénet va teptéyet axplBag 600
wovavopa. Ta odvoha P = Py + Py xau C = k(Py, P1) C R? palvovTtol 610
oyfua 4.1.

To C elvar éva xOxhwpo xar emouéveng €yel axplBng V0 TplYWVOTOOELS
71,75 6nws oto oyfpa. Ot avtiotolyec yextés unodlupéoelc Tou adpolopatog
Minkowski P, efvar o1 Sy, S2 ot onoleg uvnohoyiloviar we e€hc:

INo v tprywvornoinon 7;:

e To xehi T11 = ({(a,0),(b,0)},{(c,1)}) e 77, avtiotoyel oto xehi

Ri1 = ({a,b},{c}) = (a,b) + ¢, t0 onoio eivar pexté tonov 1.

e To xehi T2 = ({(b,0)},{(c,1),(d,1)}) e 77, avuotoryel oto xehi
Ry 2 = ({b},{c,d}) = b+ (c,d), 1o onoio eivar pextd tonou 0.
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[No v tprywvornoinon 7a:

e To xehi Th1 = ({(a,0)},{(c,1),(d,0)}) e T2, avtiotoyel ot0 xehi
Ry1 = ({a},{c,d}) = a+ (¢, d), 1o onofo eivar pextd tonou 0.

e To xeM Tho = ({(a,0),(b,0)},{(d,1)}) e T, avuotoyel oto el
Ry = ({a,b},{d}) = (a,b) + d, 0 onoio eivor petxtd tinou 1.

To xOxhopa C ixavonotel m ouviixn (X) yiatl xd0e dnhoxo nov avixel o€
onoladNnoTe and T 5V0 TELYWVOTOGELS ToV, oYeTI{eTon YE EVa UEIXTO XEAL TNC
avtiotoyne uewtig unodiaipeong tou P. Emniéov noapatnpolue 61l to dmhoxa
Tou xuxhopatog C' éyouy draviopata Thntixothtoy e woperc (2,1) 1 (1,2)
xat ETOUEVKS 0 ahybpripoc anapidunone Yo eQupudoel avTio Tpopt axunc 610
2OXAOUOL AUTO.

‘Eotww 6t ot exdétec twv nohuvwvigey fo, f1 €xouv tic tipéc a = 0,b =
3,¢c=5,d =0. Ou unohoyioovye 10 nohltono g anohoigoucac N(R) wwv
TOAWVOUWY AUTOV YENotLoTolOvVTaS T0 Oewpnua 1.2.8.

Ta Sraviopota 6yxey twv tprynvonooewy 71 xo Tz tou cuvolou C eivor
o ¢, = (4,1.5,4,2.5) xu ¢, = (1.5,4,2.5,4). To deutepedov nolltono
elvoar to euvdlypauuo tphua e dxpa ta onueio autd. Ta yewtd xehid twv
avtio Toly ey YExTOY utodioupéoewy S, So tou cuvolouv P = Py + P, elvon o
{0+(0,5)}, {54+ (0,3)} xou {0+ (0,3)} ,{3+4(0,5)}.

Egopudlovtac 10 Oewpnua 1.2.8 unohoyilovye ta axpola HOVEVLUA TNC
amehelpoVoAC TOU CUGTALATOC TWY BVO TORVWVIULY CJyCly, €O C3; TOU aAVTL-
ooy o0V oI duo xopugéc Tou ntohutdrou tou Nebtwva N(R): v1 = (5,0,3,0)
vy = (0,5,0,3). H anahoigouca twv fo, fi eivor 1o tohudvLLo R = gyl —

Y

5 3
€111+

p C=x(P,.P)
! P,+P,
a e—— = p
¢ d ate bd D
Pl
(a,0) (b,0)
s, T, '
U
ate bt+c b+d © @
(a,0) (b.,0)
Sz Tz h
atc a+d b+d @D @n

Yyfuo 4.1: H nepintwon 600 mohuwviuwy o wio petoAnts xdtw and v
unddeon yevixric Véore.
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4.3 H yevixn neplntwon

Yy evotnta auth avoupolpe Ty unddeon yevixhc Véonc. Av yia 10 6Uvoho
C dev oyler n unddeon yevixrg Véong, 16t o wa tprywvonoinon 7 tou C,
umopel var umtdipyouy xuxhwuata xdide ddotaons k = 1,...,d. Enouéves yio
xdde tétolo xixAwya 6o onolo otnpileton N 7T, TEéneL Vo EAEYYOUUE oV AUTO
oyetiCetan ye évo pextd xehl.

