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2 PERIEQ�OMENA



Kef�laio 1

Prìlogoc

H paroÔsa ergasÐa stoqeÔei sthn perigraf  kai an�lush enìc algìrijmou
paragontopoÐhshc jetik¸n akèraiwn arijm¸n. O algìrijmoc autìc onom�zetai
algìrijmoc paragontopoÐhshc tou Lenstra   mèjodoc paragontopoÐhshc me elleip-
tikèc kampÔlec (Elliptic Curve Method - ECM) kai anaptÔqjhke apì ton Hendrik
W. Lenstra sta 1987. Prìkeitai gia ènan gr goro upoekjetikoÔ qrìnou algìrijmo,
o opoÐoc exart�tai apì th qr sh elleiptik¸n kampÔlwn.

Sthn poreÐa f�nhke ìti h ECM praktik� eÐnai algìrijmoc paragontopoÐhshc
me eidik  stìqeush kaj¸c eÐnai idiaÐtera apotelesmatikìc gia thn paragontopoÐhsh
arijm¸n me perÐ ta 60 yhfÐa. Gia paragontopoÐhsh tuqaÐou arijmoÔ, h ECM eÐnai
h trÐth pio gr gorh gnwst  mèjodoc. H deÔterh pio gr gorh eÐnai h mèjodoc tou
tetragwnikoÔ kìskinou (quadratic sieve) kai h taqÔterh ìlwn eÐnai o algìrijmoc
tou genikoÔ arijmhtikoÔ kìskinou (general number field sieve).

Gia arijmoÔc me perissìtera apì 60 yhfÐa, o algìrijmoc tou Lenstra apoteleÐ
epÐ tou parìntoc ton bèltisto gnwstì algìrijmo gia thn eÔresh mikr¸n diairet¸n
touc, oi opoÐoi èqoun apì 20 e¸c kai 30 yhfÐa (perÐ ta 64 me 83 bits perÐpou), ka-
j¸c o qrìnoc ektèles c tou exart�tai perissìtero apì to mègejoc tou mikrìterou
par�gonta p par� apì to mègejoc tou arijmoÔ n pou prèpei na paragontopoihjeÐ.
Opìte, suqn� h mèjodoc elleiptik¸n kampÔlwn tou Lenstra qrhsimopoieÐtai gia
thn apomìnwsh mikr¸n paragìntwn apì ènan idiaÐtera meg�lo akèraio me polloÔc
par�gontec kai an o akèraioc pou upoloÐpetai eÐnai sÔnjetoc, tìte ja èqei mìno
meg�louc par�gontec kai paragontopoieÐtai peretaÐrw me qr sh �llwn mejìdwn.

O megalÔteroc par�gontac pou èqei brejeÐ wc s mera me th qr sh tou
ECM algìrijmou anakalÔfjhke stic 24 AugoÔstou 2006 apì ton B. Dodson eÐnai
par�gontac tou 10381 + 1 kai èqei 67 yhfÐa 1. H aÔxhsh tou pl jouc twn kampÔ-

1Prìkeitai gia ton arijmì 4444349792156709907895752551798631908946180608768737946280238078881
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4 1 Prìlogoc

lwn pou elègqontai par�llhla, belti¸nei thn pijanìthta eÔreshc enìc par�gonta,
all� ìqi grammik� wc proc thn aÔxhsh tou pl jouc twn yhfÐwn.

H mèjodoc tou Lenstra basÐsthke sthn (p−1) mèjodo tou Pollard (1974), an-
tikajist¸ntac ìmwc thn pollaplasiastik  om�da me thn om�da twn shmeÐwn mÐac
tuqaÐac elleiptik c kampÔlhc. Sth qeirìterh perÐptwsh, dhlad  ìtan o n eÐnai
ginìmeno dÔo pr¸twn Ðdiac t�xhc megèjouc, o anamenìmenoc qrìnoc gia thn ektè-
lesh tou algìrijmou tou H. W. Lenstra eÐnai thc t�xhc tou exp ((1 +O(1))

√
log n log log n

(gia n → ∞). Up�rqoun di�foroi �lloi algìrijmoi paragontopoÐhshc jetik¸n
akèraiwn, twn opoÐwn o anamenìmenoc qrìnoc ektèleshc èqei ton Ðdio tÔpo. W-
stìso, gia autoÔc touc algìrijmouc o qrìnoc ektèleshc eÐnai anex�rthtoc apì to
mègejoc twn pr¸twn paragìntwn tou n, en¸ h mèjodoc twn elleiptik¸n kampÔlwn
eÐnai ousiastik� taqÔterh gia mikrì pr¸to par�gonta p.

Met� thn olokl rwsh thc melèth mac, parajètoume sto Par�rthma, mÐa
parousÐash tou algìrijmou tetragwnikoÔ kìskinou (quadratic sieve algorithm), o
opoÐoc apodÐdei kalÔtera apì th mèjodo twn elleiptik¸n kampÔlwn gia peript¸seic
ìpou oi dÔo pr¸toi par�gontec tou proc paragontopoÐhsh arijmoÔ eÐnai thc Ðdiac
t�xhc megèjouc.

KleÐnontac autì ton prìlogo, ja  jela na apeujÔnw euqaristÐec stouc ka-
jhghtèc mou sto M.P.L.A., q�rh sth didaskalÐa twn opoÐwn p ra tic b�seic all�
kai ta erejÐsmata gia na k�nw mia eisagwg  se pedÐa idiaÐtera endiafèronta, thn
Ôparxh twn opoÐwn agnooÔsa. KurÐwc, ja  jela na euqarist sw ton kÔrio Bag-
gèlh R�pth, Kajhght  tou Tm matoc Majhmatik¸n tou PanepisthmÐou Ajhn¸n,
epiblèponta kajhght  thc ergasÐac aut c, gia th sunergasÐa pou eÐqame kat� thn
ekpìnhs  thc kai gia to gegonìc ìti dèqthke na anal�bei autì ton rìlo se sten�
qronik� plaÐsia. Tèloc, afier¸nw thn ergasÐa aut  stouc goneÐc mou, AjanasÐa
kai Miq�lh kai ston adelfì mou, Gi¸rgo.

Aj na, M�hc 2009.

KaterÐna M. KoÔta.



Kef�laio 2

Elleiptikèc KampÔlec

Sta mèsa thc dekaetÐac tou 1980, oi Miller kai Koblitz eis gagan tic elleip-
tikèc kampÔlec sthn kruptografÐa, kai o Lenstra èdeixe p¸c mporeÐ kaneÐc na qrhsi-
mopoi sei tic elleiptikèc kampÔlec gia na paragontopoi sei akèraiouc.

2.1 Eisagwgik�
Orismìc 2.1.1 MÐa elleiptik  kampÔlh E p�nw apì èna sÔnolo K eÐnai to
gr�fhma mÐac exÐswshc thc morf c

E : y2 = x3 + ax + b ,(2.1)
ìpou a kai b eÐnai stajerèc pou an koun sto sÔnolo K. H (2.1) ja anafèretai
wc h exÐswsh Weierstrass mÐac elleiptik c kampÔlhc. Epiplèon, gia teqnikoÔc
lìgouc, eÐnai qr simo na sumperil�boume kai èna {shmeÐo sto �peiro} se k�je
elleiptik  kampÔlh.

ShmeÐwsh 2.1.2 AxÐzei na epishmanjeÐ ìti o ìroc {elleiptik  kampÔlh} eÐnai
kat� mÐa ènnoia paraplanhtikìc. Oi elleiptikèc kampÔlec den eÐnai elleÐyeic.
P ran thn onomasÐa touc apì to susqetismì touc me ta elleiptik� oloklhr¸mata,
ìpwc eÐnai ta ∫ z2

z1

dx√
x3 + ax + b

kai
∫ z2

z1

x dx√
x3 + ax + b

,

ta opoÐa anakÔptoun kat� ton upologismì tou m kouc tìxou twn elleÐyewn, kai ta
opoÐa od ghsan stic elleiptikèc kampÔlec.
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6 2 Elleiptikèc KampÔlec

2.2 ShmeÐo sto 'Apeiro

To shmeÐo sto �peiro eÐnai pio eÔkolo na to jewr soume wc èna shmeÐo (∞,∞),
to opoÐo sun jwc sumbolÐzoume apl� wc ∞ kai to fantazìmaste sun jwc na k�-
jetai sthn koruf  tou �xona yy′. Gia upologistikoÔc skopoÔc, to shmeÐo sto
�peiro ja eÐnai èna sÔmbolo pou ja ikanopoieÐ orismènouc upologistikoÔc kanìnec.
EpÐ paradeÐgmati, mÐa eujeÐa ja lème ìti dièrqetai apì to shmeÐo sto �peiro e�n
kai mìno e�n h eujeÐa aut  eÐnai katakìrufh (dhlad  ìtan x = stajer�). EÐnai
anamenìmeno to shmeÐo ∞ na faÐnetai elafr¸c afÔsiko, ja doÔme ìmwc sth sunè-
qeia, ìti h sumperÐlhy  tou sta shmeÐa k�je elleiptik c kampÔlhc èqei qr simec
sunèpeiec.

Shmei¸netai ed¸ ìti, en prokeimènw, deqìmaste epiplèon thn sÔmbash ìti to
kat¸tero �kro tou yy′ tautÐzetai me to an¸tero �kro, opìte to ∞ k�jetai kai sto
kat¸tero �kro tou yy′. Me �lla lìgia, fantazìmaste ta �kra tou �xona yy′ na
tulÐgontai kai na sunantioÔntai(Ðswc k�pou sto pÐsw mèroc thc selÐdac) sto shmeÐo
∞. Autì anamènetai na faÐnetai perÐergo. Wstìso, an douleÔoume se k�poio s¸-
ma, �llo apì to s¸ma R twn pragmatik¸n arijm¸n, lìgou q�rh èna peperasmèno
s¸ma, m�llon den ja up�rqei ènnoia di�taxhc twn stoiqeÐwn kai, kat� epèktash,
den ja èqei nìhma h di�krish tou an¸terou �krou tou yy′ apì to kat¸tero.

Sthn pr�xh, se aut  thn perÐptwsh, ta �kra tou yy′ den èqoun majhmatik  up-
ìstash, parektìc an eis�goume probolik  gewmetrÐa, kaj¸c to shmeÐo sto �peiro
mporeÐ na melethjeÐ sqolastik� sta plaÐsia thc probolik c gewmetrÐac, ¸ste na
gÐnei pio saf c kai austhrìc o orismìc tou.

H probolik  gewmetrÐa melet� tic idiìthtec gewmetrik¸n antikeimènwn pou
paramènoun amet�blhtec upì probol . Gia par�deigma, probolikìc 2-q¸roc p�n-
w apì èna s¸ma F , o opoÐoc sumbolÐzetai me P2(F ), eÐnai to sÔnolo {(x, y, z) :
x, y, z ∈ F} − {(0, 0, 0)} ìlwn twn kl�sewn isodunamÐac twn probolik¸n shmeÐwn
(tx, ty, tz) ∼ (x, y, z) gia mh mhdenikì t ∈ F . Opìte, an z 6= 0, tìte up�rqei èna
monadikì probolikì shmeÐo sthn kl�sh tou (x, y, z) thc morf c (x, y, 1), dhlad 
to (x/z, y/z, 1). Epomènwc, to P2(F ) mporeÐ na tautisteÐ me ìla ta shmeÐa tou
sunhjismènou   tou affine epipèdou mazÐ me ta shmeÐa gia ta opoÐa z = 0. Ta
teleutaÐa eÐnai ta shmeÐa thc eujeÐac sto �peiro, thn opoÐa mporeÐ kaneÐc na thn
fantasteÐ wc ton orÐzonta tou epipèdou. Me autìn ton orismì, mporeÐ kaneÐc na dei
ìti to shmeÐo sto �peiro ston Orismì 2.1.1 eÐnai to (0, 1, 0) sto P2(F ). Prìkeitai
gia thn tom  tou �xona y me thn eujeÐa sto �peiro.

Sta plaÐsia, wstìso, thc paroÔsac ergasÐac o diaisjhtikìc orismìc tou krÐne-
tai wc epark c.
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Tèloc, orÐzoume ìti dÔo katakìrufec eujeÐec tèmnontai sto ∞. Lìgw sum-
metrÐac, an tèmnontai sto an¸tero �kro tou yy′, tìte ja tèmnontai kai sto kat¸tero
�kro. 'Omwc dÔo diakekrimènec eujeÐec mporoÔn na tèmnontai se to polÔ èna shmeÐo,
�ra to {�nw} shmeÐo ∞ me to {k�tw} shmeÐo ∞ ja prèpei na tautÐzontai. Aut 
eÐnai mÐa qr simh, gia thn ergasÐa mac, idiìthta tou shmeÐou sto �peiro.

2.3 OrismoÐ, Pr�xeic & Basikèc Prot�seic

'Ena basikì shmeÐo eÐnai o prosdiorismìc tou sÔnolou K ìpou paÐrnoun timèc
ta a, b, x kai y. Sun jwc, jewroÔme K na eÐnai èna s¸ma, gia par�deigma, to sÔno-
lo twn pragmatik¸n arijm¸n R, to sÔnolo twn migadik¸n arijm¸n C, to sunìlo
twn rht¸n arijm¸n Q, èna apì ta peperasmèna s¸mata Fp (Zp) gia k�poion pr¸to
p,   èna apì ta peperasmèna s¸mata Fq, ìpou q = pk me k > 1.

