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PerÐlhyh

'Ena apì ta pio shmantik� kai prìsfata apotelèsmata sthn upologi-
stik  poluplokìthta, all� kai sthn jewrhtik  plhroforik  genikìtera, eÐ-
nai h apìdeixh pwc L ≡ SL. H apìdeixh ègine apì ton Reingold ([Rei05])
parousi�zontac ènan Logspace algìrijmo gia to USTCON, to shmantikìtero
SL-complete prìblhma.

O algìrijmoc autìc qrei�zetai èna kalì upìbajro se jèmata grafojew-
rÐac, grammik c �lgebrac kai analutik c gewmetrÐac. H paroÔsa ergasÐa
skopì èqei thn sugkèntrwsh ìlwn twn stoiqeÐwn pou qrei�zontai gia thn
pl rh kai analutik  parousÐas  tou. Ja doÔme k�poia basik� pr�gmata
sqetik� me thn kl�sh SL, k�poia aparaÐthta jèmata sqetik� me touc expander
gr�fouc (apì thn algebrik  touc kurÐwc skopi�) kai thn sumperifor� touc se
k�poiec grafopr�xeic kai telik� ja parousi�soume ton algìrijmo tou Rein-
gold, k�nontac mia pl rh an�lus  tou.
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Kef�laio 1

Eisagwg 

1.1 Mhqanèc Turing

To montèlo pou èqei epikrat sei sthn upologistik  poluplokìthta gia ton
upologismì thc poluplokìthtac algorÐjmwn kai problhm�twn eÐnai oi Mhqanèc
Turing. Ja d¸soume ton orismì aut¸n kai ja kajorÐsoume akrib¸c (¸ste na
eÐmaste sÔmfwnoi) poiì eÐnai to montèlo ep�nw sto opoÐo basizìmaste.

Orismìc 1.1.1. Mia mhqan  Turing eÐnai mia tetr�da M = (K, Σ, δ, s)
ìpou:

• to K eÐnai èna peperasmèno sÔnolo katast�sewn

• to s eÐnai h arqik  kat�stash thc mhqan c, s ∈ K

• to Σ eÐnai peperasmèno sÔnolo sumbìlwn (to alf�bhtì mac)

• to δ eÐnai h sun�rthsh met�bashc

To K kai to Σ eÐnai xèna metaxÔ touc sÔnola. To Σ p�nta perièqei to kenì
sÔmbolo t kai to ., to pr¸to sÔmbolo k�je tainÐac. H δ eÐnai h sun�rthsh
met�bashc me pedÐo orismoÔ to K×Σ kai pedÐo tim¸n to (K∪{h, ”yes”, ”no”})×
Σ × {←,→,−}, ìpou h h termatik  kat�stash, to ”yes” kat�stash pou
apodèqetai, to ”no” kat�stash pou aporrÐptei kai ta ←,→,− oi entolèc thc
mhqan c gia kin seic thc kefal c arister�, dexi� kai mh kÐnhshc antÐstoiqa.

H mhqan  xekin� apì thn arqik  kat�stash s kai dèqetai san eÐsodo mia
sumboloakoloujÐa apì to alf�bhto Σ, grammènh se mia tainÐa. H tainÐa aut 
xekin� me to sÔmbolo . kai jewroÔme oti ekteÐnetai mèqri to �peiro. Stic
jèseic thc tainÐac mporeÐ na deÐqnei mia kefal , h opoÐa arqik� deÐqnei sto
pr¸to sÔmbolo thc tainÐac (sto aristerì �kro). H δ diab�zei to sÔmbolo thc
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jèshc sthn opoÐa deÐqnei h kefal  kai an�loga me thn kat�stash thc mhqan c
kajorÐzei: a)thn epìmenh kat�stash, b)ti ja grafteÐ sthn tainÐa sthn jèsh
pou deÐqnei h kefal  kai g) thn kÐnhsh thc kefal c mia jèsh dexi�   arister�
  paramon  sthn Ðdia jèsh. H mhqan  stamat� ìtan per�sei se k�poia apì tic
treic termatikèc katast�seic {h, ”yes”, ”no”}.

Sto montèlo mac jewroÔme mhqanèc pou mporoÔn na qrhsimopoÐoun peris-
sìterec apì mÐa tainÐec
Orismìc 1.1.2. Mhqan  Turing k taini¸n, me k ≥ 1, eÐnai mia tetr�da
M = (K, Σ, δ, s) ìpou ta K, Σ, s eÐnai akrib¸c ìpwc prin all� h sun�rthsh
δ èqei pedÐo orismoÔ to K × Σk kai pedÐo tim¸n to (K ∪ {h, ”yes”, ”no”}) ×
(Σ× {←,→,−})k

H diafor� apì prin eÐnai oti ed¸ èqoume k tainÐec (me k kefalèc) apì tic
opoÐec h δ dèqetai to ìrism� thc kai gia tic opoÐec apofasÐzei ti ja grafteÐ
sthn jèsh pou deÐqnei k�je kefal  kaj¸c kai tic kin seic thc kajemÐac apì
tic kefalèc.

MporoÔme na jewr soume ìti apì tic k autèc tainÐec k�poiec mporoÔn na
eÐnai mìno gia di�basma sumbìlwn kai k�poiec mìno gia gr�yimo sumbìlwn.
To petuqaÐnoume me kat�llhlo orismì thc sun�rthshc δ.

Gia k�je mhqan  h "ap�nthsh� pou paÐrnoume gia k�je eÐsodo mporeÐ na
eÐnai h telik  kat�stash sthn opoÐa stam�thse h mhqan    ta perieqìmena
k�poiac (  k�poiwn) apì tic tainÐec thc.

To montèlo sto opoÐo `sumfwnoÔme' eÐnai h Mhqan  Turing eisìdou-exìdou:
Orismìc 1.1.3. Mhqan  Turing eisìdou-exìdou eÐnai mhqan  Turing

• k taini¸n (mh kajorismènou k ≥ 1)

• me pr¸th tainÐa, thn tainÐa eisìdou h opoÐa eÐnai mìno gia di�basma
sumbìlwn

• teleutaÐa (k-osth) tainÐa mia tainÐa mìno gia gr�yimo sumbìlwn

• kai thn teleutaÐa aut  tainÐa na eÐnai kai h èxodoc - ap�nthsh thc
mhqan c

Apì ed¸ kai pèra ìtan anaferìmaste se mhqan  Turing genik� ja ennooÔme
mia tètoia mhqan . Gia na oloklhr¸soume to pr¸to eisagwgikì komm�ti dÐ-
noume ton orismì thc mh nteterministik c mhqan c Turing

Orismìc 1.1.4. Mh nteterministik  mhqan  Turing k taini¸n, eisìdou-
exìdou, me k ≥ 1, eÐnai mia tetr�da M = (K, Σ, ∆, s) ìpou ta K, Σ, s eÐnai
akrib¸c ìpwc prin all� to ∆ pleon den eÐnai sun�rthsh all� dimer c sqèsh
stoiqeÐwn tou K × Σk me to (K ∪ {h, ”yes”, ”no”})× (Σ× {←,→,−})k
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H ousÐa ed¸ eÐnai oti to D paÔei na eÐnai sun�rthsh kai se k�je b ma h
mhqan  èqei perissìterec apì mia epilogèc na k�nei. H "ap�nthsh� thc mhqan c
basÐzetai stic apant seic ìlwn twn dunat¸n monopati¸n upologismoÔ. 'Oson
afor� tic mhqanèc pou dèqontai   aporrÐptoun thn eÐsodo tìte gia thn apodoq 
(kai mh apìrriyh) thc eisìdou arkeÐ èna monop�ti upologismoÔ na apodèqetai.

Parak�tw ja orÐsoume kai ja asqolhjoÔme me to q¸ro pou qrhsimopoieÐ
mia mhqan  kat� ta trexÐmata thc stic diaforec eisìdouc.

1.2 Poluplokìthta q¸rou
San q¸ro mhqan c ennooÔme to pl joc twn jèsewn twn taini¸n pou qrhsi-
mopoi jhkan kat� thn leitourgÐa thc. Sto montèlo pou qrhsimopoieÐte ed¸ ta
pl jh twn jèsewn thc tainÐac eisìdou kai thc tainÐac exìdou den lamb�nontai
san q¸roc thc mhqan c. LÐgo pio tupik�:

Orismìc 1.2.1. 'Estw mhqan  k taini¸n, ki èstw ai to pl joc twn jè-
sewn thc i-osthc tainÐac pou upèsthsan epexergasÐa kat� thn leitourgÐa thc
mhqan c se k�poia eÐsodo. O q¸roc pou qrei�zetai h mhqan  gia thn eÐsodo
aut  orÐzetai wc to

∑k−1
i=2 ai.

'Oson afor� tic kl�seic poluplokìthtac q¸rou orÐaoume

Orismìc 1.2.2. • 'Ena prìblhma an kei sthn kl�sh SPACE(f(n)) an
up�rqei mhqan  Turing eisìdou-exìdou pou gia k�je stigmiìtupo tou
probl matoc m kouc n qrhsimopoieÐ q¸ro to polÔ f(n)

• 'Ena prìblhma an kei sthn kl�sh NSPACE(f(n)) an up�rqei mh n-
teterministik  mhqan  Turing pou gia k�je stigmiìtupo tou probl matoc
m kouc n qrhsimopoieÐ q¸ro to polÔ f(n)

Parajètoume parak�tw èna shmantikìtato je¸rhma (me tic sunèpeiec gn-
wstèc se ìlouc). H apìdeixh den exuphreteÐ k�poion apì touc skopoÔc thc
eisagwg c mac kai gia auto thn paraleÐpoume.