Ocewpolpe ua tprywvonoinon 7 tou C xot éva xOxhwpo Z = (Zy, ..., Zy)
didotaonc k < d oto onolo otnptleton vy 7. H 7T endyer pa tprywvonoinon
T|Z wou Z v onoio eivon ot and 1 7-, 7. 'Eow Xi,..., Xj t dnloxa
didotaone k tne T|Z. Agob n T owpiletn ot0 Z, and tov opopd 2.2.2
éneton 611 xde dnhoxo X; elvon k-€dpa xdnolou anhdxou U;, Sdotaong d, tng
7. Emniéov undpyouv obvoha Yi,..., Y, C C'\ Z, pe xupth 0¥xn Sido taong
d—k—1,dote U = conv(X; UY;). Avk=dt6te Y; = 0 xu U; = X

To Z eivoun 0 xupth Ixn k + 2 onuelov ta onola eivar oponapadAniixd
eCaptnuéva, eved xdle dmhoxo X;, (édpa tou U;) eivon m xupth Ofun k + 1
opomapahhniixd aveldotntoy onueiwyv. Enopévwg to xbxhwua Z eivar 1 xupti
Ufxn tov k+1 onueiwy evog anhdxou X; xon evog onueiou ¢ mou avixel 61o (1o
k-81d6tato unepeninedo pe 1o X; ahhd oyt 610 ovvoho twv xopugdv vert(U;)
tou U;. 'Etot éyoupe dellet 1o enduevo Afupa.

Adqupa 4.3.1. Av T elvar yua tprywronoinon tov C' n orola otnpiletar oe
éva kUkAwpa Z ddotaong k ka1 X éva kell tng tpiywvoroinons T|Z wov Z,
téte vndpyer éva dnhoko U = (Uy, ..., Uy, ..., Uy,) s T, to onolo mepiéyer to
X ¢ k-édpa ka1 to Z ypdpetar wg

Z = (Zoy. .  Ze U{CY, ..\ Zn),

érov Z; CU; karc € P, x e, \ |(Uy).

X, X, X, X,

dim(2)=1 dim(z)=2 dim(Z)=1
Syfua 4.2 H popgt| expulicuévey xuxhoudtoy yio d = 2,3 xat k = 1,2,
[Moupatnpolpe 6tt éva xOxhwya Z unopel va ypagel pe mohholc dragope-

TxoUc TpoToUC avdhoya pe to drnhoxo X; (1odlvapa to drnhoxo U;) mou da
eMAEZOVYE.
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Mapdderypa 4.3.1. Ecto 10 xixhopa Z = (0,{b, ¢,d}) tov oyfpatoc 4.3.
Av emihéoupe 1o dnhoxo X1 = (0,{b,c}), to omnolo eivan édpa Tou amhdxou
Uy = ({a},{b,c}), t61€ 10 Z ypdyet we Z = (0, {b,c} U{d}), d € P X e;.
Av emihéZouvpe 10 dnhoxo Xo = (0,{c,d}), 1o onolo eivan €dpa Tou amhdxou
Uy = ({a},{c,d}), téte w0 Z ypdyetar we Z = (0, {c,d} U{b}), b€ P, x e;.

P xe,

P xe

dim(Z)=1

Eyfua 4.3: To xdxhwpa tou napadeiyuatog 4.3.1.