An K eÐnai s¸ma tètoio ¸ste a, b ∈ K, tìte lème ìti h elleiptik  kampÔlh E
orÐzetai p�nw apì to K. Se perÐptwsh ìpou epijumoÔme na anaferjoÔme se shmeÐa
me suntetagmènec se k�poio s¸ma L me L ⊇ K, gr�foume E (L). Ex orismoÔ, autì
to sÔnolo p�nta perièqei to shmeÐo ∞, opìte eÐnai

E (L) = {∞} ∪ {(x, y) ∈ L× L | y2 = x3 + ax + b} .

An, gia par�deigma, douleÔoume p�nw apì touc pragmatikoÔc arijmoÔc, to
gr�fhma E èqei dÔo pijanèc morfèc, an�loga me to an to kubikì polu¸numo wc
proc x èqei mÐa pragmatik  rÐza   treic pragmatikèc rÐzec.

En gènei, epilègoume to kubikì polu¸numo sto dexÐ mèlìc thc exÐswshc (2.1.1)
ètsi ¸ste na mhn èqei rÐzec pollaplìthtac megalÔterhc thc mon�dac. Autì
shmaÐnei ìti apokleÐoume, gia par�deigma to gr�fhma thc exÐswshc y2 = x2(x−1).
Sthn pr�xh, jètoume ton periorismì

4a3 + 27b2 6= 0

kai mporeÐ na apodeiqjeÐ ìti an oi rÐzec tou kubikoÔ poluwnÔmou eÐnai r1, r2, r3, tìte
h diakrÐnous� tou eÐnai

((r1 − r2)(r1 − r3)(r2 − r3))
2 = −(4a3 + 27b2) ,

opìte oi rÐzec tou kubikoÔ poluwnÔmou prèpei na eÐnai diakekrimènec.
H antÐjeth perÐptwsh bèbaia, parousi�zei epÐshc k�poio endiafèron sthn

paragontopoÐsh akeraÐou n = pq. An, dhlad , douleÔoume modn, h exÐswsh thc
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E èqei pollapl  rÐza modn e�n h diakrÐnous� thc eÐnai isoôpìloiph me 0 mod n.
Efìson o n eÐnai sÔnjetoc, up�rqei kai h endi�mesh perÐptwsh, ìpou o mègistoc
koinìc diairèthc tou n kai thc diakrÐnousac den eÐnai oÔte 1 oÔte n. Autì ìmwc
mac dÐnei ènan mh tetrimmèno prar�gonta tou n, opìte, se aut  thn perÐptwsh, den
qrei�zetai na ulopoihjeÐ o algìrijmoc paragontopoÐhc.

ExÐswsh Elleiptik c KampÔlhc

Gia na èqoume perissìterh euelixÐa, mporoÔme na epitrèyoume kai exis¸seic
k�pwc pio genikèc apì thn exÐswsh Weierstrass pou eÐdame ston orismì 2.1.1, thc
morf c

y2 + a1xy + a3y = x3 + a2x
2 + a4x + a5 ,(2.2)

ìpou ta a1, · · · , a5 eÐnai stajerèc. Aut  h pio genik  morf  pou dÐnetai mèsw
thc (2.2) onom�zetai genikeumènh exÐswsh Weierstrass kai eÐnai qr simh ìtan
douleÔoume me s¸mata qarakthristik c 2 kai qarakthristik c 3.

Eidik�, e�n h qarakthristik  tou s¸matoc den eÐnai 2, diair¸ntac me 2 kai
sumplhr¸nontac tetr�gwna paÐrnoume(

y +
a1x

2
+

a3

2

)2

=

(
a2 +

a2
1

4

)
x2 +

(
a4 +

a1a3

2

)
x +

(
a2

3

4
+ a5

)
,(2.3)

to opoÐo, efìson douleÔoume se s¸ma, jètontac y1 = y + a1x/2 + a3/2 kai qrhsi-
mopoi¸ntac tic stajerèc a′2, a

′
4, a

′
6, mporeÐ na grafjeÐ wc

y2
1 = x3 + a′2x

2 + a′4x + a′6 ,

E�n, epiplèon, h qarakthristik  den eÐnai 3, tìte mporoÔme na jèsoume x = x1 −
a′2/3, opìte

y2
1 =

(
x1 −

a′2
3

)3

+ a′2

(
x1 −

a′2
3

)2

+ a′4

(
x1 −

a′2
3

)
+ a′6

=

(
x3

1 − 3x2
1

a′2
3

+ 3x1
a′22
32
− a′32

33

)
+ a′2

(
x2

1 − 2x1
a′2
3

+
a′22
32

)
+ a′4

(
x1 −

a′2
3

)
+ a′6

= x3
1 + 3x1

a′22
32
− a′32

33
− a′22x1

a′2
3

+ a′2
a′22
32

+ a′4x1 − a′4
a′2
3

+ a′6

= x3
1 +

(
a′22
3
− 2a′22

3
+ a′4

)
x1 +

(
a′6 −

a′2a
′
4

3
− a′32

33
+

a′32
32

)
dhlad  katal goume sthn exÐswsh Weierstrass (2.1), gia kat�llhlec stajerèc a
kai b.
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Sthn paroÔsa ergasÐa de ja mac apasqol soun exis¸seic thc morf c (2.2)  
(2.3), kaj¸c ja doulèyoume me peperasmèna s¸mata Fq, ìpou q = pr, gia k�poion
pr¸to p ≥ 5. Opìte, gia th melèth mac, arkeÐ h pio apl  kai eÔqrhsth morf 
exÐswshc (2.1). 2

Ac melet soume t¸ra k�poia basik� shmeÐa gia to sÔnolo twn shmeÐwn mÐac
elleiptik c kampÔlhc.

Prìtash 2.3.1 Se tuqaÐa elleiptik  kampÔlh , xekin¸ntac me dÔo shmeÐa thc,
  akìma kai èna, mporoÔme na par�goume èna nèo shmeÐo thc kampÔlhc aut c.

Apìdeixh. 'Estw elleiptik  kampÔlh E pou dÐnetai apì thn exÐswsh y2 = x3 +
ax + b kai dÔo shmeÐa P1 = (x1, y1) kai P2 = (x2, y2) p�nw se aut n. OrÐzoume
èna nèo shmeÐo P3 thc E wc ex c. JewroÔme thn eujeÐa L pou dièrqetai apì ta P1

kai P2. Ja deÐxoume ìti h L tèmnei thn E se èna trÐto shmeÐo P ′
3. AnakloÔme to

P ′
3 wc proc ton �xona x′x (dhlad , all�zoume prìshmo sthn tetagmènh tou) kai

paÐrnoume to shmeÐo P3. OrÐzoume th dimel  pr�xh +E wc akoloÔjwc:

P1 +E P2 = P3 .

ParathroÔme amèswc ìti h pr�xh +E den tautÐzetai me thn prìsjesh shmeÐwn
kat� suntetagmènec. Sta akìlouja, proc aplopoÐhsh twn sumbolism¸n, antÐ tou
+E ja qrhsimopoioÔme to sÔmbolo +.

Ac upojèsoume, kat� arq n, ìti P1 6= P2 kai kanèna ek twn P1, P2 den eÐnai
to shmeÐo ∞. JewroÔme thn eujeÐa L pou pern�ei apì ta P1 kai P2. H klÐsh thc
L dÐnetai wc

m =
y2 − y1

x2 − x1

.

An x1 = x2, tìte h L eÐnai orizìntia. Ja exet�soume thn perÐptwsh aut  sth
sunèqeia. Opìte, ac upojèsoume ìti x1 6= x2, �rah exÐswsh thc L eÐnai

y = m(x− x1) + y1 .

Gia na broÔme to shmeÐo tom c thc L me thn E antikajistoÔme to y apì thn
teleutaÐa exÐswsh sthn exÐswsh thc elleiptik c kampÔlhc kai èqoume

(m(x− x1) + y1) = x3 + ax2 + b ,

to opoÐo mporeÐ na grafjeÐ sth morf 

0 = x3 −m2x2 + (a + 2m2x1 − 2my1)x + (b−m2x1 + 2mx1y1 − y2
1) ,

(2.4)



10 2 Elleiptikèc KampÔlec

ìpou oi treic rÐzec tou kubikoÔ poluwnÔmou sto dexÐ mèloc thc parap�nw exÐsw-
shc antistoiqoÔn sta shmeÐa tom c thc L me thn E. Genik�, h epÐlush kubikoÔ
poluwnÔmou den eÐnai tetrimmènh upìjesh, all� sthn trèqousa perÐptwsh gnwrÐ-
zoume  dh tic dÔo rÐzec, dhlad  ta x1 kai x2, efìson ta P1 kai P2 eÐnai koin�
shmeÐa gia tic L kai E. Epomènwc, ja mporoÔsame na paragontopoi soume to ku-
bikì polu¸numo gia na p�roume thn trÐth tim  wc proc x, èstw x′3. Ja mporoÔsame
dhlad  na gr�youme to kubikì wc (x − x1)(x − x2)(x − x′3) . All� up�rqei kai
aploÔsteroc trìpoc, kaj¸c gnwrÐzoume ìti isqÔei

x1 + x2 + x′3 = −(−m2).

Ap� ìpou paÐrnoume

x′3 = m2 − x1 − x2 .

Epeid  to P ′
3 = (x′3, y

′
3) eÐnai shmeÐo thc L isqÔei kai ìti y′3 = m(x − x1) + y1.

Opìte, anakl¸ntac to P ′
3 wc proc ton �xona x′x paÐrnoume to shmeÐo P3 = (x3, y3):

x3 = m2 − x1 − x2 kai y3 = m(x1 − x3)− y1 .

Sthn perÐptwsh ìpou x1 = x2 all� y1 6= y2, h eujeÐa pou sundèetai ta P1

kai P2 eÐnai mÐa katakìrufh eujeÐa, �ra h eujeÐa aut  tèmnei thn E sto ∞. H
an�klash tou∞ wc proc ton �xona x′x dÐnei to Ðdio to∞ (sÔmfwna me th sunj kh
pou isqÔei gia to ∞). 'Ara se aut  thn perÐptwsh, P1 + P2 = ∞.

Exet�zoume t¸ra thn perÐptwsh ìpou P1 = P2 = (x1, y1). 'Otan dÔo shmeÐa
se mÐa kampÔlh eÐnai polÔ kont� to èna sto �llo, h eujeÐa pou dièrqetai apì aut�
proseggÐzei mÐa efaptìmenh sthn kampÔlh eujeÐa. Sunep¸c, ìtan ta dÔo shmeÐa
tautÐzontai, h eujeÐa L pou ta sundèei jewroÔme ìti eÐnai efaptomènh thc kampÔlhc.
An y1 = 0, tìte h eujeÐa L eÐnai katakìrufh kai jètoume P1 + P2 = ∞, akrib¸c
me to Ðdio epiqeÐrhma pou qrhsimopoi same sthn perÐptwsh x1 = x2. ALli¸c,
an y1 6= 0, paragwgÐzoume thn exÐswsh thc elleiptik c kampÔlhc wc proc x kai
upologÐzoume ton suntelest  dieÔjunshc m thc L.

2y
dy

dx
= 3x2 + a , �ra m =

dy

dx
=

3x2
1 + a

2y1

.

H exÐswsh thc L eÐnai y = m(x − x1) + y1, ìpwc kai sthn pr¸th perÐptwsh pou
diakrÐname. Me an�loga b mata, paÐrnoume thn exÐswsh (2.4). Aut  th for�
gnwrÐzoume mÐa rÐza tou kubikoÔ poluwnÔmou sto dexÐ mèloc thc (2.4), dhlad 
thn x1, all� prìkeitai gia dipl  rÐza, afoÔ h L eÐnai efaptomènh thc E sto P1.
Epomènwc, brÐskoume to shmeÐo P3 = (x3, y3) = P1 + P1 wc ex c

x3 = m2 − 2x1 kai y3 = m(x1 − x3)− y1 .
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TeleutaÐa jewroÔme thn perÐptwsh kat� thn opoÐa P2 = ∞. H eujeÐa pou
dièrqetai apì ta P1 kai ∞ eÐnai mÐa katakìrufh eujeÐa, h opoÐa tèmnei thn E
sto shmeÐo P ′

1, to opoÐo eÐnai h an�klash tou P1 wc proc ton �xona x′x. Me thn
an�klash tou P ′

1 wc proc ton x′x gia na p�roume to P3 = P1 +∞, epistrèfoume
sto P1. Sunep¸c

P1 +∞ = P1

gia k�je shmeÐo P1 pou an kei sthn E. Fusik�, epekteÐnoume autì to sumpèrasma
¸ste na sumperilamb�nei kai th diapÐstwsh ∞ +∞ = ∞, kaj¸c o sullogismìc
mac aforoÔse tuqaÐo shmeÐo P1, qwrÐc na apokleÐei to P1 = ∞. 2

SunoyÐzontac, apì ta parap�nw paÐrnoume to ex c L mma, anaforik� me ton
orismì thc prìsjeshc shmeÐwn p�nw se elleiptik  kampÔlh.

L mma 2.3.2 'Estw E mÐa elleiptik  kampÔlh pou orÐzetai apì thn exÐswsh
y2 = x3 + ax + b. Ac eÐnai P1 = (x1, y1) kai P2 = (x2, y2) shmeÐa thc E me
P1 6= ∞ 6= P2. OrÐzoume thn pr�xh P1 + P2 = P3 = (x3, y3) wc ex c:

1. An x1 6= x2, tìte

x3 = m2 − x1 − x2, y3 = m(x1 − x3)− y1 ìpou m =
y2 − y1

x2 − x1

.

2. An x1 = x2 all� y1 6= y2, tìte P1 + P2 = ∞.

3. An P1 = P2 kai y1 6= 0, tìte

x3 = m2 − 2x1, y3 = m(x1 − x3)− y1 ìpou m =
3x2

1 + a

2y1

.