Je¸rhma 1.2.1. An k�poio prìblhma an kei sthn kl�sh SPACE(f(n)) ( 
NSPACE(f(n))) tìte gia tuqaÐo ε > 0 ja an kei kai sthn kl�sh SPACE(2+
εf(n)) (  NSPACE(2 + εf(n))

Apotèlesma autoÔ eÐnai na paraleÐpoume tic stajerèc kai na mporoÔme na
mil�me gia kl�seic SPACE

(
O(f(n))

)
kai NSPACE

(
O(f(n))

)
. Shmantikì-

terec eÐnai oi kl�seic L = SPACE(O(log n)) = SPACE(log n) kai NL =
NSPACE(O(log n)) = NSPACE(log n)
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Apì touc orismoÔc kai epeid  mia sun�rthsh δ mporoÔme na thn doÔme
san sqèsh prokÔptei oti SPACE(f(n)) ⊆ NSPACE(f(n)). Kat� sunèpeia
L ⊆ NL

MÐa prìtash pou ja mac qreiasteÐ sto kurÐwc mèroc thc ergasÐac, ston
algìrijmo tou Reinglod, eÐnai h akìloujh (h idèa apì selÐda 164 tou [Pap94]):

Prìtash 1.2.1. 'Estw dÔo probl mata A kai B pou i) apofasÐzontai apì
dÔo nteterministikèc mhqanèc M1 kai M2 antÐstoiqa se q¸ro SPACE(log n),
ii) èqoun èxodo m kouc O(poly(n)) kai iii) eÐnai tètoia ¸ste h ap�nthsh tou
pr¸tou na apoteleÐ eÐsodo gia to deÔtero. Up�rqei nteterministik  mhqan  M ,
logarijmikoÔ q¸rou, pou deqìmenh san eÐsodo mia eÐsodo gia to A prìblhma
apant� autì pou ja apantoÔse h M2 me eÐsodo thn lÔsh tou A probl matoc
(me eÐsodo thn ap�nthsh thc M1).

Apìdeixh. H apìdeixh den eÐnai entel¸c profan c. Mia pr¸th lÔsh pou èrqe-
tai sto mualì eÐnai na b�loume se seir� tic mhqanèc oÔtwc ¸ste h M1 na
par�gei thn èxodì thc, na thn dÐnei sthn M2 kai met� h M2 na dÐnei thn
ap�nthsh. To prìblhma ed¸ eÐnai oti h ap�nthsh thc M1 mporeÐ na mhn eÐnai
logarijmikoÔ m koc, epitreptì giatÐ prìkeitai gia thn tainÐa exìdou.

Par' ìla aut� h ap�nthsh se autì to prìblhma eÐnai apl . EÐnai dedomèno
oti k�je for� h M2 diab�zei mìno èna stoiqeÐo apì thn eÐsodì thc. K�je
for� pou h M2 jèlei na diab�sei èna stoiqeÐo apì thn eÐsodì thc shmei¸noume
thn jèsh autoÔ tou stoiqeÐou (merimn¸ntac apì prin gia kapoio metrht ) kai
"trèqoume� thn M1 mèqri na doÔme me ti sumplhr¸nei thn jèsh pou shmei¸same
(qrhsimopoi¸ntac �llo èna metrht ). Epeid  h èxodoc thc mhqan c eÐnai to
polÔ poluwnumikoÔ m kouc wc proc to m koc thc eisìdou, oi metrhtèc eÐnai
m kouc logarijmikì wc proc autì to polu¸numo kai sunep¸c O(log n).

Ed¸ d¸same k�poiouc basikoÔc orismoÔc gia na bebaiwjoÔme gia poio mon-
tèlo mhqan c mil�me kai Ðsa Ðsa gia na mporèsoume na apodeÐxoume to pio p�nw
je¸rhma. Den ja d¸soume orismoÔc m te gia tic anagwgèc problhm�twn mhdè
gia thn plhrìthta twn kl�sewn, jewr¸ntac autèc gnwstèc.

1.3 To prìblhma USTCON kai h kl�sh SL

'Ena apì ta pio pali�, gnwst� kai shmantik� probl mata thc jewrÐac polu-
plokìthtac all� kai thc epist mhc twn upologist¸n genikìtera, eÐnai to

Orismìc 1.3.1. ST Connectivity prìblhma (STCON)
Dosmènou kateujunìmenou gr�fou G kai dÔo kìmbwn tou s kai t, up�rqei
monop�ti ston G pou sundèei ta s kai t?
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To prìblhma autì anafèretai se kateujunìmenouc gr�fouc. Up�rqei kai
to antÐstoiqo gia mh kateujunìmenouc gr�fouc.

Orismìc 1.3.2. Undirected ST Connectivity prìblhma (USTCON)
Dosmènou mh kateujunìmenou gr�fou G kai dÔo kìmbwn tou s kai t, up�rqei
monop�ti ston G pou sundèei ta s kai t?

H pr¸th èkdosh tou probl matoc apodeiknÔetai sqetik� eÔkola oti eÐ-
nai NL-complete. Gia mh kateujunìmenouc gr�fouc ìmwc, k�ti tètoio den
fainìtan kai oÔte faÐnetai na isqÔei. Parìti t¸ra xèroume oti to prìblhma
an kei sto L kai eÐnai L-pl rec (kai �ra h er¸thsh isodunameÐ me to er¸thma
L = NL), gia kairì ginìtan anaz thsh trìpou ¸ste to USTCON na topo-
jethjeÐ pl rwc se k�poia kl�sh.

Mia ousiastik  prosp�jeia pou èdwse apotèlesma  tan sto [LP82] ìpou oi
suggrafeÐc orÐzoun mia nèa mhqan  Turing me b�sh thn opoÐa dhmiourgoÔntai
nèec kl�seic poluplokìthtac q¸rou kai qrìnou. H mhqan  aut  eÐnai mh
nteterministik  all� èqei k�poiouc periorismoÔc sthn sqèsh ∆ pou kajorÐzei
ta b mata thc mhqan c kai h dÔnam  thc brÐsketai an�mesa se autèc twn dÔo
mhqn¸n pou orÐsame nwrÐtera. Den ja gÐnoume polÔ sugkekrimènoi.

'Estw mhqan  Turing k taini¸n. PolÔ genik� jumÐzoume oti k�je for� h
’eikìna� thc mhqan c mporeÐ na perigrafeÐ pl rwc apì tic ’eikìnec’ twn taini¸n
thc kai tic jèseic twn kefal¸n twn taini¸n. H perigraf  gÐnetai kai ètsi:

(s, w1, u1, . . . , wk, uk)

ìpou s h kat�stash sthn opoÐa brÐsketai h mhqan  kai wi||ui ta perieqìmena
thc i-ost c tainÐac me to teleutaÐo sÔmbolo tou wi na eÐnai kai autì sto opoÐo
brÐsketai h kefal  thc anÐstoiqhc tainÐac. Apì mia eikìna thc mhqan c mèsw
thc ∆ phgaÐnoume se k�poia �llh (an den termatÐzaei h mhqan ). Tìte lème
kai oti h mia eikìna odhgeÐ sthn �llh.

H idèa gia na thn NL-plhrìthta tou STCON eÐnai perÐpou ètsi: 'Estw
prìblhma pou epilÔetai me mhqan  Turing M logarijmikoÔ q¸rou. H M èqei
pl joc pijan¸n eikìnwn ekjetikì wc proc ton q¸ro thc kai �ra poluwnumikì
wc proc thn eÐsodo. 'Etsi mporoÔme na doÔme k�je pijan  eikìna san kìmbo
gr�fou, na dhmiourg soume èna gr�fo pou ja èqei san kateujunìmenec akmèc
metaxÔ eikìnwn pou odhgoÔn h mÐa sthn �llh mèsw thc M kai na epilÔsoume
se logarijmikì q¸ro mh nteterministik� to STCON gia autì to gr�fo.

Gia na akolouj soume perÐpou to Ðdio skeptikì kai na brejeÐ mia kl�sh gia
thn opoÐa to USTCON ja  tan pl rec ja èprepe o antÐstoiqoc gr�foc thc
mhqan c tou k�je probl matoc thc kl�shc na èqei mh kateujunìmenec akmèc.
Autì petuqaÐnetai all�zontac mhqan ! Qondrik�:
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Orismìc 1.3.3. Summetrik  mhqan  Turing eÐnai k�je mh nteterministik 
mhqan  Turing pou eÐnai tètoia ¸ste an mia eikìna thc, èstw α, odhgeÐ se mia
eikìna thc, èstw β, tìte kai h β odhgeÐ sthn α.

AntÐstoiqa me tic  dh gnwstèc mhqanèc orÐzoume:

Orismìc 1.3.4. 'Ena prìblhma an kei sthn kl�sh SSPACE(f(n)) an up-
�rqei summetrik  mhqan  Turing eisìdou-exìdou pou gia k�je stigmiìtupo tou
probl matoc m kouc n qrhsimopoieÐ q¸ro to polÔ f(n)

ApodeiknÔetai oti kai gia thn poluplokìthta q¸rou summetrik¸n mhqan¸n
isqÔei to antÐstoiqo tou jewr matoc 1.2.1. 'Etsi mporoÔme na orÐsoume plèon
thn kl�sh SL.

SL = SSPACE(log n)

'Omoia me to skeptikì gia thn NL-plhrìthta tou STCON mporoÔme na
katal xoume oti to USTCON eÐnai SL-hard.

Mia lÔsh gia to USTCON eÐnai se k�je b ma h epilog  mh nteterministik�
enìc �llou kìmbou tou gr�fou apì autìn pou eÐmaste (krat¸ntac sthn mn mh
ton kìmbo pou eÐmaste, blèpe kai uposhmeÐwsh) kai

• an den up�rqei akm  an�mesa ston paliì kai ston kainoÔrio tìte gurn�me
ston prohgoÔmeno

• an up�rqei epanalamb�noume me ton Ðdio trìpo 1

Mia tètoia mhqan , an prosèxoume tic leptomèreiec, mporeÐ (me th qr sh Ðswc
�llhc miac jèshc gia kìmbo   kai k�ti parap�nw, kai peir�zontac thn sqèsh
met�bashc) na eÐnai summetrik . 'Opwc kai na 'qei p�ntwc mia tètoia mh nteter-
ministik  mhqan , (sqedìn) anex�rthta apì thn akrib  ulopoÐhs  thc, èqei sum-
metrikì kleÐsimo pou apofasÐzei thn Ðdia gl¸ssa ston Ðdio q¸ro ([LP82])2.
SumperaÐnoume loipìn ìti up�rqei summetrik  mhqan  pou epilÔei to prìblhma
se logarijmikì q¸ro.