Ta xuxhopata Tou pag evdlagépouy eivon autd mou oyetiovton e YeixTod
(e, dnhadr ta xuxhopata ta onoia oyetilovtar pe éva dnhoxo didotaong d
Tou elvon ExxOVaL EVOC UEXTOV XEA0V. ATO TOV YapaxTNEloud TwV XUXAWUATOVY
TOU OWOUUE ToEANdVe, €netar OTL éva xUxhwua Z mou oyetiletol Ue UELXTO
xEA TpENEL Vo TEpEYEL TOUAdYLoTo €val dnhoxo X 1o omolo va elvar €dpa evocg
anhéxov U = k(R) tng T, 6nouv R elvon éva pewxtd xehl tne S. H endpevn
npoTaoy elvar war avayxata ouvdRxn Yo vo oyetileto €va xOxhwpa Z e 7
pe éva yewtd xehl. Emniéov pag mapéyet éva cuvbuaotxd xpithplo eAEyyou
TWV XUXAWUATOV QUTOVY.

Mpétaon 4.3.2. ' Eow Z = (Zy,...,Z,) éva kixdopa pag tprywvo-
nomons T wov C ka1 R = (Fy, ..., Fs,..., F,) éva pexté kel tonov s, tng
avtiotoryng pextis vnodwaipeons S, pe F; = {fin, fio} axuny ya i # s xar
Fs = {vs},vs € Py xopugry. Av to Z oyetiletar pue o k(R), tére vndpyovr
0<r<n, reNckace P xer, dote yia ta oOvola Z; va wyvel
ZZ':FZ'XGZ' ’I’} ZZ:(D, oa/z';ér
Ka (4.1)
Zy = I, x e, U{c} Ul Zy ={fr}U{c}, freFrxer, av i=r.

Arnodelln And to Afppa 4.3.1 éneton 61t undpyouv r € N xar ¢ € P X e,
OOTE 10 Z VA YRAPETAL WG

Z:(ZQ,...,ZTU{C},...,Zn), Z; CF; xe;.

Aol 1o Z elvar xOxhwpa, undpyet uta povodixr (u€ypic ToOAATAAGIAGUOD e
Vetixd mporypotind aptdpd) oponapahhnhixy oyéon petall Twv oToyElwy Tou

"H npéraon Baciletor oto Yedpnua 5.1 tou [15]
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Zgzz:O, i Zgzzo kot g, #0, Vz € Z.

z2€Z z€Z
Ta onuela z € Z eivar e popghic (7,e;), 2/ € P, Eavaypdgoviag tny
mponyoLuevy oyéon ywellovtag toug npocietéoug avdhoya pe o0 cOvoro F;
0710 omolo avixouy, €YoulE

d

Z Zgzr(z',ei) =0, (4.2)

=0 Z'eP;

46mou Z?:o (Zz’ePi g-) =0 %o g #0, Vi V2' € P,

Ta diaviopata e;,e; ebvar ypopuxd aveldotnta emouévng yia xdle i #
J €éyoupe < ejej >= 0 xu < e,e; >= 1. Oewpolye t0 didvuopa 0 =
0,...,0) € R™ xa oynuatilouye o eowtepixd yivopeva tne oyéone 4.2 pe

x&e Sidvuopa (0,e;), i =0,...,n. uipvouye tc oyéoeic:
D gr=0,, > g =0, ) ga=0,..., > ga=0, (43)
2'ePy 2'€Ps 2'€Ps 2'€Ps

OnAadr, T0 ddpoloUa TWV GUVIEAECTOV gy, TV ONueiwy 2z xdle cuvohou Z;,
elvar {o0 pe pndév. Autd ouvendyeton 6t |Z;| # 1, Vi =0,...,n.

Tehxd v 10 xOxhope Z = (Zy, ..., Zy) €YOVUE TIC TAUPUXAT® TEPITTEH-
OEIC:

1. i # r, 16t Y10 xde Z; 1oy Let

o |Zi|=0<=Z,=0 +
° ’ZZ”:2<:)>ZZ':E><6Z'.