4. An P1 = P2 kai y1 = 0, tìte P1 + P2 = ∞.

5. Epiplèon, orÐzoume gia k�je P sthn E

P + ∞ = P . 2

Parat rhsh 2.3.3 'Otan oi suntetagmènec twn P1 kai P2 an koun se èna s¸ma
K pou perièqei tic stajerèc a kai b, tìte to shmeÐo P1 + P2 èqei epÐshc suntetag-
mènec apì to K. Opìte h E(K) eÐnai kleist  wc proc thn prìsjesh shmeÐwn thn
opoÐa mìlic orÐsame.
Eidikìtera, ìtan to K eÐnai k�poio peperasmèno s¸ma, kaj¸c ta shmeÐa thc E(K)
sqhmatÐzoun upsÔnolo tou K, èpetai ìti to E(K) eÐnai peperasmèno sÔnolo.



12 2 Elleiptikèc KampÔlec

Je¸rhma 2.3.4 Gia k�je elleiptik  kampÔlh E p�nw apì s¸ma K, h opoÐa
orÐzetai mèsw thc exÐswshc Weierstrass (2.1), h algebrik  dom  < E(K), +E >
sunist� prosjetik  abelian  om�da, ìpou to shmeÐo sto �peiro ∞ eÐnai to tau-
totikì stoiqeÐo thc om�dac.

Apìdeixh. H antimetajetikìthta eÐnai profan c, tìso apì touc tÔpouc upolo-
gismoÔ tou ajroÐsmatoc ìso kai upì thn ènnoia ìti h eujeÐa pou dièrqetai apì dÔo
shmeÐa P1 kai P2 eÐnai h Ðdia me thn eujeÐa pou dièrqetai apì ta shmeÐa P2 kai P1.
O orsimìc tou shmeÐou sto �peiro wc tautotikoÔ stoiqeÐou isqÔei ex orismoÔ tou
∞. Wc proc thn idiìthta Ôparxhc antÐjetou stoiqeÐou P ′ gia k�je stoiqeÐo P thc
E, parathroÔme ìti an gia k�je P sthn E jewr soume thn an�klash P ′ tou P wc
proc ton �xona x′x, tìte, ìpwc eÐdame, isqÔei P + P ′ = ∞.
ArkeÐ na deÐxoume ìti isqÔei h prosetairistik  idiìthta, dhlad  ìti gia tuqaÐa
shmeÐa P1, P2, P3 sthn E isqÔei ìti

(P1 + P2) + P3 = P1 + (P2 + P3) .

H idiìthta thc prosetairistikìthtac mporeÐ na apodeiqjeÐ mèsw upologism¸n apì
touc tÔpouc, all� h mèjodoc aut  èqei to meionèkthma ìti qrei�zetai na diakrÐnoume
arketèc peript¸seic, pq an�loga me ton an isqÔei h ìqi P1 = P2,   P3 = (P1 +P2),
kìk. 'Etsi en¸ h mèjodoec eÐnai apotelesmatik , den eÐnai idiaÐtera komyh. Mia
�llh apìdeixh, pio teqnik  kai sun�ma pio komy , mporeÐ na dojeÐ me prosèggish
mèsw probolik c gewmetrÐac, all� autì xefeÔgei apì ton stìqo thc paroÔsac er-
gasÐac. En prokeimènw, sta akìlouja, ja deqjoÔme ìti h prosetairistik  idiìthta
isqÔei. 2

Parat rhsh 2.3.5 Ektìc apì prìsjesh shmeÐwn, mporoÔme na k�noume kai
afaÐresh shmeÐwn p�nw apì mia elleiptik  kampÔlh E. ArkeÐ na parathr sei
kaneÐc ìti h eujeÐa pou dièrqetai apì ta shmeÐa (x, y) kai (x,−y) eÐnai katakìrufh,
opìte to trÐto shmeÐo tom c me thn E eÐnai to shmeÐo sto �peiro. H an�klash wc
proc ton �xona x′x dÐnei kai p�li to ∞. Epomènwc, eÐnai

(x, y) + (x, −y) = ∞ .

Efìson to ∞ eÐnai to oudètero stoiqeÐo thc om�dac < E, + >, orÐzoume

− (x, y) = (x, −y) .

Me autìn ton orismì, gia na broÔme to exagìmeno thc diafor�c P − Q gia dÔo
shmeÐa P, Q ∈ E, arkeÐ na upologÐsoume to �jroisma P + (−Q). 2
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2.4 Pl joc ShmeÐwn modn

'Estw E : y2 ≡ x3 + ax + b (mod q) mia elleiptik  kampÔlh, ìpou q = pr,
r jetikìc akèraioc kai p pr¸toc me p ≥ 5. EÐnai arket� aplì na dei kaneÐc ìti
sto s¸ma Fq, h kampÔlh E mporeÐ na èqei pl joc shmeÐwn to polÔ 2q + 1, dhlad 
to shmeÐo sto �peiro kai 2q shmeÐa thc morf c (x, y), ìpou x, y ∈ Fq, ta opoÐa
ikanopoioÔn thn exÐswsh thc kampÔlhc.

MporeÐ kaneÐc na katagr�yei ta shmeÐa thc E, jètontac x = 0, 1, · · · , q − 1
sthn exÐsws  thc kai blèpontac an to x3 + ax + b eÐnai tetr�gwno modq. Gn-
wrÐzoume ìti mìno ta mis� apì ta stoiqeÐa tou F∗q èqoun tetragwnikèc rÐzec, opìte
an ta x3 + ax + b  tan tuqaÐa stoiqeÐa apì tou s¸matoc. Epomènwc, ja perÐmene
kaneÐc ìti mìno ta mis� apì ta 2q to pl joc shmeÐa tou Fq × Fq, ja  tan lÔseic
thc exÐswshc thc E. Opìte anamènei kaneÐc na brei to polÔ q + 1 shmeÐa.

'Estw χ o tetragwnikìc qarakt rac tou Fq. 1 Prìkeitai gia mÐa apeikìn-
ish pou antistoiqÐzei to x ∈ F∗q sto ±1, an�loga me to an to x eÐnai tetr�gwno
sto Fq (kai orÐzoume χ(0) = 0). Gia par�deigma, an q = p eÐnai pr¸toc, tìte to

χ(x) =
(

x
p

)
eÐnai to sÔmbolo tou Legendre.

Jètoume u = x3 + ax + b. Epomènwc o stìqoc mac eÐnai na aparijm soume
ta y ∈ Fq gia ta opoÐa y2 = u. Gia k�je tètoio y to pl joc twn lÔsewn gia
thn y2 = u (�ra kai gia thn exÐswsh thc E) eÐnai χ(u) + 1. Sunolik� dhlad ,
prosmetr¸ntac kai to shmeÐo sto �peiro, oi lÔseic eÐnai

1 +
∑
x∈Fq

(
1 + χ(x3 + ax + b)

)
= q + 1 +

∑
x∈Fq

χ(x3 + ax + b) .

Ja perÐmene kaneÐc ìti to χ(x3 +ax+ b) ja  tan exÐsou pijanì na eÐnai +1 ìso kai
−1. PaÐrnontac to �jroisma p�nw apì ìla ta x ∈ Fq eÐnai sa na pragmatopoioÔme
to ex c peÐrama: rÐqnoume èna nìmisma, proqwroÔme èna b ma mprost� an fèr-
oume {kefal }, èna b ma pÐsw an fèroume {gr�mmata}. Sth jewrÐa pijanot twn
upologÐzetai ìti h apìstash (metrhmènh se b mata) pou diasqÐzetai katìpin q
rÐyewn, eÐnai thc t�xhc tou

√
q. To �jroisma

∑
x∈Fq

χ(x3 +ax+b) sumperifèretai
parìmoia me to parap�nw peÐrama. Eidikìtera, brÐskei kaneÐc ìti to �jroisma autì
fr�ssetai apì to 2

√
q. Autì to apotelesma sunist� to je¸rhma pou diatÔpwse o

Helmut Hasse sta 1930.

1Perissìtera gia qarakt rec mporeÐ kaneÐc na brei ston sÔndesmo
http://web-server.math.uoc.gr:1080/proptyxiakes/ptyxiakes/Kouta PE.pdf.



Je¸rhma 2.4.1 (Je¸rhma Hasse) 'Estw ìti h elleiptik  kampÔlh E (mod q)
èqei N to pl joc shmeÐa. Tìte

|N − (q + 1)| ≤ 2
√

q .

2.5 ParadeÐgmata se Maple

> restart;

We define a procedure L in order to verify whether that the points
we are about to use, are points on a given elliptic curve E, or not.
If this statement is true, we expect to find L=0.

> L:= proc(G,P)
> local ECeval;
> ECeval := (P[2])^2 - ((P[1])^3 + G[1]* P[1] + G[2]) mod (G[3]);
> return ECeval;
> end:

The following procedure computes the coefficients of the point C
= A + B, over an elliptic curve E

> gop := proc(G,A,B)
> local a,b,p,xA,yA,xB,yB,xC,yC,C,slope;
>

> a := G[1];
> b := G[2];
> p := G[3];
>

>

> # The case where at least one of A and B is the point at infinity
>

> if A = [infinity,infinity] then
> if L(G,B)<>0 then
> print(B, ‘is not a point of the elliptic curve.‘);
> return ‘computation infeasible‘;
> else
> return B;
> fi;
> fi;
>



>

> if B = [infinity,infinity] then
> if L(G,A)<>0 then
> print(A, ‘is not a point of the elliptic curve.‘);
> return ‘computation infeasible‘;
> else
> return A;
> fi;
> fi;
>

>

>

> xA := A[1];
> yA := A[2];
> xB := B[1];
> yB := B[2];
>

>

> if L(G,A)<>0 then
> print(A, ‘is not a point of the elliptic curve.‘);
> return ‘computation infeasible‘;
> fi;
>

>

> if L(G,B)<>0 then
> print(B, ‘is not a point of the elliptic curve.‘);
> return ‘computation infeasible‘;
> fi;
>

>

>

>

> # The case where A = B and yA is not equal to 0
>

>

> if (xA - xB) modp = 0 and (yA - yB) modp =0 and yA modp <> 0
> then
> if gcd(p,2*yA) = 1 then
> slope := (3*xA^2 + a) / (2*yA) mod p;
> xC := slope^2 - xA - xB mod p;
> yC := -yA + slope*(xA - xC) mod p;



> C := [xC,yC];
> return C;
> else
> print(‘The modular inverse of the slope’s denominator‘,
> 2*yA, ‘does not exist‘);
> print(‘Thus, the sum of points ‘, A, B, ‘is not computable‘);
> return ‘computation infeasible‘;
> fi;
>

>

> # The case where either
> # xA = xB and yA is not equal to yB or
> # A = B and yA is not equal to 0 or
>

> elif ((xA - xB) mod p = 0 and (yA - yB) mod p <>0) or
> ((xA - xB) mod p = 0 and yA mod p =0) then
> C:= [infinity, infinity];
> else
>

>

> # The case where xA is not equal to xB
>

> if gcd(p,xA-xB) = 1 then
> slope := (yA - yB) / (xA - xB) mod p;
> xC := slope^2 - xA - xB mod p;
> yC := -yA + slope*(xA - xC) mod p;
> C := [xC,yC];
> return C;
> else
> print(‘The modular inverse of the slope’s denominator‘,
> xA-xB, ‘does not exist‘);
> print(‘Thus, the sum of points ‘, A, B, ‘is not computable‘);
> return ‘computation infeasible‘;
> fi;
> fi;
> end:
>

>

Vector G provides the feedback for the elliptic curve E we will
work with, i.e.

E : yˆ2 = (xˆ3 + G[1]* x + G[2] )) mod (G[3])



> Example 1
> Here we use the elliptic curve E: yˆ2 = (xˆ3 + 5x -5 ) mod(455839)
>
> G := [5,-5,455839]:
> A :=[1, 1]:
> B := [1,213842]:
> C := [1,0]:
> F := [471,20856]:
> Infty := [infinity, infinity]:
>

> AplusA := gop(G,A,A);

AplusA := [14, 455786]
>

>
> AplusInfty := gop(G,A,Infty);
> InftyplusA := gop(G, Infty, A);

AplusInfty := [1, 1]

InftyplusA := [1, 1]
>

>
> AplusB := gop(G, A, B);

AplusB := [∞,∞]
>

>
> AplusC := gop (G, A, C);

[1, 0], `is not a point of the elliptic curve.`

AplusC := `computation infeasible`
>

>
> AplusF := gop (G, A, F);

AplusC := [390322, 172152]

Example 2
Here we use the elliptic curveE: yˆ2 = (xˆ3 + 4x +4 ) mod(2773)

> G2 := [4,4,2773]:
> A2 := [1853,0]:
> B2 := [642, 669]:
> C2 := [1468,983]:
> F2 := [591, 1236]:
> F3 := [592, 1236]:
>
> gop(G2, A2, A2);

[∞,∞]



> gop(G2, F2, C2);

[1468, 1790]
>

>
> gop(G2, B2, C2);

`The modular inverse of the slope’s denominator `, −826, ‘does not exist‘

‘Thus, the sum of points `, [642, 669], [1468, 983], `is not computable‘

`computation infeasible‘

> gop(G2, B2, F3);

[592, 1236], `is not a point of the elliptic curve.‘

`computation infeasible`



Kef�laio 3

ParagontopoÐhsh Akèraiou me

Qr sh Elleiptik¸n KampÔlwn

Sta mèsa thc dekaetÐac tou 1980, o Hendrik Lenstra èdwse nèa ¸jhsh sth-
n melèth twn elleiptik¸n kampÔlwn, anaptÔssontac ènan apodotikì algìrijmo
paragontopoÐhshc jetik¸n akeraÐwn, o opoÐoc qrhsimopoioÔse elleiptikèc kam-
pÔlec. O algìrijmoc autìc f�nhke sthn poreÐa ìti eÐnai idiaÐtera apotelesmatikìc
gia thn paragontopoÐhsh arijm¸n me perÐ ta 60 yhfÐa, en¸, gia megalÔterouc
arijmoÔc, qrhsimeÔei sthn eÔresh pr¸twn paragìntwn, oi opoÐoi èqoun apì 20 e¸c
kai 30 yhfÐa.