Diaisjhtik� mporoÔme na doÔme oti to USTCON an kei sthn kl�sh SL
akrib¸c giatÐ apì èna kìmbo mporoÔme na gurÐsoume pÐsw se autìn apì ton
opoÐo  rjame, mèsw thc Ðdiac akm c, eÐnai mÐa apì tic mh nteterministikèc mac
epilogèc, kai �ra k�je dÔo suneqìmenec eikìnec mporoÔn na odhg soun h mÐa
sthn �llh.

1για να είμαστε λίγο πιο τυπικοί: αν υπάρχει ακμή ανάμεσα στον παλιό και τον καινούριο
τότε κρατά στις δύο θέσεις τον καινούριο κόμβο, αλλιώς κρατά στις δύο θέσεις τον παλιό
κόμβο (κάθε βήμα που περιγράφουμε δηλαδή είναι στη ουσία δύο βήματα).

2οι εικόνες στα βήματα που αναφέρουμε πιο πάνω, είναι οι ειδικές εικόνες της μηχανής
όπως αναφέρονται στο λήμμα του [LP82]
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Katal goume loipìn sto sumpèrasma oti to USTCON eÐnai SL-pl rec.
'Etsi h kl�sh SL mporeÐ isodÔnama na oristeÐ san h kl�sh twn problhm�twn
pou an�gontai me logspace anagwg  sto USTCON. Gia perissìterh an�lush,
orismoÔc, apotelèsmata kai pl rh probl mata thc kl�shc mporeÐ kaneÐc na
antrèxei sta [LP82] kai [Gre96].

H eikìna me thn megalÔterh dunat  plhroforÐa pou up rqe prin ton al-
gìrijmo tou Reingold èdeiqne san

L ⊆ SL ⊆ RL ⊆ NL ⊆ L2

DÔo apì ta pio shmantik� erwt mata thc jewrÐac poluplokìthtac (toul�qis-
ton se ìti afor� ton q¸ro) eÐnai ta L =? RL kai L =? NL. H kl�sh SL
(kai genikìtera h summetrikìthta) èdwse nèo endiafèron kai nèec kateujÔn-
seic sthn anaz thsh gia apant seic aut¸n twn erwthm�twn (all� kai �llwn).
Meg�lh loipìn h shmantikìthta tou algorÐjmou tou Reingold ton opoÐo ja
parousi�soume kai ja sthrÐxoume ìso to dunatìn plhrèstera mèsa apì ta
epìmena kef�laia.
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Kef�laio 2

Gr�foi: pr�xeic kai expansion

Sto komm�ti autì ja anaferjoÔme ektetamèna se k�poiouc orismoÔc pou
aforoÔn touc gr�fouc, se k�poiec pr�xeic pou efarmìzontai ep�nw se au-
toÔc kai stouc dÔo trìpouc pou mac endiafèroun gia thn mètrhsh thc epek-
tatikìtht�c touc - tou expansion touc. Tupik� dÐnoume ton orimì enìc gr�fou:

Orismìc 2.0.5. Gr�foc G = (V, E) eÐnai èna zeÔgoc sunìlwn V kai E gia
to opoÐo

• V eÐnai èna sÔnolo koruf¸n (  kìmbwn)

• E eÐnai èna sÔnolo mh diatetagmènwn zeug¸n tou V .

JewroÔme genikoÔc gr�fouc ìpou sto sÔnolo E mporoÔn na emfanÐzontai
oi Ðdiec akmèc (disÔnola) perissìterec apì mÐa forèc kaj¸c kai akmèc thc
morf c {i, i} (dhlad  self-loops).

2.1 Anapar�stash gr�fou
H anapar�stash enìc gr�fou mporeÐ na gÐnei me di�forouc trìpouc. Ed¸ ja
doÔme dÔo apì touc pio sunhjismènouc, pou eÐnai kai autoÐ pou ja qreiastoÔme
parak�tw. To shmantikì pou shmei¸noume eÐnai ìti gia k�je gr�fo to pèrasma
apì mia anapar�stash se k�poia �llh mporeÐ na gÐnei se SPACE(log n)

2.1.1 PÐnakac geitnÐashc
O pr¸toc trìpoc me ton opoÐo mporoÔme na anaparast soume èna gr�fo eÐnai
o pÐnakac geitnÐashc.
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Orismìc 2.1.1. PÐnakac geitnÐashc enìc gr�fou G = (V,E) me |V | = n
kìmbouc eÐnai o n × n pÐnakac pou sthn (i, j) jèsh perièqei ton arijmì twn
akm¸n {i, j} pou perièqontai sto sÔnolo E tou gr�fou.

K�je akm  {i, j} lème ìti èqei �kra touc kìmbouc i kai j kai mporoÔme na
lème ìti xekin� apì opoiad pote apì autoÔc. 'Enac gr�foc eÐnai k-kanonikìc
an apì k�je kìmbo tou xekinoÔn akrib¸c k akmèc. Tupikìtera kai se sqèsh
me ton pÐnaka geitnÐashc:
Orismìc 2.1.2. 'Enac gr�foc eÐnai k-kanonikìc an to �jroisma opoiasd pote
gramm c   st lhc tou pÐnaka geitnÐashc isoÔtai me k.

Gia touc k-kanonikoÔc gr�fouc qrhsimopoioÔme ton kanonikopoihmèno pÐ-
naka geitnÐashc
Orismìc 2.1.3. Kanonikopoihmènoc pÐnakac geitnÐashc enìc k-kanonikoÔ
gr�fou me pÐnaka geitnÐashc M eÐnai o pÐnakac M ′ = 1

k
M

H shmantik  idiìthta eÐnai pwc o kanonikopoihmènoc pÐnakac dÐnei tic pi-
janìthtec gia tic metab�seic apì kìmbo se kìmbo enìc tuqaÐou perip�tou ston
gr�fo me k�je gramm    st lh na èqei �jroisma stoiqeÐwn Ðso me 1.

'Estw M kanonikopoihmènoc pÐnakac geitnÐashc k-kanonikoÔ gr�fou G.
An p�me na upologÐsoume tic idiotimèc tou M (λ : λX = MX) ja doÔme ìti:
Prìtash 2.1.1. 'Estw M kanonikopoihmènoc pÐnakac geitnÐashc k-kanonikoÔ
gr�fou G, n kìmbwn. Oi idiotimèc tou M eqoun antÐstoiqa idiodianÔsmata k�-
jeta metaxÔ touc kai gia k�je idiotim  λ tou M isqÔei: λ ≤ 1. To λ = 1 eÐnai
idiotim  tou M me idiodi�nusma to u = 1N = (1, . . . , 1)

Apìdeixh. AfoÔ o G eÐnai mh kateujunìmenoc, o M eÐnai summetrikìc kai �ra
oi idiotimèc èqoun antÐstoiqa idiodianÔsmata k�jeta metaxÔ touc.

Estw λ mia idiotim  tou M me antÐstoiqo idiodi�nusma to X. 'Estw xi

to megalÔtero kat� apìluth tim  stoiqeÐo tou dianÔsmatoc X. Tìte apì thn
jèsh i tou λX èqoume:

λX = MX ⇒ |λ| = |mi1x1 + . . . + minxn|
|xi| ≤ mi1|x1|

|xi| + . . . +
min|xn|
|xi| ≤ 1

Mia epal jeush arkeÐ gia na doÔme oti to λ = 1 eÐnai idiotim  tou M me
idiodi�nusma to 1N = (1, . . . , 1).

K�poia basik� stoiqeÐa apì �lgebra se sqèsh me tic idiotimèc tètoiwn
pin�kwn (ìpwc mia parìmoia apìdeixh all� kai k�poia stoiqeÐa gia thn epek-
tatikìthta gr�fwn) brÐskontai sto [SeN93].

OrÐzoume san λ(G) thn deÔterh (kat' apìluth tim ) megalÔterh idiotim 
tou pÐnaka M . Epeid  mil�me gia summetrikoÔc pÐnakec mporoÔme pio tupik�
na orÐsoume:
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Orismìc 2.1.4. OrÐzoume λ(G) na eÐnai

λ(G) = maxx⊥u
||Mx||
||x|| = maxx⊥u

|〈Mx, x〉|
〈x, x〉

To giatÐ akrib¸c h deÔterh (kat' apìluth tim ) megalÔterh idiotim  λ2

isoÔtai me aut� ta mègista prokÔptei apì tic sqèseic:

||Mx|| = ||M(k2x2 + . . . + knxn)|| = ||λ2k2x2 + . . . λnknxn|| ≤ |λ2| · ||x||

kai
|〈Mx, x〉| = |〈M(k2x2 + . . . + knxn), k2x2 + . . . + knxn〉| =

|〈Mk2x2+. . .+Mknxn, k2x2+. . .+knxn〉| = |〈λ2k2x2+. . .+λnknxn, k2x2+. . .+knxn〉|
≤ |λ2〈k2x2, k2x2〉|+. . .+|λn〈knxn, knxn〉| ≤ |λ2|(〈k2x2, k2x2〉+. . .+〈knxn, knxn〉)

= |λ2|〈x, x〉
gia tic opoÐec h isìthta isqÔei gia k�je x idiodi�nusma tou λ2.

Parak�tw ja doÔme oti to λ(G) eÐnai èna kalì mètro gia thn mètrhsh thc
epektatikìthtac (tou expansion) enìc gr�fou, tou pìso gr gora mporoÔme
na epektajoÔme se ìlouc touc kìmbouc.

Orismìc 2.1.5. 'Estw k-kanonikìc gr�foc N kìmbwn. Tìte gia k�je λ ≥
λ(G) o G kaleÐtai (N, k, λ)-gr�foc.

Ja doÔme parak�tw ènan �llo qr simo trìpo anapar�stashc gr�fwn kai
ja epanèljoume argìtera gia na doÔme k�poiec idiìthtec twn (N, k, λ)-gr�fwn
pou tic emfanÐzontai ìtan touc efarmìsoume k�poiec pr�xeic (pou ja perigr�y-
oume).

2.1.2 Rotation map

O pÐnakac geitnÐashc san trìpoc anapar�stashc eÐnai kombokentrikìc kata
mÐa ènnoia. Ed¸ ja doÔme ènan �llo trìpo pou ja mporoÔsame na ton poÔme
"akmokentrikì".