2. i =1 101€ Y00 T0 Z, oY VEL

o |Z,|=2<= Z;={fi}U{c}, fi€ Fixe, ceE P xe 1
o |Z,|=3<=Z,=F,xe,U{c}, c€ P xr,

7 ’ 4 4
and Tic onolec npoxlnTouv ot oyéoelg 4.1. O

Oo xoahoVUE Tar xuxhdUaTa Ye | Z,| = 2, dptior xan Tt xuAGUoTa Ye Zp = 3,
TEPITTA.

HMapoatnpolue 61t 10 xOxhwpo Z dev unopel va teptéyel tnv xopugt (vs, €5) €
F, x eg, tou t0n0u s peixtol xehiol R, mopd udvo av s = r xo 10 6Uvoro Z,
tou Z eivon tne poprc Z, = Fs x e U {c} = {(vs, €5), c}.

Yougwvo ye Ty potaon 4.3.2, v vo amoapriuet o ohydpripog Tou xepokai-
0L 3, HOVO TIC DLIHOPPWOELS UEXTMY XEAMY Vo TpENeL Vo eXTEAEL avTIo TpOgES
XUV LOVO GE XUXAGUATA Ta oTola IxavoToovy Tig oyéoclg 4.1.
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Mopdderypa 4.3.2. 'Eotw 1 éyoupe 1o tokudvupa fo = co 12 + cg o2,

fi = ci12° + cl,gxd + c132¢ € Clz], 6mou o1 ¢;; eivar yevixol cuvieleotée.
Av vrnodéooupe 6t a < b xaw ¢ < d < e, téH1e T TOAUTONA TOU Nebtwva
OV TOAWVOPOV eivar ta evdiypoppo tuhuata Py = [a,b] xuu P = [c,€].
To mohudvugo fi mepéyel tpla povovupa xouu 1o fo do. Enouéveg yio to
obvoho C' = k(Py, P1) dev woyler 1 unddeon yevixhe Véong agol 10 6hvolo
Py x e1 nepiéyer tpla cuveudetaxd onpeia. O tprywvornolfoelg tou cuvohou C
TOU AVTIGTOLYOVY OE DLOHOPPWOELS PEIXTWV XEADY, XoU®OC Xt Ol AVTIGTOLYES
OIUOPPWOELS PELXTOV XEAWY ToU cuvolou S = Py + Pp, galvovtor 610 oyfua
4.4. Ou avTioTpoQEC oxp®y xat To avTioToly o XUXAOUATa 6To onolo auTég
exTEAOOVTAL EVOL TO TORUXATE:

1. flipz,(T1) = T, bnou 10 xOxhwpo Z1 oyetileton pe 1o peixtd xehi 1Onou
0, R= (Fo, F1) = ({a},{c,e}) xau ypdpetu wc:

Zy = (0, {F x 1u{(d, )}}) = @, {{(c, 1), (e, N} U {(d, 1)}}) -
To xhxhwpa Z; elvon mepttto.

2. flipz,(T3) = T3, émou 10 xixhwpo Zy oyetileton e 10 Yetd XeAL
tnou 0, Ry = (Fh0,F1,1) = ({a},{d,e}) xa 10 pextd xehi tonou 1,
Ry = (Fap,F51) = ({a,b},{e}). To Zy eivon éva dptio xbxhwpa xou
YedgpeTar wg:

Z2 = (FI,O x0U {(bv 0)}7F1,1 X 1) = ({(CL’O)’ (b,O)}, {(d’ 1)’ (6, 1)}) )

7

N
Z2 = (F2,0 X 07 F2,1 x1U {(dv 1)}) = ({(a,O), (b,O)}, {(dv 1)’ (6, 1)}) .