3.1 O p− 1 Algìrijmoc ParagontopoÐhshc tou
Pollard

Orismìc 3.1.1 'Enac akèraioc m eÐnai omalìc wc proc to B,   aploÔstera B -
omalìc, e�n kai mìno e�n ìloi oi pr¸toi par�gontec tou m eÐnai mikrìteroi   Ðsoi
proc to B. Se aut  thn perÐptwsh, to �nw fr�gma B lègetai fr�gma omalìthtac.

3.1.1 Perigraf  thc p− 1 Mejìdou tou Pollard

'Estw ìti epijumoÔme na paragontopoi soume ton sÔnjeto n ∈ N, kai ìti èqei
epileqjeÐ èna fr�gma omalìthtac B.

Ac upojèsoume ìti o p eÐnai k�poioc (�gnwstoc mèqri stigm c) pr¸toc par�gontac
tou n. An o p èqei thn idiìthta ìti o p−1 den èqei kanènan meg�lo pr¸to par�gon-
ta, tìte h akìloujh mèjodoc eÐnai ousiastik� bèbaio ìti ja odhg sei se eÔresh tou
p.

19



1. Epilègoume mÐa b�sh a ∈ N ìpou 2 ≤ a < n. Gia par�deigma, to a ja
mporoÔse na eÐnai Ðso me 2,   3,   me opoiond pote tuqaÐa epilegmèno jetikì
akèraio mikrìtero tou n. UpologÐzoume to g = µκδ(a, n). An g > 1, tìte
èqoume brei ènan par�gonta tou n. Alli¸c, suneqÐzoume sto b ma 2.

2. Epilègoume ènan akèraio k tètoio ¸ste na eÐnai pollapl�sio ìlwn   twn
perissìterwn apì touc akèraiouc pou eÐnai mikrìteroi apì to B. Gia par�deigma,
to k mporeÐ na eÐnai to B!,   mporeÐ na eÐnai to el�qisto koinì pollapl�sio
ìlwn twn akèraiwn ≤ B.

3. UpologÐzoume

a1 ≡ ak (mod n) , kai µκδ(a1 − 1, n) .

Se autì to shmeÐo ja prèpei na shmeiwjeÐ ìti, gia thn kalÔterh diaqeÐrish
twn diajèsimwn pìrwn (mn mh upologist ), den upologÐzoume to ak kai met�
na to an�goume modn. Ant� autoÔ, an, gia par�deigma, qrhsimopoi soume
k = B!, upologÐzoume to aB! mod n anadromik�, mèsw thc ab! ≡

(
a(b−1)!

)b
(mod n), gia b = 2, 3, · · · , B. An�loga, gia k�je �llh epilog  tou k, anazh-
toÔme k�poion upologistik� oikonomikìtero trìpo gia thn eÔresh tou to ak

(mod n).
H mèjodoc pou ja protim soume, eÐnai na gr�youme to B! sth duadik  tou
anapar�stash kai na upologÐsoume to modular ekjetikì me th mèjodo tou
epanalambanìmenou tetragwnismoÔ (bl. L mma 3.1.2).

4. UpologÐzoume to d = µκδ(ak − 1, n), qrhsimopoi¸ntac ton algìrijmo tou
EukleÐdh kai to isoôpìloipo tou ak (mod n) apì to prohgoÔmeno b ma.

5. An d > 1, tìte èqoume ènan par�gonta tou n. Alli¸c, an d den eÐnai mh
tetrimmènoc par�gontac tou n, o algìrijmoc apotugq�nei. Opìte, epanalam-
b�noume th mèjodo k�nontac mÐa nèa epilog  gia to a   / kai mÐa nèa epilog 
gia to k.

L mma 3.1.2 Mèjodoc Epanalambanìmenou TetragwnismoÔ (Repeated
Squaring Method). Dedomènwn b, r, n ∈ N , ac upojèsoume ìti epijumoÔme
na upologÐsoume thn r dÔnamh tou b modn me th mèjodo tou epanalambanìmenou
tetragwnismoÔ. To egqeÐrhma autì apoteleÐ mÐa upologistik  prìklhsh, eidik�
ìtan kai oi dÔo ek twn r kai n eÐnai polÔ meg�loi. H mèjodoc aut  eÐnai arket�
exupnìterh apì ìti o epanalambanìmenoc pollaplasiasmìc tou b me ton eautì tou.

Sta akìlouja jewroÔme ìti b < n,1 kai ìti ìpote k�noume ènan pollaplasi-
asmì, paÐrnoume to el�qisto jetikì isoôpìloipo tou ginomènou modn. Kat� autìn

1An b ≥ n, tìte ergazìmaste me qr sh tou b′, ìpou b′ ≡ b (mod n).



ton trìpo den erqìmaste potè antimètwpoi me akèraio megalÔtero tou n2. Akolou-
jeÐ h perigraf  tou algorÐjmou.

QrhsimopoioÔme to a gia na sumbolÐsoume to merikì ginìmeno. 'Otan telei¸soume,
to a ja eÐnai Ðso me to el�qisto jetikì isoôpìloipo tou br (mod n). Xekin�me
jètontac a = 1. 'Estw ìti ta r0, r1, · · · , rk−1 sumbolÐzoun ta yhfÐa tou r sthn
duadik  tou anapar�stash, dhlad 

r = r0 + 2r1 + 4r2 + · · ·+ 2k−1rk−1 .

Kajèna ek twn rj eÐnai Ðso eÐte me 0 eÐte me 1. An r0 = 0, tìte paramènei a = 1.
Alli¸c, an r0 = 1 tìte a = b. UpologÐzoume to b2 kai jètoume b1 ≡ b2 (mod n).
An r1 = 0, to a mènei amet�blhto. An r1 = 1, pollaplasi�zoume to a epÐ b1

kai h nèa tim  tou a eÐnai to el�qisto jetikì isoôpìloipo tou ab1 (mod n). Se
epìmeno b ma, tetragwnÐzoume to b1 kai jètoume b2 na eÐnai to el�qisto jetikì
isoôpìloipo tou b2

1 (mod n). E�n r2 = 1, pollaplasi�zoume to a epÐ b2, alli¸c
to a paramènei wc èqei. SuneqÐzoume kat� autìn ton trìpo. Sto j− ostì b ma
(j = 0, 1, · · · , k − 1), èqoume upologÐsei to bj ≡ b2j

(mod n). An rj = 1, dhlad 
an to 2j emfanÐzetai sth diadik  anapar�stash tou r, tìte sumperilamb�noume to
bj sto ginìmeno tou a (an to 2j apousi�zei apì to r, tìte ìqi). EÐnai t¸ra aplì na
dei kaneÐc ìti met� to (k − 1)− ostì b ma èqoume to epijumhtì a ≡ br (mod n).

AkoloÔjwc dÐnoume èna par�deigma efarmog c tou algìrijmou epanalambanìmenou
tetragwnismoÔ:

Calculation
of the least non negative residue of 3ˆ(61) modulo 101 by use of the
successive squaring method

> restart:
> with(Bits);

[And ,FirstNonzeroBit ,GetBits , Iff , Implies , Join,Nand ,Nor ,Not ,Or , Settings , Split , String ,Xor ]
> n := 101;
> b:=3:
> b:= b mod(n);
> r:= 61;

n := 101

b := 3

r := 61

we now produce the binary representation of the exponentr.
R denotes the vector [r 1, r 1,...,r k], where r=Sum (j=1)ˆ(k)

r j 2ˆj



> convert(r,binary);
> R:= Split(r);
> k:= nops(R);

111101

R := [1, 0, 1, 1, 1, 1]

k := 6

we symbolize by part prod the partial product that the method gen-
erates at each of the k steps.

> part_prod:=1;
> B:=b;
> if R[1]=1 then
> part_prod:=part_prod*B;
> fi;

part prod := 1

B := 3

part prod := 3
> for i from 2 to k do
> B:= B^2 mod(n);
> if R[i]=1 then
> part_prod:=part_prod * B mod(n);
> fi;
> od;
> part_prod;

B := 9

B := 81

B := 97

B := 16

B := 54

7

> b^r mod(n);

7

3.1.2 An�lush thc p− 1 Mejìdou tou Pollard

O algìrijmoc tou Pollard basÐzetai ston akìloujo sullogismì. Ac upojèsoume
ìti to k diaireÐtai apì ìlouc touc jetikoÔc akèraiouc ≤ B, kai epiplèon ac upo-
jèsoume ìti o p eÐnai ènac pr¸toc diairèthc tou n, tètoioc ¸ste o p − 1 na eÐnai
ginìmeno mikr¸n pr¸twn dun�mewn, oi opoÐec eÐnai ìlec mikrìterec apì B. 'Epetai
ìti to k eÐnai pollapl�sio tou p − 1 (afoÔ eÐnai pollapl�sio ìlwn twn dun�mewn
pr¸twn pou emfanÐzontai sthn paragontopoÐhsh tou p−1). Sunep¸c, apì to Mikrì
Je¸rhma tou Fermat, èqoume ak ≡ 1 (mod p). Tìte, p |µκδ(ak − 1, n). 'Etsi, h



monadik  perÐptwsh kat� thn opoÐa mporeÐ sto b ma 4 na apotÔqoume na broÔme
mh tetrimmèno par�gonta tou n, eÐnai h peÐptwsh kat� thn opoÐa ak ≡ 1 (mod n).

Par�deigma 3.1.3 QrhsimopoioÔme thn mèjodo tou Pollard gia na paragontopoi -
soume to n = 540143. Epilègoume a = 2 kai B = 8 (�ra k = εκπ(1, 2, · · · , 8) =
840). Me th mèjodo tou epanalambanìmenou modular tetragwnismoÔ, brÐskoume
ìti 2840 ≡ 53047 (mod n). Epiplèon, µκδ(53046, n) = 421. Autì odhgeÐ sthn
paragontopoÐhsh 540143 = 421 · 1283.

H basik  adunamÐa thc mejìdou tou Pollard eÐnai emfan c e�n epiqeir soume
na thn qrhsimopoi soume se perÐptwsh ìpou gia k�je pr¸to diairèth p tou n, o
p− 1 diaireÐtai apì ènan sqetik� meg�lo pr¸to (  dÔnamh pr¸tou).

Par�deigma 3.1.4 'Estw n = 491389. Se aut  thn perÐptwsh, de ja brÐskame
mh tetrimèno par�gonta, ¸spou na epilèxoume B ≥ 191, afoÔ o n paragontopoieÐtai
wc n = 383 · 1283. 'Eqoume 383− 1 = 2 · 191 kai 1283− 1 = 2 · 641, ìpou oi 191
kai 641 eÐnai kai oi dÔo pr¸toi. Epiplèon, ektìc apì a ≡ 0,±1 (mod 383) ìla
ta upìloipa a èqoun t�xh modulo 383 eÐte 191 eÐte 382. 'Opwc kai ektìc apì
a ≡ 0,±1 (mod 1283) ìla ta upìloipa a èqoun t�xh modulo 1283 eÐte 641 eÐte
1282. Epomènwc, ektìc ki an to k pou epilègoume diaireÐtai apì to 191 (  to 641),
sto b ma 4 ja paÐrnoume suneq¸c µκδ(ak − 1, n) = 1.

To basikì meionèkthma thc mejìdou p− 1 tou Pollard eÐnai ìti oi elpÐdec mac
exart¸ntai apì thn om�da (Z/p Z)∗. Pio sugkekrimèna, apì tic om�dec autèc ka-
j¸c o p diatrèqei to sÔnolo twn pr¸twn paragìntwn tou n. Gia sugkekrimèno n,
oi om�dec autèc eÐnai sugkekrimènec. An tuqaÐnei ìlec na èqoun t�xh diairet  apì
ènan meg�lo pr¸to, h mèjodoc den apodÐdei.

H ousiastik  diafor� me ton algìrijmo tou Lenstra pou ja melet soume
ègkeitai sto gegonìc ìti douleÔontac p�nw apì s¸mata Fp = Z/p Z, èqoume
dunatìthta na qrhsimopoi soume plhj¸ra om�dwn, kai mporoÔme realistik� na
elpÐzoume ìti ja broÔme mÐa om�da h t�xh thc opoÐac den diaireÐtai apì k�poion
meg�lo pr¸to   apì dÔnamh pr¸tou.

3.1.3 Efarmog  thc Mejìdou tou Pollard se Maple

Gia to akìloujo k�noume qr sh thc mejìdou tou epanalambanìmenou tetragwnis-
moÔ, thn opoÐa parousi�same sto L mma 3.1.2.

Factoring n = 26869 by use of Pollard’s p - 1 Algorithm. To
begin with, we select a base a and a smoothness bound B .



> restart:
> with(Bits);

[And ,FirstNonzeroBit ,GetBits , Iff , Implies , Join,Nand ,Nor ,Not ,Or , Settings , Split , String ,Xor ]

> n := 26869;
> a := 7;
> B := 13;
> g := gcd(a, n);

n := 26869

a := 7

B := 13

g := 1

we now select an integerk and perform the 3rd srep of the algo-
rithm, using the successive squaring method in order to compute aˆk
(mod n ).