'Estw ènac gr�foc G = (V, E). Se k�je kìmbo tou, antistoiqoÔn k�poiec
akmèc. 'Estw u, v ∈ V duo kìmboi tou kai {u, v} ∈ E mia akm  tou. Onom�-
zoume tic akmèc k�je kìmbou (tic arijmoÔme). 'Estw h akm  {u, v} eÐnai h
i-osth tou kìmbou u kai j-ost  tou kìmbou v. Tìte mporoÔme na poÔme oti o
kìmboc u me thn akm  i phgaÐnei ston kìmbo v kai o v me thn akm  j phgaÐnei
sthn u. 'Etsi loipìn orÐzoume ton q�rth enallag c tou G:
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Orismìc 2.1.6. Q�rthc enallag c (Rotation map) tou gr�fou G = (V, E)
eÐnai mia sun�rthsh RotG : V × E → V × E tètoia ¸ste:

RotG(u, i) = (v, j) ⇐⇒ e = (u, v) ∈ E και e

{
i− oστη τoυ u και

j − oστη τoυ v

Mia apl  parat rhrsh eÐnai oti gia k-kanonikoÔc gr�fouc h arÐjmhsh twn
akm¸n gia k�je kìmbo èqei pl joc k kai gia profaneÐc lìgouc jewroÔme oti
qrhsimopoioÔntai oi arijmoÐ 1, . . . , k.

Oloklhr¸noume to komm�ti twn anaparast�sewn upenjumÐzontac oti h
met�bash apì ton èna trìpo anapar�stashc ston �llo mporeÐ na gÐnei se
SPACE(log n).

2.2 Pr�xeic ep�nw se gr�fouc
Ja perigr�youme treic pr�xeic pou efarmìzontai se gr�fouc kai ja mac qrhsimeÔ-
soun ston algìrijmo tou Reingold.

2.2.1 'Uywsh se dÔnamh (powering)

Prìkeitai gia mia apl  pr�xh pou paÐrnei ton gr�fo G = (V, E) kai gia k�je
t dhmiourgeÐ ènan gr�fo Gt = (V ′, E ′) me V ′ = V kai sÔnolo akm¸n autì gia
to opoÐo gia k�je dÔo korufèc u, v, èqei akrib¸c tìsec akmèc {u, v} ìsec ta
diaforetik� monop�tia m kouc t pou tic en¸noun.

Prìtash 2.2.1. 'Estw G ènac (N, k, λ)-gr�foc, tìte o Gt eÐnai ènac (N, kt, λt)-
gr�foc

Apìdeixh. QwrÐzoume thn apìdeixh se treic epimèrouc apodeÐxeic ki eqoume:

1. Oi kìmboi tou Gt paramènoun oi Ðdioi kai �ra N se pl joc.

2. AfoÔ o G eÐnai k-kanonikìc ta monop�tia m kouc t pou xekinoÔn apì
k�je kìmbo eÐnai kt se pl joc, kaj¸c up�rqoun k epilogèc se k�je
kìmbo. 'Ara to pl joc akm¸n ja eÐnai kt.

3. ArkeÐ na deÐxoume ìti o pÐnakac geitnÐashc tou Gt eÐnai h t-ost  dÔnamh
tou pÐnaka geitnÐashc tou G kaj¸c tìte oi idiotimèc tou pÐnaka tou Gt

ja eÐnai oi idiotimèc tou pÐnaka tou G uywmènec sthn t-st  dÔnamh kai
�ra λ(Gt) = λt(G).
Me epagwg  gia t = 1 èqoume Gt = G kai �ra isqÔei h upìjesh.
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'Estw isqÔei gia t = m. Tìte gia t = m + 1 ta monop�tia m kouc m + 1
mporoÔme na ta doÔme san ènwsh dÔo monopati¸n m kouc m kai m kouc
1. 'Estw M1 kai M2 oi pinakec anapar�stashc twn Gm kai G antÐstoiqa.
O pÐnakac M1 èqei sthn jèsh {u,w} to pl joc twn monopat¸n m kouc
m apì to u sto w. O pÐnakac M2 èqei sthn jèsh {w, v} to pl joc twn
akm¸n ston G apì to w sto v. 'Etsi o pÐnakac M1 ·M2 ja èqei sthn
jèsh {u, v} to pl joc twn monopati¸n tou G m kouc m + 1 apì to u
sto v (lìgw ginomènou pin�kwn , af nwntac to w na trèxei apì 1 ewc
n). 'Etsw M o pÐnakac geitnÐashc tou G. Apì epagwgik  upìjesh o
pÐnakac M1 ja eÐnai M1 = Mm. Sunep¸c o pÐnakac geitnÐashc tou Gm+1

ja eÐnai o Mm ·M = Mm+1.

Mia parat rhsh pou k�noume ed¸ eÐnai oti an mia mia mhqan  èqei sthn
eÐsodì thc ton q�rth enallag c tou G tìte o q�rthc enallag c tou Gt gia
t stajerì mporeÐ na upologisteÐ se q¸ro O(log n). Autì giatÐ èstw u è-
nac kìmboc tou G kai (i1, . . . , it) mia akm  tou Gt. Tìte an mac zhteÐtai to
RotGt(u, (i1, . . . , it)) mporoÔme mèsw tou RotG na gr�foume sthn tainÐa stic
Ðdiec jèseic:

(u, (i1, . . . , it)) → (w1, (j1, i2 . . . , it)) → . . . → (v, (j1, . . . , jt))

kai antistrèfontac ta jr na p�roume sthn Ðdia jèsh to (v, (jt, . . . , j1)) =
RotGt(u, (i1, . . . , it)). Tup¸noume sthn èxodo kai eleujer¸noume ton q¸ro
¸ste autìc pleon mporeÐ na qrhsimopoihjeÐ gia upologismì k�poiou �llou
RotGt(u′, (i′1, . . . , i

′
t))

Mia deÔterh parat rhsh eÐnai pwc an se èna gr�fo dÔo kìmboi en¸nontai
me monop�ti, tìte gia k�poio t ston Gt ja up�rqei akm  an�mes� touc. Ja
mporoÔsame ètsi na apofasÐsoume an sundèontai apl� par�gontac touc gr�fouc
Gt gia ta di�fora t kai koit�zontac k�je for� tic akmèc twn. To prìblhma
pou ja parousiazìtan kai ja mac spataloÔse q¸ro eÐnai pwc oi akmèc gÐnontai
pollèc zht¸ntac polÔ q¸ro gia thn anapar�stas  touc, afoÔ den mporoÔme
na fr�xoume to t gia to opoÐo mporeÐ na up�rqei akm . Gia thn lÔsh autoÔ tou
probl matoc mporoÔme na bohjhjoÔme apì ta akìlouja "ginìmena� gr�fwn.

2.2.2 Ginìmeno antikat�stashc, tensor ginìmeno kai
zig zag ginìmeno

Sthn upoenìthta aut  ja doÔme trÐa eÐdh ginomènwn metaxÔ gr�fwn. O al-
gìrijmoc tou Reingold mporeÐ na doulèyei ston epijumhtì q¸ro kai me to
ginìmeno antikat�stashc kai me to zig zag ginìmeno. To ginìmeno tensor ja
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mac qreiasteÐ sto kef�laio 3 ìpou ja analÔsoume to zig zag ginìmeno. Ston
algìrijmo pou ja parousi�soume ja qrhsimopoi soume to zig zag ginìmeno
kaj¸c oi apodeÐxeic prokÔptoun ligìtero perÐploka. Oi sumbolismoÐ kai ta
sq ma eÐnai apì ta [RVW00] kai [Rei08]

Ginìmeno antikat�stashc (replacement product)
To ginìmeno antikat�stashc eÐnai to pio aplì apì ta trÐa kai bohj� sthn

katanìhsh tou zig zag ginomènou.
'Estw G, K-kanonikìc gr�foc N koruf¸n kai H, k-kanonikìc gr�foc K

koruf¸n. To ginìmeno antkikat�stashc tou G me ton H dÐnei ènan gr�fo
N ×K koruf¸n wc ex c:

• K�je kìmbo u tou G ton antikajist� me èna antÐgrafo tou H, to Hu

• K�je kìmboc tou Hu sundèetai me touc k kìmbouc mèsa sto Hu all�
kai me ènan kìmbo tou Hw an {u,w} akm  tou G.

Den ja proqwr soume se pio epÐshmo orismì krÐnontac oti den qrei�zetai.
To qr simo ed¸ eÐnai pwc o bajmìc tou ginomènou antikat�stashc eÐnai kont�
ston bajmì tou deÔterou gr�fou (k + 1 kai k antÐstoiqa) kai o bajmìc tou
deÔterou gr�fou mporeÐ na eÐnai polÔ pio mikrìc apì ton bajmì tou pr¸tou
(k << K).

Tensor ginìmeno (tensor product)
'Estw G1, D1-kanonikìc gr�foc N1 kìmbwn kai G2, D2-kanonikìc gr�foc

N2 kìmbwn. To tensor ginìmenì touc eÐnai o gr�foc G1 ⊗G2 me N1 ·N2 kìm-
bouc kai D1 ·D2 kanonikìthta pou dÐnetai apì ton q�rth enallag c RotG1⊗G2 :
RotG1⊗G2((u,w), (i, j)) = ((u′, w′), (i′, j′)), me (u′, i′) = RotG1(u, i) kai (w′, j′) =
RotG2(w, j).

Autì pou gÐnetai diaisjhtik� eÐnai pwc antikajistoÔme k�je kìmbo u tou
G1 me èna antÐgrafo G2u tou G2. O kìmboc (u,w) me thn (i, j) akm  phgaÐnei
apì to G2u antÐgrafo ston antÐstoiqì tou kìmbo sto G2u′ , me thn akm  i, kai
mèsa sto antÐgrafo phgaÐnei apì ton (u′, w) kìmbo ston (u′, w′) kìmbo me thn
j akm .