3. flipz,(T3) = T4, 670U 10 xOxhwpo Z3 oyetileton Ue UE 10 PEXTO XEAL
tnou 0, Ry = (Fh0,Fi1) = ({a},{c,d}) xa 10 pextd xell tonou 1,
Ry = (Fa0,F21) = ({a,b},{d}). To Zy eivon éva dptio xbxhwpa xou
YedgpeTar we:

Zy = (F1,0 x 0U{(0,0)}, F11 x 1) = ({(a,0), (b,0)},{(c, 1), (d, 1)}) ,
1
Zy = (Fop x 0,F21 x 1U{(c, 1)}) = ({(a,0), (b,0)},{(c. 1), (d, 1)}) .
4. flipz,(T1) = Ts, 6mou 10 xUxhous Zy oyetiletor ye Ue Ta PEXTE Xe-

)\Ld ‘EL’)‘JIOU O, Rl = (F170,F171) = ({b},{c, d}) pideis R2 = (F270,F271) =
({b},{d,e}). To Z4 eivar éva mepittd xOxhwpa xou YPIPETHL WC:
Z4 = ((Z)vFl,l x1uU {(67 1)}) = ((2)7 {(Ca 1)7 (d7 1)7 (6, 1)}) ’

N
Z4 = (®7F2,1 x1U {(C7 1)}) = ((2)7 {(Cv 1)7 (d7 1)7 (67 1)}) .
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Av Véoovpe a =0,b=4,c=5,d = 2,e = 0, nalpvoupe To TOAUGYLYA
fo=rco1+coax?, fi = c112” + c100” + 15 € Clal.

Oo unohoyioouye to Tohbtono g anahoigovous N(R) 1wy TOAGVILLY ou-
TOV.

To Sraviopata 6Yxwy Twv TEVIE TPy wVoTooewy Tou cuvolou C elvar T
b7 = (4.5,2,4.5,0,2.5), o7, = (4.5,2,3.5,2.5,1), o7, = (3,3.5,1.5,4.5, 1),
o1, = (2,4.5,1.5,2.5,3) xu ¢7; = (2,4.5,2.5,0,4.5).

’ Ot avtiotoyec pewxtéc unodupéoec S, ..., S5 1ou ouvélouv P = Py+ Py,
S1 = {{0 + (07 5)}7 {5 + (074)}}7
Sy = {{0 + (07 2)} ’{0 + (27 5)7 {5 + (074)}}7
S3 = {{0 + (07 2)} 7{2 + (074)7 {4 + (27 5)}}7
Se={{0+(0,4)} ,{4+(0,2), {4+ (2,5)}} xu

S5 = {0+ (0,4)} , {4 + (0,5)}}-
Egopuélovtag 1o Oewpnua 1.2.8 unohoyilouye tar axpola HOvEVLUA NG
anahElPOUCUS TOVU CUC TAUATOS TwV 000 TOAUWYIU®Y:

5 4 2 4 3 2 3 4 2 3 4 5 4
€p,1¢1,1> €0,1¢1,2€0,2> €0,1€0,2€1,2> €0,1€0,1€1,3> €0,2€1,3
TOU AvVTIo oL 00V GTIC TPEIC X0pUPES Tou ToAuTéToL Tou Nevtwva N(R): vy =
(57 0,4,0, 0)7 V2 = (07 5,0,,0, 4)7 U3 = (27 3,0,4, 0)

Ta axpaia govevuya tou unohoyiCovton eivor TEVTE, GGEC XL Ol TELYWVO-
notfjoelg Tou ouvohou C' ahld undpyouv duo dpota Cedyn. Etol to nolbtono
tou Nebtwva e anorolpouoag elvor T0 Tplywvo UE x0pupéc ta dlaviouata
U1, V2, V3.