> k := B!;

k := 6227020800

> convert(k,binary):
> R := Split(k);
> m := nops(R);
> part_prod := 1:
> A := a:
> if R[1] = 1 then
> part_prod := part_prod * A:
> fi;
> for i from 2 to m do
> A := A^2 mod(n):
> if R[i] = 1 then
> part_prod := part_prod * A mod(n):
> fi:
> od:
> part_prod;

R := [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 1, 1, 0, 0, 0, 1, 0, 1, 0, 0, 1, 1, 0, 0, 1, 1, 1, 0, 1]

m := 33

24445

Verifying the outcome of the algorithm:

> a_1 := gcd(part_prod -1, n);
> a_2 := n/a_1;
> a_1 * a_2;

a 1 := 97



a 2 := 277

26869

3.2 ParagontopoÐhsh akeraÐwn me qr sh elleip-
tik¸n kampÔlwn

E�n epijumoÔme na paragontopoi soume ton jetikì akèraio n, gia ton opoÐo
gnwrÐzoume ìti eÐnai ginìmeno dÔo pr¸twn arijm¸n. Epilègoume tuqaÐa elleiptik 
kampÔlh E mod n kai shmeÐo P p�nw sthn E. Praktik�, epilègei kaneÐc pol-
laplèc (perÐpou 14 gia arijmoÔc perÐ ta 50 yhfÐa, perissìterec gia megalÔterouc
akèraiouc) kampÔlec kai antÐstoiqa shmeÐa ep> aut¸n kai trèqoume ton algìrijmo
par�llhla.

3.2.1 O Algìrijmoc

'Estw loipìn n ènac jetikìc perittìc akèraioc. Perigr�foume thn pijanotik 
mèjodo tou Lenstra gia thn paragontopoÐhsh tou n.

TÐjetai to praktikì er¸thma, p¸c epilègoume thn elleiptik  kampÔlh E
pou ja qrhsimopoi soume? Pr¸ta epilègoume shmeÐo P (x0, y0) kai mÐa stajer�
a. Katìpin, upologÐzoume th stajer� b, ètsi ¸ste oi suntetagmènec tou P na
ikanopoioÔn thn exÐswsh Weierstrass (2.1). Aut  h mèjodoc eÐnai apodotikìterh
apì to na kaneÐc ta a kai b kai na epidi¸xei na brei shmeÐo P pou na an kei sthn
elleiptik  kampÔlh me exÐswsh y2 = x3 + ax + b.

Upojètoume t¸ra ìti èqoume par�gei èna zeÔgoc (E, P ) pou apoteleÐtai apì
mÐa elleiptik  kampÔlh me exÐswsh thc morf c y2 = x3 + ax + b me a, b ∈ Z kai
èna shmeÐo P = (x, y) ∈ E kai suneqÐzoume me th mèjodo pou ja perigr�youme sth
sunèqeia. An h mèjodoc apotÔqei na d¸sei ènan mh tetrimmèno par�gonta tou n,
tìte par�goume èna nèo zeÔgoc (E, P ) kai epanalamb�noume th diadikasÐa.

Prin na xekin soume na douleÔoume me thn E mod n pou èqoume epilèxei,
prèpei na epibebai¸soume ìti eÐnai ìntwc elleiptik  kampÔlh mod p, gia k�je pr¸-
to diairèth p tou n, dhlad  ìti to kubikì polu¸numo sto dexÐ mèloc thc exÐswshc
thc kampÔlhc èqei diakekrimènec rÐzec modp. Autì isqÔei e�n kai mìno e�n h di-
akrÐnousa tou kubikoÔ poluwnÔmou eÐnai mh mhdenik  modp gia k�je p |n. 'Ara



prèpei kai arkeÐ h diakrÐnousa 4a3+27b2 na eÐnai pr¸th proc to n. Opìte elègqoume
e�n µκδ(4a3 +27b2, n) = 1 kai an nai, mporoÔme na suneqÐsoume. Fusik�, an aut 
h diakrÐnousa eÐnai gn sia metaxÔ twn 1 kai n, èqoume ènan mh tetrimmèno diairèth
tou n opìte èqoume telei¸sei. Alli¸c, an autìc o mègistoc koinìc diairèthc eÐ-
nai Ðsoc me n, ja prèpei na epilèxoume �llh elleiptik  kampÔlh gia na suneqÐsoume.

Se deÔtero b ma, epilègoume dÔo akèraia fr�gmata omalìthtac, dhlad  dÔo
akèraiouc B (Ðswc kont� sto 108) kai C. Ed¸ to B eÐnai fr�gma gia touc pr¸touc
diairètec tou arijmoÔ k epÐ ton opoÐo pollaplasi�zoume to shmeÐo P . An to B
eÐnai meg�lo, tìte eÐnai meg�lh kai h pijanìthta to zeÔgoc mac (E, P ) na èqei
thn idiìthta kP ≡ ∞ mod p gia k�poio p me p |n. Apì thn �llh pleur�, ìso
megalÔtero eÐnai to B tìso perissìteroc qrìnoc ja qreiasteÐ gia na upologisteÐ
to kP mod p. Epomènwc, h epilog  tou B ja prèpei na gÐnei me tètoio trìpo ¸ste
na anamènetai na elaqistopoihjeÐ o qrìnoc ektèleshc tou upologismoÔ. 'Oso afor�
sto C, autì eÐnai èna fr�gma gia touc pr¸touc diairètec p tou n gia touc opoÐouc
anamènoume na p�roume mÐa sqèsh kP mod p ≡ ∞ mod p. Tìte, epilègoume k
¸ste na dÐnetai apì th sqèsh

k =
∏
`≤B

`α` ,

ìpou, gia k�je pr¸to ` me ` ≤ B, o α` = [log C/ log `] eÐnai o mègistoc ekjèthc
¸ste `α` ≤ C. Autì shmaÐnei ìti to k eÐnai to ginìmeno ìlwn twn pr¸twn dun�mewn
≤ C pou eÐnai dun�meic pr¸twn ≤ B.

Tìte, to je¸rhma 2.4.1 mac lèei ìti, an o p eÐnai tètoioc ¸ste p+1+2
√

p < C
kai h t�xh thc om�dac twn shmeÐwn thc E mod p den eÐnai diairet  apì k�poion
pr¸to > B, tìte to k eÐnai pollapl�sio aut c thc t�xhc, opìte kP ≡ ∞ mod p.

Par�deigma 3.2.1 Ac upojèsoume ìti èqoume epilèxei B = 20, kai epijumoÔme
na paragontopoi soume ènan dekay fio akèraio n, o opoÐoc m�llon eÐnai ginìmeno
dÔo pentay fiwn pr¸twn paragìntwn ( me autì ennooÔme ìti oi pr¸toi par�gontec
tou n eÐnai perÐpou thc Ðdiac t�xhc megèjouc). Tìte, epilègoume C = 100700 kai
k = 2 16 · 310 · 57 · 75 · 114 · 134 · 17 4 · 193. 2

Epistrèfoume t¸ra sthn perigraf  tou algìrijmou. Ergazìmenoi mod n epiqeiroÔme
na upologÐsoume to kP wc ex c: 2P, 2(2P ), 2(4P ), · · · , 2α2P , met� 3(2α2P ), 3(3 2α2P ),
· · · , 3α32α2P kìk, ¸spou telik� na upologisteÐ to

∏
`≤B `α`P . Autì ulopoieÐtai

me th mèjodo epanalambanìmenou diplasiasmoÔ, h opoÐa perigr�fetai parak�tw,
sto L mma 3.2.3. Se autoÔc touc upologismoÔc, ìpote qrei�zetai na gÐnei diaÐresh
modulo n, qrhsimopoioÔme ton EukleÐdeio Algìrijmo gia na broÔme to pollaplasi-
astikì antÐstrofo modn. An se opoiod pote shmeÐo o algìrijmoc apotÔqei ma



d¸sei to antÐstrofo, tìte eÐte brÐskoume ènan mh tetrimmèno diairèth tou n   ton
Ðdio ton n, mèsw tou mègistou koinoÔ diairèth tou n kai tou paronomast . Sthn
pr¸th perÐptwsh, o stìqoc mac epitugq�netai, kai o algìrijmoc oloklhr¸netai
epituq¸c. Sth deÔterh perÐptwsh, o algìrijmìc mac apotugq�nei kai ja prèpei na
epilèxoume �llo zeÔgoc (E, P ). An o algìrijmoc tou EukleÐdh diark¸c dÐnei ènan
antÐstrofo, opìte to kP mod n pr�gmati upologÐzetai, tìte ja prèpei, kai se aut 
thn perÐptwsh na epilèxoume �llo zeÔgoc (E, P ).

Autì oloklhr¸nei thn perigraf  tou algìrijmou paragontopoÐhshc akeraÐwn
me qr sh elleiptik¸n kampÔlwn.

Par�deigma 3.2.2 'Estw n = 2773. JewroÔme to P = (1, 3) kai epilègoume
a = 4. Epeid  jèloume na isqÔei 32 ≡ 13 + 4 · 1 + b mod 2773, paÐrnoume b = 4.
Epomènwc, h kampÔlh E me thn opoÐa ja doulèyoume eÐnai h ex c.

E : y2 ≡ x3 + 4x + 4 (mod 2773) .

UpologÐzoume to 2P = (1771, 705), me qr sh twn tÔpwn pou apodeÐxame sto Ke-
f�laio 2, ìpou gia thn eÔresh tou m qrei�zetai na upologÐsoume to (2 · y0)

−1 mod
2773. Proôpìjesh gia thn antistrof  tou 6 (mod 2773) eÐnai o µκδ(6, 2773) na
eÐnai Ðsoc me 1, pou isqÔei. Opìte qrhsimopoioÔme ton eukleÐdeio algìrijmo gia ton
upologismì.

Ac upologÐsoume t¸ra to shmeÐo 3P = 2P + P . H eujeÐa pou dièrqetai apì ta
shmeÐa 2P = (1771, 705) kai P = (1, 3) èqei suntelest  dieÔjunshc 702/1770.
Sthn prosp�jeia na antistrèyoume to 1770 mod 2773, brÐskoume

2773 = 1 · 1770 + 1003

1770 = 1 · 1003 + 767

1003 = 1 · 767 + 236

767 = 2 · 236 + 59

236 = 4 · 59 + 0 ,

ap> ìpou sumperaÐnoume ìti µκδ(1770, 2773) = 59. H diapÐstwsh ìti µκδ(1770, 2773)
6= 1, shmaÐnei ìti to 1770 den eÐnai antistrèyimo mod 2773. Opìte ti k�noume t¸ra?
O arqikìc mac stìqoc  tan na paragontopoi soume to 2773, �ra den qrei�zetai na
k�noume tÐpote parap�nw. Br kame ton èna par�gont� tou, to 59, ki ètsi paÐrnoume
thn paragontopoÐhsh 2773 = 59 · 47. 2

Ac doÔme ti sumbaÐnei. Me b�sh to Kinèziko Je¸rhma UpoloÐpwn, mporoÔme
na doÔme thn E wc zeÔgoc elleiptik¸n kampÔlwn, thn E mod 59 kai thn E mod 47
kai diapist¸noume ìti 3P = ∞ mod 59, en¸ eÐnai 3P 6= ∞ mod 47. Epomènwc,



ìtan epiqeir same na upologÐsoume tic suntetagmènec tou shmeÐou 3P , sunant -
same ènan suntelest  dieÔjunshc pou  tan �peiroc mod59 all� peperasmènoc
mod47. Me �lla lìgia, eÐqame ènan mhdenikì paronomast  mod59, all� mh mh-
denikì mod47, gegonìc pou mac epètreye, upologÐzontac ton mègisto koinì di-
airèth, na apomon¸soume ton par�gonta 59.

AutoÔ tou tÔpou h idèa sunist� th b�sh gia polloÔc algìrijmouc paragontopoÐ-
hshc. An n = pq, den eÐnai efiktì na apomon¸soume touc par�gontec p kai q ìso
ekeÐnoi sumperifèrontai ìmoia. Wstìso, an brejeÐ k�ti pou touc k�nei na sumer-
ifèrontai èstw kai elafr� diaforetik�, o stìqoc ulopoieÐtai. En prokeimènw, sto
par�deigma 3.2.2, ta pollapl�sia tou P èftasan sto shmeÐo ∞, taqÔtera mod59
apì ìti mod47. Efìson en gènei oi pr¸toi p kai q anamènetai2 na sumperifèrontai
arket� diaforetik�, ja perÐmene kaneÐc ìti gia tic perissìterec elleiptikèc kam-
pÔlec E (mod pq) kai ta perissìtera shmeÐa P , ta pollapl�sia tou P den ja
ft�noun sto shmeÐo ∞ modp kai modq tautìqrona. Kata sunèpeia, ènac upolo-
gismìc mègistou koinoÔ diairèth epistrèfei eÐte to p eÐte to q.