To tensor ginìmeno twn dÔo gr�fwn èqei �mesh sqèsh me to gnwstì apì
thn grammik  �lgebra ginìmeno kronecker. UpenjumÐzoume ìti gia dianÔsmata
a ∈ RN1 , b ∈ RN2 , to ginìmeno kronecker eÐnai to c ∈ RN1·N2 : c(i,j) = ai · bj:

c = (a1b1, . . . , a1bN2 , . . . . . . , aN1b1, . . . , aN1bN2)

Gia pÐnakec A,B diast�sewn N1×N1 kai N2×N2 antÐstoiqa to ginìmeno
kronecker aut¸n eÐnai o C di�stashc N1 ·N2×N1 ·N2 me c(i,k),(j,l) = a(i,j) ·b(k,l)
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C =




a11B a12B . . . a1N2B
a21B a22B . . . a2N2B

... ... . . . ...
aN11B aN12B . . . aN1N2B




EÐnai eÔkolo na diapist¸sei kaneÐc ìti o kanonikìpoihmènoc pÐnakac geitnÐ-
ashc tou ginomènou G1 ⊗G2 eÐnai o o pÐnakac pou prokÔptei apì to ginìmeno
kronecker twn kanonikopoihmènwn pin�kwn geitnÐashc twn G1, G2. Kajìti den
ja qreiastoÔme perissìtera den epekteinìmaste �llo kai suneqÐzoume sto
shmantikì ginìmeno to opoÐo ja qreiastoÔme ston algìrijmo.

Zig zag ginìmeno (zig zag product)
'Ena pio perÐploko ginìmeno eÐnai to zig zag ginìmeno. 'Estw p�li G, K-

kanonikìc gr�foc N koruf¸n kai H, k-kanonikìc gr�foc K koruf¸n. Ed¸
p�li antikajistoÔme k�je kìmbo u tou G me èna antÐgrafo Hu tou H. Oi
kìmboi tou ginomènou sunep¸c èqoun pl joc N ×K (ìsoi kai sto ginìmeno
antikat�stashc). Oi akmèc tou ginomènou prokÔptoun diaforetik�.

Diaisjhtik�, k�je akm  antistoiqeÐ se èna monop�ti m kouc 3 tou ginomè-
nou antikat�stashc twn G kai H. To monop�ti autì èqei thn pr¸th kai thn
trÐth tou akm  se dÔo diaforetik� antÐgrafa tou Hu kai endi�mesa mia akm 
pou sundèei aut� ta dÔo antÐgrafa. K�je kìmboc tou ginomènou èqei k2 akmèc
ìsec kai oi sunduasmoÐ akm¸n dÔo kìmbwn pou brÐskontai se duo diaforetik�
antÐgrafa tou H. Autèc oi k2 akmèc kajorÐzoun pl rwc ta monop�tia m kouc
3 (kai �ra kai tic akmèc tou ginomènou).

'Estw o kìmboc (u, a) (u ∈ G kai a ∈ H) kai h akm  (i, j) tou zig zag
ginomènou. Ja perigr�youme pou mac phgaÐnei aut  h akm  (bo jeia kai sto
sq ma). Shmei¸noume ìti o G eÐnai K-kanonikìc kai o H èqei K kìmbouc kai
�ra touc arijmoÔc 1 . . . K mporoÔme na touc doÔme san ìnoma akm c tou G  
san ìnoma koruf c tou H. Ac doÔme to monop�ti m kouc 3.

• Me to i phgaÐnoume apì ton (u, a) ston (u, a′), ìpou a kai a′ sundèontai
me thn i-ost  akm  tou x (ston Hu).

• Me to a′ pou br kame prohgoumènwc (apì ta i kai a) phgaÐnoume apì
ton kìmbo (u, a′) ston (w, b′), ìpou u kai w sundèontai me thn a′-ost 
akm  tou u kai b′-ost  akm  tou w (ston G).

• Me to j phgaÐnoume apì ton (w, b′) ston (w, b), ìpou b′ kai b sundèontai
me thn j-ost  akm  tou b′ (ston Hw).
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Sq ma 2.1: To monop�ti m kouc 3 pou dÐnei telik� thn antÐstoiqh akm 
{(u, a), (w, b)} ston gr�fo tou ginomènou.

Apì to monop�ti m kouc 3 paÐrnoume kai thn akm  tou ginomènou. 'Etsi o
(u, a) me thn akm  (i, j) phgaÐnei ston (w, b). EÔkola mporoÔme na broÔme
poia akm  tou (w, b) mac phgaÐnei "pÐsw� ston (u, a), arkeÐ sta b mata 1 kai 3
na shmei¸noume poia akm  mac phgaÐnei "pÐsw� ston kìmbo apì ìpou fÔgame.
Autì jèloume na mporoÔme na to k�noume gia na mporoÔme na perigr�youme
ton paragìmeno gr�fo tou zig zag ginomènou me q�rth ennalag c. O tupikìc
orismìc me q�rth enallag c akoloujeÐ.

Orismìc 2.2.1. 'Estw G: K-kanonikìc gr�foc N koruf¸n me q�rth e-
nallag c RotG kai H: k-kanonikìc gr�foc K koruf¸n me q�rth enallag c
RotH . To zig zag ginìmeno Gz̃H twn gr�fwn G kai H orÐzetai na eÐnai o k2

kanonikìc gr�foc N ×K koruf¸n me q�rth enallag c autìn pou prokÔptei
me touc parak�tw upologismoÔc:

1. (a′, i′) = RotH(a, i)

2. (w, b′) = RotG(u, a′)

3. (b, j ′) = RotH(b′, j)

4. RotGz̃H((u, a), (i, j)) = ((w, b), (j′, i′))
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Pr¸th parat rhsh eÐnai ìti q�rthc ennallag c tou Gz̃H mporeÐ na paraq-
jeÐ se logarijmikì q¸ro (an K kai k stajerèc) an sthn eÐsodo up�rqoun oi
q�rtec enallag c twn G kai H. Autì to sumpèrasma bgaÐnei me ton Ðdio trìpo
pou sumper�name thn antÐstoiqh idiìthta gia thn Ôywsh se dÔnamh. Dosmènou
((u, a), (i, j)) upologÐzoume se logarijmikì q¸ro ta b mata pou prèpei na gÐ-
noun apì ton orismì, tup¸noume sthn èxodo to apotèlesma kai eleujer¸noume
to q¸ro gia ton upologismì k�poiou �llou RotGz̃H((u′, a′), (i′, j′)).

'Ena deÔtero shmantikì dedomèno ja to doÔme sthn an�lush tou zig zag
ginomènou kai afor� thn deÔterh idiotim  tou paragìmenou upogr�fou.

Sthn epìmenh enìthta ja orÐsoume èna mètro gia thn epektatikìthta twn
gr�fwn ¸ste akoloÔjwc na doÔme k�poiec shmantikèc idiìthtec pou ja aforoÔn
ìla osa ja èqoume anafèrei meqri ekeÐno to shmeÐo.

2.3 Epektatikìthta gr�fou (expansion)

O ìroc epektatikìthta jèlei na perigr�yei kat� k�poio trìpo thn sune-
ktikìthta tou gr�fou upì thn ènnoia tou pìso gr gora mporoÔme na epekta-
joÔme apì èna sÔnolo kìmbwn stouc upìloipouc kìmbouc tou gr�fou.

2.3.1 Mètra epektatikìthtac
Up�rqoun arketoÐ trìpoi me touc opoÐouc mporoÔme na "metr soume� thn epek-
tatikìthta enìc gr�fou. K�poioc mporeÐ na antrèxei sto [HLWO06] kai na dei
arketoÔc trìpouc kai sqèseic metaxÔ touc. Ed¸ ja d¸soume treÐc apì autoÔc
dÐnontac perissìterh prosoq  stouc dÔo pou qrei�zontai gia ton skopì mac.
O ènac èqei sqèsh me touc kìmbouc kai thn kal  geitonÐa metaxÔ touc, kai
eÐnai o pio �mesoc trìpoc pou èrqetai sto mualì. O �lloc èqei na k�nei me
thn deÔterh idiotim  tou kanonikopoihmènou pÐnaka anapar�stashc tou gr�fou
kai h sqèsh tou me thn epektatikìthta den faÐnetai eÔkola. Ep�nw se autìn
ìmwc basÐzetai o algìrijmoc tou Reingold. Telik� apodeiknÔetai oti oi duo
trìpoi eÐnai isodÔnamoi (sto [BAA+]), k�ti pou epÐshc mac qrei�zetai kai ja
doÔme (thn mia kateÔjunsh).

Vertex expansion
'Estw èna tuqaÐo sÔnolo kìmbwn tou gr�fou. 'Estw oti mporoÔme gia k�je

tètoio na egguhjoÔme oti h geitoni� tou, eÐnai megalÔter  tou se plhjikìthta
kat� èna par�gonta. Tìte an�loga me ton par�gonta autì ja mporoÔme na
mil�me gia gr gorh   arg  epèktash se megalÔtera sÔnola kìmbwn. H idèa gia
epektatikìthta mèsw kìmbwn (Vertex expansion) eÐnai aut  kai apeikonÐzetai
ston akìloujo orismì.
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Orismìc 2.3.1. 'Enac gr�foc G = (V, E) kaleÐtai (K, A) vertex expander
an gia k�je sÔnolo S ⊆ V me to polÔ K kìmbouc h geitoni� N(S) = {u|∃v ∈
S : (u, v) ∈ E} èqei plhjikìthta |N(S)| ≥ A|S|.

Edge expansion
Me ìmoio me prin skeptikì gia k�je sÔnolo kìmbwn ja mporoÔsame antÐ gia

to sÔnolo twn exwterik¸n geitìnwn na blèpoume to sÔnolo twn akm¸n pou
feÔgoun èxw apì to sÔnolo.

Orismìc 2.3.2. 'Enac gr�foc G = (V, E) kaleÐtai (K, ε) edge expander an
gia k�je sÔnolo S ⊆ V me to polÔ K kìmbouc to sÔnolo e(S, S̄) = {{x, y} :
x ∈ S, y ∈ S̄, {x, y} ∈ E} èqei plhjikìthta toul�qiston ε · |S|

Spectral expansion
Dedomènou tou kanonikopoihmènou pÐnaka geitnÐashc mh kateujunìmenou

gr�fou upologÐzoume thn deÔterh (kat' apìluto) megalÔterh idiotim  tou (ì-
pwc perigr�yame se prohgoÔmenh enìthta). Aut  apodeiknÔetai ìpwc ja doÔme
oti apoteleÐ kalì mètro gia thn epektatikìthta tou gr�fou. 'Oso mikrìterh
tìso kalÔterh epektatikìthta.