H anaholgovoa twv fo, fi €lvor 10 TOAUGVLUO

5 4 4 2 2 2 3 4 3 2 2 5 4
R = cjocis + 2¢0,1C02C12¢1 3 + €5,1€0 2C1,2 — 4€5,1€5 2€11€1,2€1,3 + € 1 €1 -
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Co— o oc a ——b
d
S, @) @ @D
R T, 7\
atc ate bte
(a,0) (b,0)

(10} . {(e,d e )})
v

S,

(c,1) (d1) (el)

R, R, T,
atc atd ate bte

(a,0) (b,0)

({@0),(6,0)} , {(d.1).(e,1)})

S, (c.1) 1) (el)
R, R, T, m
— e s
atc atd b+d bte
(a,0) ©0
({(@,0),(b,0)} , {(c,1),(d,D})
v
S, (c,1) (d,1) (ed)
R R, Ty _\'< Sé
atc btc btd bte
(a,0) (b,0)
({0}, e D(d, (e} )
v
S, (c,1) (d,1) (el)
T, N
atc btc bte
(a,0) (b,0)

Yyfua 4.4 H yevixr, nepintwon 800 tohuwviuwy ot pa UeTaBAnTH.
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Kegpdiawo 5

Mt eopuoyn oTnv
aAyYeBpeLxoTolnom

5.1 Ewoaywyn

Y10 xe@dhaio autd napouctdleTon uia EQapuoY” Tou ahyodpriuou anapliunong
OIUUOPPOOEWY UEXTWY XEMWY G TNV AAYEBPIXOTOMOY Liog ToURUUETEIXS BOOUE-
vng xopmOhng 1 emgdvenc. O alydpwpog akyeBpwxonoinong IPSOS, otov
omnolo egapudlovtar ot pédodot e epyaciog authg, Exet avantuydel and Toug
I. Eyipn xar H. Kotowéa [7],[8]. O IPSOS ypenowonotel tov akybprdyo ana-
pldunone xavovixdv tprywvonoioewv PUNTOS tou J. De Loera [5], o onoioc
Baoiletar oty pédodo xatd nhdtoc avalitnong o €yel vhoroindel oe MA-
PLE. Egbcov o PUNTOS Baoiletar oty pédodo tng xatd nhdtog avalntn-
onge, et ywpwh toduvthoxdtnta Q(T7), dnou T elvar 10 TARYOC TWV XAVOVIXDY
TPLYWVOTOOE®Y TOU GUVOAOU onueiwy tng ewoédou tou. H mohunhoxdtnta
outh xaho T8 anayopeuTIX TN YeNon Tou ot e10ddouc UeTpiou €ng peydiou
peyédouc. Ipoteivetan n tpononoinoyn tou akyopiduou IPSOS Gote va ypnot-
Homolel TOV TPOTEWVOUEVO ahYOptluo anapilunone SlotopPmOE®Y UEIXTWY XE-
Moy xon e€etdleton 1 duvatdTNTA EQUPUOYNS EVOS ahybpriuou mpofolfc mou
oVOEVETOL VO BEATIOOEL TEQUTER® T TOALTAOXOTNTA TOV.

5.2 O oaiydprdupog IPSOS

O alydpripog IPSOS yenowonotel epyaleio and tny alyefpxt| yewuetplo xat

Wiaitepo and v Yewpla apouds analophc Yio va utohoyloer éva UTEPEUVOo-

Ao tou ouvéhou othiEng g ahyeBpixic e&lowomng plag TapaUETEIXS Bouévng

vrnepemipdvetas. [apovsialovye wa tpotonomuévn exdoy | Tou ahyopiuou tou

yenowonotel Tov alydprpo anapliunong 1oV SIUOPPHOOENMY UEXTOY XEAWY.
‘Eotw 6t gog dlvetar 1 TapaeTpixy] €XQpaoT WaS UTERETLPAVELS

_Rh®) .
T = Q) 1=0,...,n.
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Ocwpolpe ta mtohudvupa fi = z;Q(t) — Pi(t) € C[t], t = (t1,...,tn), e
olvoha othping ta A; C Z" xou avtiotorya mohitona tou Nelbtwva P Mta
TOANUGVUUA f; €YOUUE OVTIXATAC TAGEL TOUC CUYXEXPEVOUS GUVTEAEGTEC TWV
Q(t) xou Pi(t) ue yevixols (generic) cuvieheotée ¢; ;. H ahyeBpnd eZiowon
NG UNEPETIQAVELNS €lvon 1 amaAoi(pouca ToU oLUC TAUATOS TOAUWVOUWY f;, UE
Vv npobnddeon 6Tt dev undpyouv base points xou 1 TapaueTpXoTOiNOT Elvor
1-1. Av dev oy let 1 tedevtaia cuVORxy, TOTE 7] anaholpouod TOU GUO THRATOS
1woltar Ye €va toAhamhdolo tng ahyeBpuxnc egiowong.