Sun jwc qrei�zontai arket� perissìtera apì trÐa   tèssera b mata gia na
p�roume to shmeÐo ∞ modp   modq. Sthn pr�xh, qrei�zetai na pollaplasi�-
sei kaneÐc to shmeÐo P epÐ ènan meg�lo arijmì B me polloÔc mikroÔc pr¸touc
par�gontec, gia par�deigma, B = 10000!. Ed¸ ja prèpei na shmeiwjeÐ ìti den
sunist�tai na epiqeirÐsei kaneÐc na upologÐsei to shmeÐo B ·P me diadoqikèc prosjè-
seic P + P , 3P = 2P + P , 4P = 3P + P k.o.k., kaj¸c autì ja  tan idiaÐtera
qronobìro. EÐnai protimìtero o pollaplasiasmìc B · P na ektelesteÐ me th mè-
jodo tou epanalambanìmenou diplasiasmoÔ (to an�logo thc mejìdo tou epanalam-
banìmenou tetragwnismoÔ 3.1.2), thn opoÐa ja parousi�soume kai ja apodeÐxoume
sth sunèqeia (L mma 3.2.3). H elpÐda eÐnai ìti autì to pollapl�sio eÐnai to ∞
eÐte modp   modq.

ParathroÔme ìti autì eÐnai to an�logo thc p−1 mejìdou paragontopoÐhshc tou
Pollard. Wstìso, upenjumÐzetai ìti h teleutaÐa, den dÐnei apotèlesma ìtan o p− 1
èqei toul�qiston ènan meg�lo pr¸to par�gonta. O Ðdioc tÔpoc kwlÔmatoc mporeÐ na
prokÔyei me th mèjodo twn elleiptik¸n kampÔlwn thn opoÐa mìlic parousi�same,
ìtan o fusikìc arijmìc k pou eÐnai tètoioc ¸ste kP = ∞ èqei toul�qiston è-
nan meg�lo pr¸to par�gonta, o opìte h mèjodoc apotugq�nei na epistrèyei ènan
par�gonta tou n. Se aut  thn perÐptwsh, apl¸c ekteloÔme ton algìrijmo all�-
zontac thn epilog  elleiptik c kampÔlhc E. H nèa kampÔlh ja eÐnai anex�rthth
apì thn prohgoÔmenh kai h tim  k′ ¸ste k′P = ∞, gia th nèa epilog  tou shmeÐou
P , de ja prèpei ousiastik� na èqei kamÐa sqèsh me thn prohgoÔmenh tim  tou k.
'Epeita apì arketèc dokimèc (  èpeita apì arketèc kampÔlec sthn perÐptwsh ìpou
o algìrijmoc ekteleÐtai par�llhla gia orismènec kampÔlec Ei mod n kai antÐs-
toiqa shmeÐa touc Pi) suqn� brÐsketai kat�llhlh kampÔlh kai o akèraioc n = pq
paragontopoieÐtai. AntÐjeta, an o p−1 algìrijmoc apotÔqei, tìte den up�rqei k�ti
pou na mporeÐ na allaqjeÐ ektìc apì thn Ðdia th mèjodo paragontopoÐhshc.

2q�rh sthn tuqaiìthta thc epilog c touc.



L mma 3.2.3 Mèjodoc epanalambanìmenou diplasiasmoÔ (Successive dou-
bling method). 'Estw x = b1b2 · · · bw ènac akèraioc arijmìc, grammènoc se diadik 
morf . 'Estw P shmeÐo p�nw sthn elleiptik  kampÔlh E.

1. ArqÐzoume me k = 1 kai S1 = ∞.

2. An bk = 1, tìte Rk = Sk + P .
An bk = 0, tìte Rk = Sk.

3. 'Estw Sk+1 = 2Rk.

4. An k = w, stamat�me. An k < w, prosjètoume 1 sto k kai suneqÐzoume sto
b ma (2).

'Otan o algìrijmoc termatÐsei, epistrèfei to Rw, ìpou Rw = xP .

Apìdeixh. Me th sÔmbash ìti 0 · P = ∞, èqw ìti

R1 = S1 + b1P = ∞+ b1P = b1P .

kai epeid  gia k�je k, me 1 < k ≤ w, isqÔei Rk = Sk + bkP kai Sk = 2Rk−1,
èqoume

Rk = 2Rk−1 + bkP .

Opìte eÐnai

Rw = 2Rw−1 + bwP = 2(2Rw−2 + bw−1P ) + bwP = 22Rw−2 + 21bw−1P + bwP

= 22(2Rw−3 + bw−2P ) + 21bw−1P + bwP = 23Rw−3 + 22bw−2P + 21bw−1P + bwP
...
= 2w−1b1P + 2w−2b2P + · · ·+ 22bw−2P + 21bw−1P + 20bwP

=
(
2w−1b1 + 2w−2b2 + · · ·+ 22bw−2 + 21bw−1 + 20bw

)
P

= x P

2

Par�deigma 3.2.4 'Estw ìti epijumoÔme na paragontopoi soume to n = 455839.
Epilègoume

E : y2 ≡ x3 + 5x− 5 kai P = (1, 1) .



Ac upojèsoume ìti epidi¸koume na upologÐsoume to 10!P . Up�rqoun di�foroi
trìpoi gia na ulopoihjeÐ autì. 'Enac eÐnai o anadromikìc upologismìc 2!P , 3!P =
3(2!P ), 4!P = 4(3!P ), · · · . Dhlad , èqontac qrhsimopoi sei to L mma 3.2.3
gia na upologÐsoume to 2!P , opìte èqoume p�rei k�poio shmeÐo Q thc E, upologÐ-
zoume to 3!P wc 3(2!P ) = 3Q, me qr sh kai p�li thc mejìdou epanalambanìmenou
diplasiasmoÔ.

An to k�noume autì, ìla baÐnoun kal¸c mèqri kai to 7!P . Gia thn eÔresh
ìmwc tou 8!P qrei�zetai na antistrèyoume to 599 mod 455839. UpologÐzontac ton
µκδ(599, 455839) brÐskoume 599, opìte paragontopoioÔme to n wc 599 · 761.

Ac exet�soume to exagìmeno peretaÐrw. An apì to 2.4.1, mpoÔme sth diadikasÐ-
a na upologÐsoume to pl joc twn shmeÐwn thc E mod 599 ja doÔme ìti eÐnai 640 =
27·5 kai ìti to pl joc twn shmeÐwn thc E mod 761 eÐnai 777 = 3·7·37. Epiplèon, to
640 eÐnai o mikrìteroc jetikìc akèraioc m tètoioc ¸ste mP = ∞ mod 599 sthn E,
kai to 777 eÐnai o mikrìteroc jetikìc akèraioc m tètoioc ¸ste mP = ∞ mod 777
sthn E. ParathroÔme t¸ra ìti to 8! eÐnai pollapl�sio tou 640. 'Ara eÐnai aplì na
dei kaneÐc ìti 8!P = ∞ sthn E mod 599, ìpwc to upologÐsame. Ac mhn xeqn�me ìti
paÐrnoume∞ ìtan epiqeiroÔme na diairèsoume me 0, opìte ed¸ o lìgoc pou br kame
ton par�gonta 599 eÐnai ìti o upologismìc tou 8!P qrei�sthke thn diaÐresh me
o mod 599. 2

3.3 An�lush tou Algìrijmou

Ac exet�soume th genik  perÐptwsh. JewroÔme kat> arq�c mÐa elleiptik 
kampÔlh E mod p, gia k�poion pr¸to p. O mikrìteroc jetikìc akèraioc m tètoioc
¸ste mP = ∞ p�nw apì thn E, diaireÐ to pl joc N twn shmeÐwn thc E mod p,
3 dhlad  isqÔei kai NP = ∞. Suqn�, to m ja eÐnai to Ðdio to N   k�poioc
meg�loc diairèthc tou N . Se k�je perÐptwsh, an N eÐnai ginìmeno mikr¸n pr¸twn
paragìntwn, tìte gia kat�llhlh epilog  logik� mikroÔ fr�gmatoc omalìthtac B,
4 to B! ja eÐnai pollapl�sio tou N .

Apì to je¸rhma tou Hasse (je¸rhma 2.4.1), sumperaÐnoume ìti o N eÐnai
akèraioc kont� sto p. ApodeiknÔetai ìti h puknìthta omal¸n akeraÐwn eÐnai ar-
ket� meg�lh (af noume ed¸ tic ènnoiec mikrìc kai meg�loc sthn diaÐsjhsh, qwrÐc
austhrì orismì) ¸ste an epilèxoume tuqaÐa elleiptik  kampÔlh E mod p tìte up-
�rqei ikanopoihtik� meg�lh pijanìthta ìti h t�xh N thc om�dac twn shmeÐwn thc
E eÐnai omalìc arijmìc. Praktik�, autì shmaÐnei ìti anamènetai ìti h mèjodoc

3Apì to gnwstì Pìrisma tou Jewr matoc Lagrange.
4Bl. orismì 3.1.1.



paragontopoÐhshc mè qr sh elleiptik¸n kampÔlwn anamènetai me arket� kal  pi-
janìthta na epistrèyei ton p gia aut  thn epilog  kampÔlhc. An dokim�soume
par�llhla perissìterec thc mÐac elleiptikèc kampÔlec E (mod n), ìpou n = pq,
tìte eÐnai pijanì ìti gia toul�qiston mÐa apì tic kampÔlec E (mod p)   E (mod q)
h t�xh thc om�dac twn shmeÐwn thc ja eÐnai omalìc akèraioc.

SunoyÐzontac, ìpwc anafèrame kai prohgoÔmena, h ousiastik  diafor� thc
p−1 mejìdou paragontopoÐhshc tou Pollard me ton algìrijmo tou Lenstra ègkeitai
sto gegonìc ìti douleÔontac p�nw apì s¸mata Fp = Z/p Z, èqoume dunatìthta na
qrhsimopoi soume plhj¸ra om�dwn, kai mporoÔme na realistik� na elpÐzoume ìti
ja broÔme mÐa om�da h t�xh thc opoÐac den diaireÐtai apì k�poion meg�lo pr¸to  
apì dÔnamh pr¸tou.

'Ena pleonèkthma thc mèjodoc twn elleiptik¸n kampÔlwn ènanti thc mejìdou
tou Pollard eÐnai ìti h deÔterh apaiteÐ o p−1 na eÐnai omalìc, dhlad  na èqei mikroÔc
pr¸touc par�gontec. AntÐjeta, h mèjodoc twn elleiptik¸n kampÔlwn apaiteÐ mìno
na up�rqoun omaloÐ akèraioi arijmoÐ kont� ston p, ètsi ¸ste k�poioc tuqaÐa epi-
legmènoc akèraioc kont� sto p na èqei ikanopoihtik� meg�lh pijanìthta na eÐnai
omalìc. Kat� sunèpeia, h mèjodoc paragontopoÐhshc me qr sh elleiptik¸n kam-
pÔlwn epitugq�nei polÔ pio suqn� apì thn p − 1 mèjodo paragontopoÐhshc tou
Pollard.

H mèjodìc mac faÐnetai na eÐnai h plèon kat�llhlh gia qr sh proc paragontopoÐhsh
akeraÐwn mètriou megèjouc, dhlad  arijmoÔc perÐpou 40 me 50 yhfÐwn. Gia megalÔter-
ouc akèraiouc, h mèjodoc elleiptik¸n kampÔlwn gÐnetai arket� dÔsqrhsth kai oi
algìrijmoi tou tetragwnikoÔ kai tou arijmhtikoÔ kìskinou faÐnetai ìti eÐnai ousi-
astik� an¸teroi.

3.4 UlopoÐhshc thc Mejìdou ParagontopoÐhsh-
c me Elleiptikèc KampÔlec me Maple

Sta akìlouja qrhsimopoioÔme th sun�rthsh gop pou eÐdame sthn par�grafo
2.5, me th diafor� ìti ìtan o upologismìc tou ajroÐsmatoc dÔo shmeÐwn apo-
tugq�nei gia ton lìgo ìti ìtan h klÐsh thc eujeÐac pou dièrqetai apì ta shmeÐa
aut� den orÐzetai sto s¸ma sto opoÐo ergazìmaste, tìte h gop epistrèfei ènan mh
tetrimmèno par�gonta tou n.

OrÐzoume kai dÔo nèec sunart seic, thn SuccAdd kai thn SuccDoub. Kai oi
dÔo autèc sunart seic upologÐzoun to shmeÐo xP p�nw sthn kampÔlh E (mod n)
thn opoÐa èqoume epilèxei, gia k�poion akèraio x. H men pr¸th, h SuccAdd k�nei
ton upologismì grammik� xekin¸ntac me to �jroisma P + P kai prosjètontac



kat> epan�lhyh P ¸spou na upologisteÐ to xP , dhlad  oi pr�xeic pou k�nei eÐnai
oi P +P , P +2∗P , P +3∗P , ..., P +(x−1)∗P . Den ja th qrhsimopoi soume kaj¸c
to exagìmeno ja eÐnai to Ðdio, ektìc ki an mÐa apì tic dÔo sunant sei suntomìtera
to∞. En gènei ìmwc, h SuccAdd eÐnai arket� pio arg  apì thn SuccDoub, k�ti pou
ja faneÐ an o anagn¸sthc afier¸sei lÐgo qrìno gia na tic elègxei trèqont�c tic
gia k�poia sugkekrimènh eÐsodo sto Maple. H de SuccDoub ulopoieÐ ton algìrijmo
epanalambanìmenou diplasiasmoÔ ìpwc autìc dìjhke sto L mma 3.2.3.

DÐnoume mÐa efarmog  p�nw sto par�deigma 3.2.4.

> restart;
> with(Bits);

[And ,FirstNonzeroBit ,GetBits , Iff , Implies , Join,Nand ,Nor ,Not ,Or , Settings , Split , String ,Xor ]

We define a procedure L in order to verify whether that the points
we are about to use, are points on a given elliptic curve E, or not.
If this statement is true, we expect to find L=0.

> L:= proc(G,P)
> local ECeval;
> ECeval := (P[2])^2 - ((P[1])^3 + G[1]* P[1] + G[2]) mod (G[3]);
> return ECeval;
> end:

The following procedure computes the coefficients of the point C =
A + B, over the elliptic curve E.