Orismìc 2.3.3. 'Estw k-kanonikìc gr�foc G, N kìmbwn. Tìte gia k�je
λ : λ ≥ λ(G) o G kaleÐtai (N, k, λ)-expander.

KaloÔme fasmatik  apìstash (spectral gap) to γ(G) = 1− λ(G)

Autì pou prin kaloÔsame (N, k, λ)-gr�fo, plèon mporoÔme na to metonom�-
soume se (N, k, λ)-expander kai na mac dÐnei plhroforÐec gia thn epektatikìth-
ta tou G. 'Oson afor� to γ(G) ìso megalÔtero tìso kalÔterh epektatikìth-
ta.

Mia sqèsh thc idiotim c aut c me ton gr�fo eÐnai pwc mac deÐqnei pìso
gr gora ènac tuqaÐoc perÐpatoc ja katal gei se ìlouc touc kìmbouc tou
gr�fou me (sqedìn) thn Ðdia pijanìthta. Den ja epektajoÔme polÔ. Ekte-
tamènh an�lush gÔrw apì touc tuqaÐouc perip�touc up�rqei sto [LE93].

'Estw π mia katanom  pijanìthtac na brejoÔme arqik� se k�poion apì
touc kìmbouc tou G pou èqei kanonikopoihmèno pÐnaka geitnÐashc ton M .
'Estw λ = 1 kai u = (1/n)n h megalÔterh idiotim  tou M me èna antÐstoiqì
thc idiodi�nusma kai λ2, . . . λn oi upìloipec idiotimèc me antÐstoiq� touc idio-
dianÔsata u2, . . . , un, me λ2 megalÔterh kat� apìluth tim  apì tic upìloipec,
kai ta idiodianÔsmata pou epilègoume eÐnai katanomèc pijanìthtac.

Ta u2, . . . , un mporoÔn na par�goun ton q¸ro twn k�jetwn sto u dianus-
m�twn (u, u2, . . . , un grammik� anex�rthta kai b�sh tou q¸rou) kai �ra m-
poroÔn na par�goun kai to π − u (kaj¸c (π − u) ⊥ u). 'Estw loipìn
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π = u + c2u2 + . . . + cnun. 'Estw ènac tuqaÐoc perÐpatoc k "bhm�twn". O
M ìpwc èqoume epishm�nei se prohgoÔmenh enìthta eÐnai pÐnakac met�bashc
tuqaÐou perip�tou. Sto 1o b ma loipìn h pijanìthta na brejoÔme ston k�je
kìmbo dÐnetai apì to di�nusma Mπ. Sto 2o b ma dÐnetai apì to di�nusma M2π
kai me thn Ðdia logik  sto k-ostì b ma h pijanìthta na brejoÔme ston k�je
kìmbo dÐnetai apì to di�nusma Mkπ. Ma tìte me grammik  �lgebra èqoume:

Mkπ = Mku + c2M
ku2 + . . . + cnMkun = u + c2λ

k
2u2 + . . . + cnλk

nun

'Etsi ìso pio mikrì eÐnai to |λ2| me tìso ligìtera b mata (mikrìtero k) ja
ft�noume pio kont� sthn omoiìmorfh katanom  u.

H parap�nw suz thsh mac dÐnei mia diaÐsjhsh giatÐ jewroÔme ìti to λ(G) m-
poreÐ na mac d¸sei plhroforÐec gia thn epektatikìthta tou gr�fou. Parak�tw
to apodeiknÔoume kai tupik�.

2.3.2 Spectral expansion → Vertex expansion

Gia na d¸soume thn diaÐsjhsh tou kaloÔ mètrou epektatikìthtac gia to λ(G)
eis�game thn ènnoia thc katanom c pijanìthtac na brejoÔme arqik� se k�poion
apì touc kìmbouc tou G. Thn onom�same π kai jumÐzoume ìti u = (1/n, . . . , 1/n)
eÐnai h omoiìmorfh katanom . Me b�sh tic tuqaÐec katanomèc pijanìthtac m-
poroÔme na qarakthrÐsoume pl rwc to λ(G)

Prìtash 2.3.1.

λ(G) = maxπ
||Mπ − u||
||π − u||

Apìdeixh. Apì ton orismì 2.1.4 èqoume λ(G) = maxx⊥u
||Mx||
||x|| .

Gia k�je π katanom  pijanìthtac kai k�je di�nusma x : x ⊥ u ta x kai
π − u eÐnai suggramik� (giatÐ (π − u) ⊥ u) kai �ra ax = π − u → x =
1
a
(π − u) = b(π − u). 'Etsi:

||Mx||
||x|| =

||bM(π − u)||
||b(π − u)|| =

||M(π − u)||
||π − u|| =

||Mπ − u||
||π − u||

kai sunep¸c

∀x∀π :
||Mx||
||x|| =

||Mπ − u||
||π − u|| ⇒ maxx⊥u

||Mx||
||x|| = maxπ

||Mπ − u||
||π − u||

Gia na apodeÐxoume ìti Spectral expansion → Vertex expansion ja qreias-
toÔme ton akìloujo orismì kai to akìloujo l mma.
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Orismìc 2.3.4. 'Estw mia katanom  pijanìthtac π. OrÐzoume:

• Pijanìthta sÔgkroushc (collision probability) na eÐnai h pijanìthta dÔo
tuqaÐec epilogèc jèsewn tou π na eÐnai Ðdiec. Tupik�: CP (π) =

∑
x π2

x.

• UposthrÐzon sÔnolo (Support) tou π na eÐnai to sÔnolo twn jèsewn me
mh mhdenik  pijanìthta. Tupik� Supp(π) = {x : πx > 0}

L mma 2.3.1. Gia k�je π, katanom  pijanìthtac n jèsewn, èqoume:

1. CP (π) = ||π||2 = ||π − u||2 + 1/n

2. CP (π) ≥ 1/|Supp(π)|, me thn isìthta an kai mìno an π = u

Apìdeixh. Gia ta dÔo mèrh tou l mmatoc:

1. Apì ton orismì tou CP (π): CP (π) = ||π||2. Epeid  (π−u) ⊥ u èqoume
||π||2 = ||(π − u) + u||2 = ||(π − u)||2 + ||u||2 = ||(π − u)||2 + 1/N

2. 'Estw a ∈ {0, 1}n me touc �ssouc na emfanÐzontai akrib¸c kai mìno
stic jèseic i : πi > 0. To a èqei tìsouc �ssouc ìsouc to pl joc
tou Supp(π). Lamb�nontac upoyin kai thn anisìthta Cauchy-Schwarz
èqoume:

1 = |a ·π| ≤ ||a|| · ||π|| =
√
|Supp(π)| ·

√∑
x

π2
x ⇒ CP (π) ≥ 1

|Supp(π)|

Plèon mporoÔme na apodeÐxoume to

Je¸rhma 2.3.1. 'Estw G eÐnai (N, K, λ)-expander tìte ∀a ∈ [0, 1] o G
eÐnai ènac (aN, 1

(1−a)λ2+a
) vertex expander.

Apìdeixh. Apì thn prìtash 2.3.1 kai to l mma 2.3.1, gia thn tuqaÐa π èqoume
gia k�je λ ≥ λ(G):

λ2 ≥ λ(G)2 ≥ ||Mπ − u||2
||π − u||2 ⇒ CP (Mπ)− 1

N
≤ λ2

(
CP (π)− 1

N

)

'Estw S tuqaÐo uposÔnolo kìmbwn plhjikìthtac to polÔ aN , gia tuqaÐo
a ∈ [0, 1]. 'Estw us h omoiìmorfh katanom  sto S. Tìte CP (us) = 1/|S|
(apì ton orismì) kai CP (Mus) ≥ 1/|Supp(Mus)| = 1/N(S) (apì to l mma
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me N(S) thn geitoni� tou S, dec orismì 2.3.1). Sunep¸c apì thn prohgoÔmenh
sqèsh èqoume: (

1

|N(S)| −
1

N

)
≤ λ2

(
1

|S| −
1

N

)

LÔnontac wc proc |N(S)| èqoume

1

|N(S)| ≤
λ2

|S| +
1− λ2

N
⇒ |N(S)| ≥ N |S|

λ2N + |S| − λ2|S|
'Omwc |S| ≤ aN ⇒ N ≥ |S|/a ki opìte:

|N(S)| ≥ |S|2/a
λ2|S|/a + |S| − λ2|S| =

|S|
λ2 + a− aλ2

=
|S|

(1− a)λ2 + a

Sunep¸c to tuqaÐo S plhjikìthtac to polÔ aN (gia tuqaÐo a ∈ [0, 1]) è-
qei pl joc geitìnwn toul�qiston Ðso me 1

(1−a)λ2+a
|S| kai �ra o G eÐnai ènac

(aN, 1
(1−a)λ2+a

) vertex expander.

Sto epìmeno kef�laio, ìtan ja qreiastoÔme autì to je¸rhma ston algìri-
jmo tou Reingold, ja stajeropoi soume to a se mia bolik  tim .

Prin xekin soume na suzht�me gia to prìblhma autì kajeautì ja doÔme
dÔo (teleutaÐec) qr simec idiìthtec.

2.4 Up�rqoun (kaloÐ) Expander gr�foi?

2.4.1 Up�rqoun polloÐ
Opoiod pote mètro epektatikìthtac kai an p�roume gia thn mètrhsh tou ex-
pansion enìc gr�fou up�rqoun anex�rthtoi metaxÔ touc trìpoi gia na mac
dèixoun oti expander gr�foi up�rqoun polloÐ. Gia to spectral expansion h
akìloujh prìtash mac dÐnei kai mia tètoia plhroforÐa.