To Brpata tou akyopiuou elvo:

1. 'Optoe 1 mohuvdvupa f; = ) ¢;;t%9, € Clt], énou a;; € A; xou ¢ yevixol
(generic) ocuvteheo téc.

2. Kataoxebaoe 1o obvoho C egapudlovtag to téyvaoua Cayley ota mohi-
tona tou Nebtwva F, ..., P, xat epdpuoce tov tpononoinuévo akydpd-
wo anopldunone tprywvonomoewy 610 ahvoho autd. Me tov TpbéT0 autd
unohoyiloupe OReC TIC DIAUOPPWOEIC UEIXTWY XEAMWY Tou adpoliouatog

Minkowski P = Py + ...+ P,.

3. Trohdyioe ta axpoia povovupe (xopugéc tou mohutdénou tou Nedtwva
N(R), e anahoigoucac ). To olvoho autd pall pe Sha ta oxépona
onuela 010 eowtepixd tou N(R), eivar éva unepolvolo ToU GUVGAOU
othpiEng tne anaholigoucag.

4. Metétpede 10 oOvoro othpiEng, and €va 6UVOAO LOVLVIUWY TN Lop®nig
Hcf;?, o€ €val GUVONO HOVOVOUY OC TPOS TIC HETUPANTES @)

5. Xpnowonowwvtag gpdypata otov Padud e ahyePpixic eZiowong, and-
Aewpe 6oo govedvuge Bev txavomotoly o XpiThipto.

Kotd tnv extéheon tou Briuatog 2 tou aiyopipou, unoloyilovtar Ghot oL pept-
xol pewtol dyxot MV_; (Bh. Idpopa 1.2.5) ot onolot xou divouy tov Padud e
alyefpwtc e&lowone wg mpog xde petafinth x; Ceywpeiotd. H minpogopia
auUTY Ypnowonoteltar 610 Bua 5 Yot TNy anaAolpr; 666V Loveviumy Bev Eyouy
®xatdAAAO GUVORIXS Poduo.

5.3 Alydpudpoc npofoiic

Ta tohvodvuge f; ta onofo opiCovton oto Bripa 1 tou akydpriuou IPSOS éyouy
yevixolUc (generic) ouvteheotés, ol onolot oto Brua 4 avtixadiotavtar ond
ouvaptioec v ;. H Swdixaocia avth uropel va Yewpniel wc npofoly tou
nohuténou N(R), Sidotaone d = m —2n — 1, m = Y1 |A;|, oe éva ydpo
odotaong k = n + 1. Yuvidwg b = 2,3 avdloya ye tov av {ntdue tnv
alyePpwt| e&lowon xaunvAng 1 empdverag.

‘Eotw P, n npofold auth tou N(R). ITohhéc and tic xopupéc Tou ToAu-
t6mou N(R) mou unohoyiler o akybprdyoc, Yo npofdhhoviar 010 EcWTEPIXS
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Tou ntoAuténou P. Ot xopugéc autéc dev ouvels@épouy atr dtadixaoia ebpeoTg
e ahyeBpuxrc elowong xou wa onpavtxt, Behtioon Yo Htav 1 Tpononoino
Tou alyoplduou anapliunong Tou TOAUTOTOU TN ATAAOLPOVOUS DO TE VoL UNV
Tic utohoyilet. Auté eivar 10odlvapo ue v eZepehvnom Tou tohuténou N(R)
xtd prxog evog povomatiol Tou TEPLEYEL TOUAAYIOTOV OAEC TIC XOPUPES Ol
TpoBoAéc Twv onoiwy eivon xopupéc Tou P.