> gop := proc(G,A,B)
> local a,b,p,xA,yA,xB,yB,xC,yC,C,slope;
> a := G[1];
> b := G[2];
> p := G[3];
>

> # The case whee at least one of A and B is the point at infinity
>

> if A = [infinity,infinity] then
> if L(G,B)<>0 then
> print(B, ‘is not a point of the elliptic curve.‘);
> return ‘computation infeasible‘;
> else
> return B;
> fi;
> fi;
> if B = [infinity,infinity] then
> if L(G,A)<>0 then
> print(A, ‘is not a point of the elliptic curve.‘);
> return ‘computation infeasible‘;
> else
> return A;
> fi;
> fi;
>

> xA := A[1];
> yA := A[2];
> xB := B[1];
> yB := B[2];
>

>

> if L(G,A)<>0 then
> print(A, ‘is not a point of the elliptic curve.‘);
> return ‘computation infeasible‘;
> fi;
>

> if L(G,B)<>0 then
> print(B, ‘is not a point of the elliptic curve.‘);
> return ‘computation infeasible‘;
> fi;
>

> # The case where A = B and yA is not equal to 0
> if (xA - xB) mod p = 0 and (yA - yB) mod p = 0 and yA mod p
<> 0 then
> if gcd(p,2*yA) = 1 then
> slope := (3*xA^2 + a) / (2*yA) mod p;
> xC := slope^2 - xA - xB mod p;
> yC := -yA + slope*(xA - xC) mod p;
> C := [xC,yC];
> return C;



> else
> print(‘The modular inverse of the slope’s denominator‘,
> 2*yA, ‘does not exist‘);
> print(‘Thus, computing the gcd of the numbers‘, p ,
> 2*yA,‘produces a factor of‘,p);
> print(‘The factor is ‘, gcd(p,2*yA));
> return NULL;
> fi;
>

> # The case where either
> # xA = xB and yA is not equal to yB or

> # A = B and yA is not equal to 0 or
>

> elif ((xA - xB) mod p = 0 and (yA - yB) mod p <>0)
> or ((xA - xB) mod p = 0 and yA mod p =0) then
> C:= [infinity, infinity];
> else
>

> # The case where xA is not equal to xB
>

> if gcd(p,xA-xB) = 1 then
> slope := (yA - yB) / (xA - xB) mod p;
> xC := slope^2 - xA - xB mod p;
> yC := -yA + slope*(xA - xC) mod p;
> C := [xC,yC];
> return C;
> else

> print(‘The modular inverse of the slope’s denominator ‘,xA-xB,
> ‘does not exist‘);
> print(‘Thus, computing the gcd of the numbers‘, p,xA-xB,
> ‘produces a factor of‘,p);
> print(‘The factor is ‘, gcd(p,xA-xB));
> return NULL;
> fi;
> fi;
> end:
>

The following procedure, SucAdd, implementates successive adding
in order to compute x*P,
i.e. P+P, P+2*P, P+3*P, ..., P+ (x-1)*P



> SucAdd:= proc(G,P,x)
> local i, Temp;
>

> for i from 1 to x do
> Temp[i]:=[infinity,infinity];
> od:
>

> Temp[1]:= P;
> for i from 1 to x-1 do
> Temp[i+1] := gop(G,P,Temp[i]);
> od;
>

> return Temp[x];
>

> end:
>

The following procedure , i.e. SucDoub , implementates the suc-
cessive doubling method, in order to compute x*P, over some given
elliptic curve E mod n. We start by denoting as X the vector at
wich we store the digits of the binary representation of x. Variable
w symbolizes the number of operants of X.

We also use two local variables (vectors as well), S and R, which
we, at first, instantiate

> SucDoub := proc(G,P,x)
> local w, invX, S, R, k, i, X;
> invX:= Split(x);
> w:=nops(invX);
>

> for i from 1 to w do
> X[i]:= invX[w-i+1];
> S[i]:=[infinity,infinity]:
> R[i]:=[infinity,infinity]:
> od:
> for k from 1 to w do
> if X[k] = 1 then
> R[k]:=gop(G,P,S[k]);
> else R[k]:=S[k];
> fi;
> if k<w then
> S[k+1]:= gop(G, R[k], R[k])
> fi;
> od;
>

> return R[w];
>

> end:

Vector G provides the feedback for the elliptic curve E we will



work with, i.e.E : yˆ2 = (xˆ3 + G[1]* x + G[2] )) mod (G[3])

> G:= [5,-5,455839];
> P:=[1, 1];
> x:=7!;

G := [5,−5, 455839]

P := [1, 1]

x := 5040

> SucDoub(G, P,x);

[70028, 403526]

> SucDoub(G,%,8);

‘The modular inverse of the slope’s denominator ‘, 315074, ‘does not exist‘

‘Thus, computing the gcd of the numbers‘, 455839, 315074, ‘produces a factor of‘, 455839

‘The factor is ‘, 599



Kef�laio 4

Par�rthma

O Algìrijmoc gia to Tetragwnikì Kìskino
(The Quadratic Field Sieve Algorithm)

4.1 Perigraf  tou Algìrijmou
Ac upojèsoume ìti epijumoÔme na paragontopoi soume ton jetikì akèraio n. Peri-
gr�foume se tèssera b mata ton algìrijmo gia to Tetragwnikì Kìskino.

B ma 1. Epilègoume èna peperasmèno sÔnolo {mikr¸n pr¸twn} F = {p1, p2, · · · , pk},
ìpou oi pi eÐnai pr¸toi gia k�je i = 1, 2, · · · , k ∈ N, to opoÐo kaloÔme b�sh
paragontopoÐhshc.
Sth sunèqeia, gia k�je jetikì akèraio i me 1 ≤ i ≤ k, jewroÔme t = ±i. UpologÐ-
zoume tic timèc zt = b

√
nc + t kai krat�me ekeÐnec tic timèc tou t, gia tic opoÐec o

yt := z2
t −n eÐnai pk - omalìc ( pk - smooth), dhlad  paragontopoieÐtai pl rwc

sto F , èstw

yt = z2
t − n = ±p et1

1 p et2
2 · · · p etk

k = ±
k∏

i=1

pet i
i .(4.1)

H anaz thsh stamat�ei ìtan brejoÔn k + 2 to pl joc tètoiec timèc.

Prin proqwr soume, ac parathr soume ìti, an o pr¸toc pi ∈ S emfanÐzetai
se mÐa, toul�qiston, sqèsh thc morf c (4.1), dhlad  an eti 6= 0 gia k�poio t, tìte

z2
t ≡ n (mod pi), �ra

(
n
pi

)
= +1. Epomènwc, ìtan kataskeu�zoume to sÔnolo S,

èqei nìhma na perilamb�noume se autì mìno pr¸touc p oi opoÐoi eÐnai tetragwnik�

upìloipa tou n, dhlad 
(

n
p

)
= +1.
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B ma 2. Gia k�je t apì aut� pou br kame sto B ma 1, sqhmatÐzoume to duadikì
k + 1 - di�stato di�nusma, vt = (vt 0, vt 1, vt 2, · · · , vt k), ìpou vt i eÐnai to el�qisto
mh arnhtikì isoôpìloipo tou et i modulo 2 gia k�je i, me 1 ≤ i ≤ k, en¸ vt 0 = 0
e�n yt > 0, kai vt 0 = 1 e�n yt < 0.1

B ma 3. Epilègoume èna uposÔnolo S apì tic timèc t pou br kame sto B ma
1, ètsi ¸ste an jewr soume tic antÐstoiqec sqèseic thc morf c (4.1) kai tic pol-
laplasi�soume kat� mèlh, na prokÔyei mÐa sqèsh, sto dexiì mèloc thc opoÐac,
ìloi oi ekjètec

∑
t et 0,

∑
t et 1, · · · ,

∑
t et k na eÐnai �rtioi, èstw 2a0, 2a1, · · · , 2ak,

antÐstoiqa. Ed¸ ennoeÐtai ìti o deÐkthc t diatrèqei èna uposÔnolo (mh gn sio,
efìson apì tic 2k to pl joc timèc, èqoume krat sei k + 2) tou {±1,±2, · · · ,±k};
autì to sÔnolo eÐnai ekeÐno pou onom�zoume S. Me �lla lìgia, gia k�je i, i = 0,
1, 2, · · · , k, ∑

t∈S

vi t ≡ 0 (mod 2) .(4.2)

B ma 4. An èqoume epitÔqei ta anwtètw b mata, èqoume

z2 :=

(∏
t∈S

zt

)2
(4.1)
≡

∏
t∈S

yt
(4.1)
=

∏
pi ∈F

p
∑

t∈S eti

i =
∏

pi ∈F

(pai
i )2

=

( ∏
pi ∈F

p ai
i

)2

:= y2 (mod n) .

Epomènwc, se aut  thn perÐptwsh, paÐrnoume z2 ≡ y2 (mod n), ètsi pou, (z −
y)(z + y) ≡ 0 (mod n) kai efìson z 6≡ ±y (mod n), o µκδ(z± y, n) dÐnei ènan mh
tetrimmèno par�gonta tou n.

Oloklhr¸noume ed¸ thn perigraf  tou Algìrijmou me thn akìloujh parat rhsh.
Gia k�je deÐkth i, me i = 0, 1, · · · , k, to

∑
t∈S eti, mporeÐ na grafjeÐ kai wc∑

t∈S etixt, ìpou to xt eÐnai 1   0, an�loga me to an èqei epilegeÐ   ìqi, h isìthta
thc morf c (4.1), h opoÐa antistoiqeÐ sto sugkekrimèno t ∈ S. En olÐgoic, sumper-
aÐnoume ìti h kat�llhlh epilog  sqèsewn thc morf c (4.1) an�getai sthn eÔresh
mh tetrimmènhc lÔshc tou sust matoc isotimi¸n

e1ix1 + e2ix2 + · · ·+ emixm ≡ 0 (mod 2) (i = 1, 2, · · · , k) ,

ìpou m = #S. Dhlad , èqoume na lÔsoume to sÔsthma

A x ≡ o (mod 2) ,

1MporoÔme na ektelèsoume autì to b ma, thn paragontopoÐhsh tou yt dhlad , me suneqeÐc
dokimastikèc diairèseic. Up�rqei epÐshc kai mÐa diadikasÐa koskinÐsmatoc gia na prosdioristeÐ h
(4.1), ìmwc de ja thn anafèroume sthn paroÔsa ergasÐa.



ìpou A eÐnai o m × (k + 1) pÐnakac, tou opoÐou to stoiqeÐo sth jèsh (i, j) eÐnai
to vij, ìpwc orÐsthke sto B ma2, x eÐnai to di�nusma st lh twn agn¸stwn kai o
eÐnai to mhdenikì di�nusma di�stashc m.2

4.2 ParadeÐgmata - Efarmogèc tou Algìrijmou
gia to Tetragwnikì Kìskino

4.2.1 ParagontopoÐhsh tou n = 34087 me qr sh tou Maple

> restart;

> with(numtheory):
> with(padic):
> with(linalg):

Warning, the protected name order has been redefined and unprotected

Warning, the protected names norm and trace have been redefined and
unprotected

n is the number we want to factor

> n:= 34087;

n := 34087

According to R. A. Mollin, the optimal value of number k, which denotes the
number of primes to be included in the Factor Base, is - from knowledge about
the distribution of smooth integers close to sqrt[2](n) - known to be one chosen
to be approximately :

> k:= floor(evalf(exp(sqrt(ln(n)*ln(ln(n))))));

k := 140

SmoothBound is the constant Mollin refers to as ”smoothness bound B”

> SmoothBound:=50;

SmoothBound := 50

FactorBase is the set we refer to as FACTOR BASE and denote by F

FactorBase is a maple-list, not a maple-set. We begin its construction by
assigning FactorBasethe value [2]. Theithprimefunction returns the ith prime
number, where the first prime number is 2. From the second prime (3) and
while the ithprime(i) is less than the SmoothBound, we check if the ith prime
is a quadratic residue modulo n, and if so, we include the ith prime in the

2To sÔsthma autì mporeÐ na lujeÐ me mejìdouc Grammik c 'Algebrac, gia par�deigma me
klasik  apaleif  Gauss. M�lista, ed¸ ja anagnwrÐsei kaneÐc èna sÔsthma sto s¸ma Z2.



FactorBase. Command nops( )gives the number of opperants of a list, i.e.
here it returns the cardinality of our FactorBase.

> FactorBase:=[2]:
> for i from 2 while(ithprime(i)<SmoothBound) do
> if jacobi(n,ithprime(i))=1 then
> FactorBase:=[op(FactorBase),ithprime(i)] fi
> od:
> FactorBase;nops(%);

[2, 3, 7, 11, 13, 17, 19, 23, 31, 37, 41, 43, 47]

13

For t from floor(sqrt(n))+1 to floor(sqrt(n))+2*k will search which numbers y
= zˆ2-n are factorizable over FactorBase.
enum y is a temp integer variable, counting the acceptable y ’s. The final value
of enum y is the total number of these values y , it is denoted by numb y and
must be larger the the cardinality of FactorBase.
v is a temp array, intitially void, where the i-th coordinate of the array v is the
exponent of the i-th prime of the FactorBase in the prime decomposition of the
current value of y. For each value of enum y from 1 to numb y, at the end of the
loop, the vector expon[enum y] is assigned the value v.
test is a temp integer variable, initially set to 1. Each time we find a prime factor
p (p in FactorBase ) of the current value of y, we multiply testby p raised to the
p-adic order of y. So at the end of the nested for-loop, the proceeding if-statement
checks whether this value of y is acceptable, i.e. if y is entirelly decomposed into
of primes from FactorBase Array ZZ is such that its i-th coordinate is the value
of z which corresponds to the i-th (acceptable) value of y.