Prìtash 2.4.1. K�je d-kanonikìc, sunektikìc, mh dimer c, n kìmbwn gr�foc
G èqei λ(G) ≤ 1− 1/dn2

EmeÐc ja apodeÐxoume mia asjenèsterh morf  thc kat� thn opoÐa o gr�foc
G èqei mìno jetikèc idiotimèc kai mac arkeÐ gia ton algìrijmo tou Reingold.
Gia to pl rec je¸rhma parapèmpoume sto [AS00] kai pio pÐsw sto [Lov93]
ìpou (m�llon) up�rqei oloklhrwmèno.
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Apìdeixh. O G èqei mìno jetikèc idiotimèc kai �ra apì ton orismì 2.1.4 èqoume

λ(G) = max
x⊥u,||x||=1

〈Ax, x〉 = max
x⊥u,||x||=1

1

d

∑

(u,v)∈E

2xuxv

me thn deÔterh isìthta na prokÔptei an skeftoÔme ti perièqei o pÐnakac A kai
ti shmaÐnei 〈Ax, x〉. Me pr�xeic èqoume

λ(G) = max
x⊥u,||x||=1

1

d

∑

(u,v)∈E

(x2
u + x2

v − (xu − xv)
2) =

max
x⊥u,||x||=1

1

d

( n∑
i=1

x2
i d−

∑

(u,v)∈E

(xu − xv)
2
)

= 1− min
x⊥u,||x||=1

∑

(u,v)∈E

(xu − xv)
2

skeptìmenoi ìmoia me prin gia na bebai¸soume thc isìthtec (kai epiplèon thn
d-kanonikìthta tou gr�fou), kai telik� èqoume

1− λ(G) =
1

d
min

x⊥u,||x||=1

∑

(u,v)∈E

(xu − xv)
2

'Estw y to monadiaÐo di�nusma gia to opoÐo isqÔei h isìthta. Epeid 
akrib¸c eÐnai monadiaÐo ja up�rqei j tètoio ¸ste: |yj| ≥ 1√

n
.

Par�llhla isqÔei ìmwc kai y ⊥ u kai �ra
∑n

i=1 yi = 0. Kat� sunèpeia ja
up�rqei k tètoio pou oi yj, yk na eÐnai etairìshmoi. 'Etsi |yj − yk| ≥ 1√

n
.

Epeid  o G eÐnai sunektikìc èqoume ìti oi kìmboi j, k tou gr�fou sundèo-
ntai me k�poio el�qisto monop�ti m kouc èstw a, to j(= w0), w1, . . . , wa−1, k(=
wa). 'Eqoume

|yk − yj| = |yk − yw1 + yw1 − . . .− ywa−1 + ywa−1 − yj| ≤
a−1∑
i=0

|ywi
− ywi+1

|

kai �ra
a−1∑
i=0

|ywi
− ywi+1

| ≥ 1√
n

Kat� sunèpeia

1−λ(G) =
1

d

∑

(u,v)∈E

(yu−yv)
2 ≥ 1

d

a−1∑
i=0

(ywi
−ywi+1

)2 ≥ 1

da

( a−1∑
i=0

|ywi
−ywi+1

|
)2

me thn teleutaÐa anisìthta na prokÔptei apì thn anisìthta Cauchy−Schwartz.
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Apì tic dÔo teleutaÐec sqèseic kai to gegonìc oti a ≤ n èqoume

1− λ(G) ≥ 1

d

( a−1∑
i=0

|ywi
− ywi+1

|
)2

≥ 1

dan
≥ 1

dn2

Gia k�je gr�fo sunektikì mh dimer  G o gr�foc G2 èqei mìno jetikèc
idiotimèc kai �ra mporoÔme na efarmìsoume thn upoperÐptwsh tou jewr mstoc
pou apodeÐxame (sqetik� eÔkola bgaÐnei mh dimer c). 'Etsi

1− λ(G2) ≥ 1

d2n2
⇒ 1− λ(G)2 ≥ 1

d2n2
⇒ λ(G) ≤

√
1− 1

d2n2

Sto tètarto kef�laio ston algìrijmo tou Reingold ja qrhsimopoi soume
thn arqik  prìtash. Ja d¸soume ìmwc se shmeÐwsh ti all�zei an qrhsi-
mopoi soume thn asjen  perÐptwsh pou apodeÐxame ed¸ (den all�zei sqedìn
tÐpota).

2.4.2 Mia oikogèneia me kaloÔc expanders

Ja d¸soume mia kataskeu  pou aporrèei apì kataskeuèc pou parousi�zontai
sto [AR94], touc Cayley gr�fouc (perrisìtera sthn antÐsotiqh dhmosÐeush),
kai brÐsketai sto [RVW00].

'Estw ènac pr¸toc arijmìc q kai k�poio d ∈ ℵ. OrÐzoume q2-kanonikì
gr�fo LDq,d me kìmbouc ta stoiqeÐa tou sunìlou Fd+1

q ètsi ¸ste gia k�-
je a ∈ Fd+1

q kai x, y ∈ Fq o (x, y)-stìc geÐtonac tou a na eÐnai o a +
(y, yx, yx2, . . . , yxd).

Mia pr¸th parat rhsh eÐnai oti o gr�foc eÐnai ontwc mh kateujunìmenoc
ìpwc jèloume kaj¸c an a (x, y)-stìc geÐtonac tou b tìte b (x−1,−y)-stìc
geÐtonac tou a (ta −y kai x−1 eÐnai modulo q.)

AutoÐ oi gr�foi èqoun polu kal  epektatikìthta (pou asumptwtik� plh-
si�zei thn bèltisth). Gia na to apodeÐxoume ja qreiasteÐ na anakalèsoume
sth mn mh mac k�poia basik� pr�gmata apì thn jewrÐa twn migadik¸n arijm¸n.
Autì ja gÐnei giatÐ ja perigr�youme pl rwc tic idiotimèc kai ta idiodianÔsmata
tou pÐnaka geitnÐashc tou ek�stote gr�fou. Gia ta di�fora q, d isqÔei

Prìtash 2.4.2. LDq,d eÐnai ènac (qd+1, q2, d/q)-expander.

Apìdeixh. Gia to pl joc twn kìmbwn kai to bajmì kanonikìthac den up�rqei
amfibolÐa.
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'Estw M o kanonikopoihmènoc pÐnakac geitnÐashc tou LDq,d kai gia aploÔs-
teush stic anaparast�seic èstw F = Fq. Ta dianÔsmata tou q¸rou Cqd+1

mporoÔme na ta doÔme san sunart seic f : Fd+1 → C afoÔ k�je f me pedÐo
orismoÔ to Fd+1 prèpei na dÐnei migadik  tim  se k�je èna apì ta qd+1 se
pl joc stoiqeÐa tou pedÐou orismoÔ. 'Estw ζ = e2πi/q. Apì thn migadik 
an�lush xèroume ìti to ζk = 1 mìno gia ta k pou eÐnai akèraia pollapl�sia
tou q.

Gia k�je a = (a0, . . . , ad) ∈ Fd+1 orÐzoume thn sun�rthsh χa : Fd+1 → C
¸ste χa(b) = ζ

∑
aibi . EÔkola prokÔptei ìti χa(b + c) = χa(b)χa(c).

Isqurismìc. Ta χa eÐnai k�jeta metaxÔ touc (me to sÔnhjec eswterikì ginìmeno:
(f, g) =

∑
c f(c)g(c)∗).

Pr�gmati isqÔei kai gia na to doÔme arkeÐ na omadopoi soume ta c se Ai

sÔnola topojet¸ntac sto Ðdio sÔnolo ta c pou èqoun Ðdiec tic suntetagmènec
touc ektìc apì thn pr¸th. Tìte

(χa, χb) =
∑

c∈qd+1

χa(c)χb(c)
∗ =

∑
c∈A1

χa(c)χb(c)
∗ + . . . +

∑
c∈A

qd

χa(c)χb(c)
∗

To k�je Ai èqei q se plhjoc stoiqeÐa. 'Estw c èna tuqaÐo apì aut�. Tìte

χa(c)χb(c)
∗ = e

2πi
q

∑
aici · e− 2πi

q

∑
bici = e

2πi
q

∑
i6=1(ai−bi)ci+

2πi
q

(a1−b1)c1

Gia ìla ta tuqaÐa c ∈ Ai to pr¸to mèroc tou ekjèth eÐnai Ðdio. To (a1− b1)c1

tou deÔterou mèrouc, gia ta c1 ∈ {1, . . . , q} paÐrnei modulo q ìlec tic timèc
1, . . . , q giatÐ

(c1, d1 ∈ F&c1 6= d1&(c1(a1 − b1) ≡ d1(a1 − b1) modq) →

c1 − d1 =
k

a1 − b1

q → c1 = d1

�topo. Kat� sunèpeia, gia ta c ∈ Ai, ta e
2πi
q

∑
i6=1(ai−bi)ci+

2πi
q

(a1−b1)c1 katanè-
montai omoiìmorfa p�nw ston trigwnometrikì kÔklo kai �ra to �jroism� touc
gia ta c ∈ Ai bgaÐnei 0. Autì isqÔei gia k�je Ai kai �ra kai to eswterikì
ginìmeno twn χa, χb bgaÐnei mhdèn ìso lèei kai o isqurismìc.

Oi sunart seic χa eÐnai qd+1 se pl joc, kai sunep¸c Ðsec me thn di�stash
tou q¸rou twn sunart sewn h : Fd+1 → C o opoÐoc me thn seir� tou tautÐzetai
me to Cqd+1 . Apotèlesma tou isqurismoÔ loipìn eÐnai ta k�jeta metaxÔ touc
χa na apoteloÔn b�sh tou q¸rou Cqd+1 .