Avo mavég npoooeyyioelg tou npofifuatog eivar ot axdroueg:

e H eZepelivnon tou nohuténou N(R) yivetar and tov akybprdupo aviiotpoprg
avalhtnong ye Bdon tn tavounuévn Aot ToV XUXAGUATOY ULag TELY®VoTofn-
onc. O©éhovye va xadopioovye ot eivan T xatdhAnAo xUXAGUAT, 6To OTold
1 egappoY T avTio tpogic axuric odnyel and wa xopugy tou N(R) tou npoPdi-
Aetan o€ xopuet tou R, o€ yia yertovixr, tng ye tnv dla bt

e 'Eotww 61 10 nokltono P opiCetan and wg x; = 0, @ = 1,...,k, dnlo-
0% mpoBdhhoupe to tohltono N(R) drorypdgovtas Tic TpGTEC k CUVTETAYUEVES
x1,%2,...,%. Evounepeninedo Yo Aéyeton xdieto av nepléyel Tic ouvTaTayué-
veg autéc. H toun twv xadétov utepeminédwy othpiEne (support hyperplanes)
e 1o mohbtono N(R) elvan wa ddm tou nohutdrou nou opiletar and x0pupés
0V 1oy pofdhhovion oto neplypopua Tou toduténou P. O otdyog pag elvor
va unoloyioouue auTég TIC x0pUPES.

‘Eotww 61t éyouye unoloyioer wa xopugh v Tou N(R) 1 onola tpoBdhheto
o€ xopu@h tou tohutérou P. H endpevn xatddinin xopueh tou N(R) vno-
hoyileton eAéyyovtag yia xde yeltovixh xopuph w NG v, av elvon axpaia wg
TPOS TIC TRPOBOAES TWV YEITOVIXADV TNC XOPUPDY.

N(R)
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EniAoyocg

Y1 epyaoia auth e€eTAOUUE ATOTEAEOUATINOVE TPOTOUS UTOAOYLIOUWOU TOU To-
Autémou tou Nebtwva tne topixfic anaholpoucus evog cuoThpatoc n + 1 no-
AoVOpeY o 1 UeTABANTEC Ye ouUPBolxols ouVTEAEG TEQ.

Yougwva pe to Yedpnua 1.2.8, undpyel wo 1-1 xou eni avtiotoryia twv
OIUUOPPOTEWY UEIXTWY XEAMY Xl TWV AXpAU®Y LOVWVIUWY TNS ATAA0IPOVsIC.
Enopéveg yia tov unoloyioud tou toluténou tou Nebtwva g anaholgpoucag
apxel 0 UTOAOYIOUOC OAWV TV DIAUOPPOCENDY YELXTOV XEALWY.

To téyvaopa Cayley (Vedpnua 3.1.1) avdyer tov unoroylopd Shwv twv
AETTOV XAVOVIXOV UEXTOV unodlapécewy tou avpolopatoc Minkowski twv
TohuTOT®Y ToU NedTtwva TV TOAUGVIU®Y TOU GUC TAUATOS, GTOV UTOAOYIOUO
OA®Y TWV XAVOVIXWY TEIY WVOTOOE®Y TNE EIXOVAS TV TOAUTOTOY AUTOY UECW
¢ epgltevong Cayley.

Teononowwvtag 1oV ahyoprlgo anapliunone xXavovixdy Tery WVoTooE®Y
tou [12] unopolye, YE TNV EQUPUOYT AVTIOTPOPMY AXUWY OE XATAAATAAL XU-
xhouato to onola tpocdiopilovtar and v npdtach 4.3.2, va unohoylcouue
HOVO TIC XAVOVIXES TPLYWVOTOINOELS TOU oVTIOTOLY 00V OTIC DIUUORPAOCELS UEL-
ATOV XEMDV.

Téhoc dwoope Wia EPupUoY TV UEVODLY AUTWV TERLYPAPOVTAC EVOY UA-
yoprpo ahyeBpixonoinomg.
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