> enum_y:=0:
> ind:=array(1..nops(FactorBase)):
> for i from 1 to nops(FactorBase) do ind[i]:=0 od:
> # arhikopoiisi tou ind
> for z from floor(evalf(sqrt(n)))+1 to floor(evalf(sqrt(n)))+2*k
do
> v:=[]:
> y:=z^2-n:
> test:=1:
> for j from 1 to nops(FactorBase) do
> e:=ordp(y,FactorBase[j]):
> if e>0 then ind[j]:=ind[j]+1 fi:
> v:=[op(v),e]:
> test:=test*FactorBase[j]^e
> od:



> if abs(y/test)=1 then
> enum_y:=enum_y+1:
> expon[enum_y]:=v:
> print(‘enum_y=‘,enum_y,‘z=‘,z,‘y=‘,y,‘v=‘,v):
> ZZ[enum_y]:=z:
> fi:
> od:
> numb_y:=enum_y;

enum y =, 1, z =, 185, y =, 138, v =, [1, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0]

enum y =, 2, z =, 187, y =, 882, v =, [1, 2, 2, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0]

enum y =, 3, z =, 189, y =, 1634, v =, [1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0]

enum y =, 4, z =, 191, y =, 2394, v =, [1, 2, 1, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0]

enum y =, 5, z =, 193, y =, 3162, v =, [1, 1, 0, 0, 0, 1, 0, 0, 1, 0, 0, 0, 0]

enum y =, 6, z =, 194, y =, 3549, v =, [0, 1, 1, 0, 2, 0, 0, 0, 0, 0, 0, 0, 0]

enum y =, 7, z =, 196, y =, 4329, v =, [0, 2, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0]

enum y =, 8, z =, 198, y =, 5117, v =, [0, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0]

enum y =, 9, z =, 201, y =, 6314, v =, [1, 0, 1, 1, 0, 0, 0, 0, 0, 0, 1, 0, 0]

enum y =, 10, z =, 205, y =, 7938, v =, [1, 4, 2, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0]

enum y =, 11, z =, 206, y =, 8349, v =, [0, 1, 0, 2, 0, 0, 0, 1, 0, 0, 0, 0, 0]

enum y =, 12, z =, 208, y =, 9177, v =, [0, 1, 1, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0]

enum y =, 13, z =, 209, y =, 9594, v =, [1, 2, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0]

enum y =, 14, z =, 210, y =, 10013, v =, [0, 0, 0, 0, 0, 1, 1, 0, 1, 0, 0, 0, 0]

enum y =, 15, z =, 211, y =, 10434, v =, [1, 1, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 1]

enum y =, 16, z =, 212, y =, 10857, v =, [0, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1]

enum y =, 17, z =, 215, y =, 12138, v =, [1, 1, 1, 0, 0, 2, 0, 0, 0, 0, 0, 0, 0]

enum y =, 18, z =, 227, y =, 17442, v =, [1, 3, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0]

enum y =, 19, z =, 229, y =, 18354, v =, [1, 1, 1, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0]

enum y =, 20, z =, 232, y =, 19737, v =, [0, 3, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0]

enum y =, 21, z =, 233, y =, 20202, v =, [1, 1, 1, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0]

enum y =, 22, z =, 236, y =, 21609, v =, [0, 2, 4, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0]

enum y =, 23, z =, 241, y =, 23994, v =, [1, 2, 0, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0]

enum y =, 24, z =, 248, y =, 27417, v =, [0, 1, 0, 0, 1, 0, 1, 0, 0, 1, 0, 0, 0]

enum y =, 25, z =, 250, y =, 28413, v =, [0, 2, 1, 1, 0, 0, 0, 0, 0, 0, 1, 0, 0]

enum y =, 26, z =, 254, y =, 30429, v =, [0, 3, 2, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0]

enum y =, 27, z =, 259, y =, 32994, v =, [1, 3, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 1]

enum y =, 28, z =, 261, y =, 34034, v =, [1, 0, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0]



enum y =, 29, z =, 272, y =, 39897, v =, [0, 2, 0, 1, 1, 0, 0, 0, 1, 0, 0, 0, 0]

enum y =, 30, z =, 275, y =, 41538, v =, [1, 1, 1, 0, 0, 0, 0, 1, 0, 0, 0, 1, 0]

enum y =, 31, z =, 278, y =, 43197, v =, [0, 1, 1, 2, 0, 1, 0, 0, 0, 0, 0, 0, 0]

enum y =, 32, z =, 283, y =, 46002, v =, [1, 1, 0, 1, 0, 1, 0, 0, 0, 0, 1, 0, 0]

enum y =, 33, z =, 284, y =, 46569, v =, [0, 1, 0, 0, 0, 0, 2, 0, 0, 0, 0, 1, 0]

enum y =, 34, z =, 285, y =, 47138, v =, [1, 0, 2, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0]

enum y =, 35, z =, 286, y =, 47709, v =, [0, 4, 0, 0, 0, 0, 1, 0, 1, 0, 0, 0, 0]

enum y =, 36, z =, 300, y =, 55913, v =, [0, 0, 0, 1, 1, 1, 0, 1, 0, 0, 0, 0, 0]

enum y =, 37, z =, 303, y =, 57722, v =, [1, 0, 2, 0, 0, 0, 1, 0, 1, 0, 0, 0, 0]

enum y =, 38, z =, 305, y =, 58938, v =, [1, 1, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0, 1]

enum y =, 39, z =, 313, y =, 63882, v =, [1, 3, 1, 0, 2, 0, 0, 0, 0, 0, 0, 0, 0]

enum y =, 40, z =, 317, y =, 66402, v =, [1, 2, 1, 0, 0, 1, 0, 0, 1, 0, 0, 0, 0]

enum y =, 41, z =, 322, y =, 69597, v =, [0, 2, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 0]

enum y =, 42, z =, 324, y =, 70889, v =, [0, 0, 1, 0, 1, 0, 1, 0, 0, 0, 1, 0, 0]

enum y =, 43, z =, 327, y =, 72842, v =, [1, 0, 1, 2, 0, 0, 0, 0, 0, 0, 0, 1, 0]

enum y =, 44, z =, 334, y =, 77469, v =, [0, 1, 2, 0, 0, 1, 0, 0, 1, 0, 0, 0, 0]

enum y =, 45, z =, 344, y =, 84249, v =, [0, 2, 0, 1, 0, 0, 0, 1, 0, 1, 0, 0, 0]

enum y =, 46, z =, 352, y =, 89817, v =, [0, 1, 2, 0, 1, 0, 0, 0, 0, 0, 0, 0, 1]

enum y =, 47, z =, 362, y =, 96957, v =, [0, 6, 1, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0]

enum y =, 48, z =, 363, y =, 97682, v =, [1, 0, 0, 0, 2, 2, 0, 0, 0, 0, 0, 0, 0]

enum y =, 49, z =, 365, y =, 99138, v =, [1, 1, 0, 0, 1, 0, 0, 0, 1, 0, 1, 0, 0]

enum y =, 50, z =, 367, y =, 100602, v =, [1, 7, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0]

enum y =, 51, z =, 379, y =, 109554, v =, [1, 1, 0, 0, 0, 0, 1, 0, 2, 0, 0, 0, 0]

enum y =, 52, z =, 399, y =, 125114, v =, [1, 0, 0, 3, 0, 0, 0, 0, 0, 0, 0, 0, 1]

enum y =, 53, z =, 400, y =, 125913, v =, [0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 2]

enum y =, 54, z =, 404, y =, 129129, v =, [0, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 1, 0]

enum y =, 55, z =, 413, y =, 136482, v =, [1, 1, 0, 0, 0, 0, 0, 2, 0, 0, 0, 1, 0]

enum y =, 56, z =, 415, y =, 138138, v =, [1, 1, 1, 1, 1, 0, 0, 1, 0, 0, 0, 0, 0]

enum y =, 57, z =, 436, y =, 156009, v =, [0, 1, 1, 0, 0, 1, 1, 1, 0, 0, 0, 0, 0]

enum y =, 58, z =, 438, y =, 157757, v =, [0, 0, 0, 0, 0, 0, 3, 1, 0, 0, 0, 0, 0]

enum y =, 59, z =, 443, y =, 162162, v =, [1, 4, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0]

enum y =, 60, z =, 447, y =, 165722, v =, [1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1]

enum y =, 61, z =, 448, y =, 166617, v =, [0, 4, 0, 2, 0, 1, 0, 0, 0, 0, 0, 0, 0]

enum y =, 62, z =, 455, y =, 172938, v =, [1, 1, 0, 0, 0, 0, 1, 0, 0, 1, 1, 0, 0]



numb y := 62

Checks if there exist primes in FactorBase, which has not been used in the
prime factorization of the y’s that have been found. If so, restart : go to the top
of this page and redefine FactorBase without these primes.

> for j from 1 to nops(FactorBase) do
> if ind[j]=0 then print(‘useless ‘,j) fi od;

Constructs step by step a matrix M, whose columns are the v’s calculated
above. At each step checks whether the next column to be added (= next v) is
linearly independant from the previous ones and only then it concatenates the
column to M. Stops when it attains a matrix M with rank(M) = # FactorBase.
We denote rank(M) by rnk. The vector vchoice col shows which v’s have been
used in the construction of M, i.e. vchoice col = [i,j,...] means that the first
column of M is v[i] (corresponding to the i-th found y), the second column is v[j]
(corresponding to the j-th found y) etc.

> M:=array(1..nops(FactorBase),1..1):
> for j from 1 to nops(FactorBase) do
> M[j,1]:=expon[1][j]
> od:
> rnk:=1:
> vchoice_col:=[1]:
> for i from 2 to numb_y do
> if rank(concat(M,expon[i]))=rnk+1 then
> M:=concat(M,expon[i]):
> rnk:=rnk+1:
> vchoice_col:=[op(vchoice_col),i]:
> #print(‘rnk=‘,rnk);
> fi:
> if rnk=nops(FactorBase) then break fi:
> od:
> print(‘rnk=‘,rnk);
> print(‘vchoice_col = ‘, vchoice_col);

> # choice_matr:=transpose(M);

rnk =, 13

vchoice col = , [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 15]

Defines ZeroMatrix, which is the zero matrix of diamension 1 times
nops(FactorBase)

> ZeroMatrix :=array(1..nops(FactorBase)):
> for i from 1 to nops(FactorBase) do ZeroMatrix[i]:=0 od:

Below, new row means that M will be augmented with the column v[new row]
and the corresponding homogeneous system will be solved mod 2. The augmented
matrix M augm must have the same rank as M, otherwise give new row a different



value.

> print(‘rank of the augmented M must be equal to rank of M‘):
> for new_row from (rnk+1) to numb_y do
> tempM_augm:= concat(M,expon[new_row]):
> if type(rank(tempM_augm)=rank(M),’equation’) = ‘true‘ then
> print(ok);
> M_augm := tempM_augm:
> break:
> fi:
> od:

rank of the augmented M must be equal to rank of M

ok

Solves the homogeneous system

> Linsolve(M_augm,ZeroMatrix) mod 2;

[ t11 + t12, t10 + t11, 0, t14 + t12, t14, t14, 0, 0, 0, t10, t11, t12, 0, t14]

The coordinates of the vector coef2 show which congruences must be multi-
plied

> for i from 1 to (rnk+1) do
> subs({_t[i]=1},%);
> od:
> coef1:=%;
> coef2 :=array(1..rnk+1):
> for i from 1 to rnk+1 do
> coef2[i]:= coef1[i] mod 2
> od:
> coef2=evalm(coef2);

coef1 := [2, 2, 0, 2, 1, 1, 0, 0, 0, 1, 1, 1, 0, 1]

coef2 = [0, 0, 0, 0, 1, 1, 0, 0, 0, 1, 1, 1, 0, 1]

The product of the right-hand sides of the congruences above, is a number,
the exponents in the prime factorization of which are given by the vector C.Of
course, all the exponents are even and the primes appearing in the factorization
are those in FactorBase . The square root mod n of the product is denoted by
Y.

> C:=scalarmul(row(transpose(M_augm),1),coef2[1]):
> for i from 2 to rnk+1 do
> TeMp1:= scalarmul(row(transpose(M_augm),i),coef2[i]):
> C:=matadd(C,TeMp1):
> od:
> C=evalm(C);
> Y:=1:
> for i from 1 to nops(FactorBase) do
> TeMp2:=Y*FactorBase[i]^(C[i]/2):
> Y:=mods(TeMp2,n)
> od:
> ’Y’=Y;



C = [2, 8, 4, 2, 2, 2, 2, 2, 2, 0, 0, 0, 0]

Y = 144

We previously found various t’s. Now we form the product X of those t[i],
i=1,2,... for which coef2[i]=1.

> X:=1:
> for i from 1 to rnk do
> if coef2[i]=1 then
> TeMp3:= X*ZZ[vchoice_col[i]]:
> X:=mods(TeMp3,n)
> fi:
> od:
> if coef2[rnk+1]=1 then
> TeMp4:=X*ZZ[new_row]:
> X:=mods(TeMp4,n)
> fi:
> ’X’=X;

X = −7421

Xˆ2 = Yˆ2 (mod n) must be true.

> X^2-Y^2 mod n;

0

> gcd(X+Y,n); gcd(X-Y,n);

383

89

The factors of n that have been found
Testing the result

> ifactor(n);

(89) (383)
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