'Opwc parathr same nwrÐtera o gr�foc eÐnai mh kateujunìmenoc, �ra o M
eÐnai summetrikìc kai �ra ta idiodianÔsmat� tou eÐnai k�jeta metaxÔ touc. An
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apodeÐxoume loipìn oti k�je χa eÐnai idiodi�nusma tou M tìte ta èqoume brei
ìla. Me upologismoÔc èqoume gia k�je b:

(Mχa)(b) =
1

q2

∑

c∈Fd+1

Mbcχa(c) =
1

q2

∑

x,y∈F

χa(b + (y, yx, . . . , yxd))

H pr¸th isìthta prokÔptei apì ton orismì tou ginomènou pÐnaka me di�nus-
ma (  pin�kwn genikìtera) kai to gegonìc oti o pÐnakac eÐnai kanonikopoihmènoc
(gia to 1

q2 ).
H deÔterh isìthta prokÔptei apì to gegonìc oti sthn jèsh Mbc brÐsketai

to pl joc twn akm¸n (diairemèno me q2) apì to b sto c. Apì ton orismì
tou gr�fou ìmwc up�rqoun tìsec akmèc ìsec kai ta zeÔgh (x, y) tètoia ¸ste
c = b + (y, yx, . . . , yxd). 'Ara sto pr¸to �jroisma gia k�je c ja emfanistoÔn
Mbc se pl joc χa(c) ìsa kai ta χa(b + (y, yx, . . . , yxd)) pou ja emfanisoÔn
sto deÔtero �jroisma gia ta (x, y) : c = b + (y, yx, . . . , yxd)

'Omwc χa(b + c) = χa(b)χa(c) kai �ra

(Mχa)(b) =
(∑

x,y∈F χa(y, yx, . . . , yxd)

q2

)
· χa(b)

OrÐzoume λa =
∑

x,y∈F χa(y,yx,...,yxd)

q2 kai èqoume telik� gia k�je b:

(Mχa)(b) = λaχa(b)

'Ara Mχa = λaχa kai to λa eÐnai idiotim  tou M gia k�je a. Gia thn apìdeixh
thc prìtashc loipìn arkeÐ na deÐxoume oti gia ìla ta a ∈ Fd+1 ektìc apì èna
isqÔei |λa| ≤ d/q. 'Eqoume apì ton orismì tou χa:

λa =
1

q2

∑

x,y∈F

χa(y, yx, . . . , yxd) =
1

q2

∑

x,y∈F

ζy·pa(x)

ìpou pa(x) = a0 + a1x + . . . + adx
d me a = (a0, . . . , ad).

Koit¸ntac to �jroisma èqoume:

• 'Otan to x eÐnai rÐza tou pa(x) tìte gia ìla ta y, ζypa(x) = 1 kai �ra
k�je tètoio x suneisfèrei sto �jroisma to polÔ q/q2 = 1/q

• 'Otan to x den eÐnai rÐza tou pa(x) tìte
Isqurismìc. Gia ta y ∈ F ta ypa(x) paÐrnoun ìlec tic timèc

e1 2πi
q , e2 2πi

q , . . . , eq 2πi
q
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Pr�gmati isqÔei kai arkeÐ na deÐxoume oti [(y1 6= y2)&(y1, y2 ∈ F)] ⇒
y1pa(x) 6≡ y2pa(x) modq giatÐ tìte k�je y1 ∈ F ja èqei diaforetikì
upìloipo apì k�je �llo y2 ∈ F kai sunep¸c ja eqoume ta q se pl joc
y na dÐnoun q se pl joc e(y mod q) 2πi

q kai �ra ìsa lèei o isqurismìc.
'Oti [(y1 6= y2)&(y1, y2 ∈ F)] ⇒ y1pa(x) 6≡ y2pa(x) modq isqÔei giatÐ:

(y1, y2 ∈ F&y1 6= y2&(y1pa(x) ≡ y2pa(x) modq) →

y1 − y2 =
k

pa(x)
q → y1 = y2

pou eÐnai �topo kai �ra o isqurismìc jemeli¸netai.
An p�me na upologÐsoume thn prosfor� sto �jroisma ìlwn twn y gia èna
tètoio x ja doÔme ìti eÐnai mhdenik  kaj¸c lìgw tou isqurismoÔ ta y ja
d¸soun tic timèc e1 2πi

q , e2 2πi
q , . . . , eq 2πi

q oi opoÐec katanèmontai omoiìmorfa
ep�nw ston trigwnometrikì kÔklo. Sunèpeia autoÔ na dÐnoun sunolik�
�jroisma 0.

An a = 0 tìte paÐrnoume thn anamenìmenh idiotim  1.
An a 6= 0 tìte to pa(x) èqei to polÔ d rÐzec kai �ra lìgw tou prohgoÔmenou

diaqwrismoÔ sta x ja eÐnai |λ(a)| ≤ d/q.
'Ara λ(LDq,d) ≤ d/q kai oloklhr¸netai h apìdeixh.

Dhmiourg same ètsi mia oikogèneia kal¸n expanders pou prokÔptei apì
tic di�forec (epitreptèc) timèc twn q, d. Apì aut  thn kal  oikogèneia ja
p�roume èna kat�llhlo gr�fo ton opoÐo ja qrhsimopoi soume san b�sh ston
algìrijmo tou Reingold, kai ja efarmìsoume k�poiec apì tic pr�xeic pou
d¸same nwrÐtera. Mia apì autèc tic pr�xeic eÐnai kai to zig zag ginìmeno to
opoÐo kai ja analÔsoume sto epìmeno kef�laio.
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Kef�laio 3

An�lush tou Zig Zag
ginomènou

To kÔrio apotèlesma tou kefalaÐou èqei na k�nei me to spectral expansion tou
gr�fou tou zig zag ginomènou. DÐnei ton trìpo ex�rthshc tou λ tou ginomènou
apì ta λ twn dÔo gr�fwn ep�nw stouc opoÐouc gÐnetai h pr�xh.

3.1 H diaÐsjhsh gia to expansion tou gi-
nomènou

'Estw dÔo gr�foi G kai H. JumÐzoume ta trÐa b mata pou orÐzoun thn tuqaÐa
akm  (i, j) tou kìmbou (u, a) ston Gz̃H kai dÐnoun thn akm  ((u, a), (w, c)).

1. (RotH(a, i) = (b1, k)) : (u, a) → (u, b1)

2. (RotG(u, b1) = (w, b2)) : (u, b1) → (w, b2)

3. (RotH(b1, j) = (c, l)) : (w, b2) → (w, c)

Ta b mata 1 kai 3 eÐnai b mata pou gÐnontai sta antÐgrafa Hu kai Hw tou
H. Gia to b ma 2 up�rqei mia shmantik  parat rhsh: o q�rthc enallag c tou
gr�fou G eÐnai mia 1-1 kai epÐ antistoiqÐa tou sunìlou N ×K ston eautì tou
(ìpou N kai K ta sÔnola twn kìmbwn twn G kai H antÐstoiqa). Gia autì
to lìgo mporoÔme na ton blèpoume kai wc met�jesh twn kìmbwn tou gr�fou
Gz̃H pou èqei akrib¸c san sÔnolo kìmbwn to N ×K.

Sthn upoenìthta 2.3.1 mil same gia tuqaÐouc perip�touc kai gia to pwc
autoÐ mac dÐnoun thn diaÐsjhsh thc sten c sqèshc tou spectral expansion me
thn ènnoia thc epektatikìthtac enìc gr�fou. Stouc tuqaÐouc perip�touc ja
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basistoÔme gia na doÔme thn sqèsh twn spectral expansions twn gr�fwn G
kai H me to spectral expansion tou Gz̃H.

H epektatikìthta tou ginomènou eÐnai diaisjhtik� k�pwc ètsi: An upo-
jèsoume oti o G eÐnai meg�loc (sunektikìc) gr�foc (se bajmì kai pl joc
kìmbwn) kai o H (sunektikìc) mikrìc (se bajmì kai pl joc kìmbwn), tìte to
zig zag ginìmeno kat� mia ènnoia:

• PaÐrnei to mègejoc tou apì ton meg�lo G.

• PaÐrnei ton bajmì tou (bajmì kanonikìthtac tou) apì ton mikrì H.

• KlhronomeÐ tic epektatikèc idiìthtec kai apì touc duì, kai an upojè-
soume oti o mikrìc H èqei kal  epektatikìthta tìte h epektatikìthta
tou ginomènou brÐsketai kont� stou meg�lou.

Ta dÔo pr¸ta eÐnai, lÐgo ewc polÔ, profan . Gia to trÐto ja prospaj soume
na doÔme thn sumperifor� twn tuqaÐwn perip�twn mesa ston gr�fo Gz̃H.

K�noume mia akìmh parat rhsh. 'Estw oti epilègoume mia tuqaÐa akm 
(i, j) tou Gz̃H. Tìte, lìgw twn bhm�twn pou upenjumÐsame nwrÐtera, aut 
thn tuqaÐa epilog  mporoÔme na thn doÔme san dÔo anex�rthtec metaxÔ touc
tuqaÐec epilogèc dÔo akm¸n tou H, mia gia to Hu kai mia gia ton Hv pou
kajorÐzoun par�llhla kai to b ma ston G (to b ma 2 gia thn eÔresh thc
akm c tou ginomènou).

'Estw u mia katanom  pijanìthtac na brejoÔme arqik� se k�poion apì
touc kìmbouc tou Gz̃H. Met� apì k tuqaÐa b mata h katanom  pijanìthtac
ja dÐnetai kat� ta gnwst� apì to di�nusma Mku, ìpou M o kanonikopoihmènoc
pÐnakac geitnÐashc tou Gz̃H. An to u apèqei apì thn omoiìmorfh katanom 
tìte me aut� ta b mata ja plhsi�zoume se aut n (omoiìmorfh stic sunektikèc
sunist¸sec all� upojètoume oti oi gr�foi eÐnai sunektikoÐ kai �ra kai to
ginìmeno touc) me taqÔthta-trìpo pou exart�tai apì tic idiotimèc tou gr�fou.

Upojètoume oti èqoume mia arqik  pijanìthta makri� apì thn omoiìmorfh
katanom  kai jèloume na doÔme diaisjhtik� ti katafèrnei to ginìmeno. Up�r-
qoun dÔo akraÐec peript¸seic:

Oi epimèrouc katanomèc sta antÐgrafa Hv tou H eÐnai makri� apì
thn omoiìmorfh katanom .

Oi epimèrouc katanomèc sta antÐgrafa tou H eÐnai omoiìmorfec, pou
tìte ìmwc ja prèpei h katanom  twn Hv gia ìla ta v na mhn eÐnai omoiì-
morfh giatÐ h arqik  katanom  eÐnai makri� apì thn omoiìmorfh.

H parat rhsh kleidÐ eÐnai pwc opoiad pote �llh katanom  (makri� apì
thn omoiìmorfh) mporeÐ na ekfrasteÐ san grammikìc sunduasmìc aut¸n twn
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dÔo akraÐwn peript¸sewn. 'Etsi gia na katal�boume thn diaÐsjhsh, ja mil -
soume mìno gia autèc tic dÔo peript¸seic kai ja mil soume met� gia to pwc me
grammik  �lgebra mporoÔme na qeiristoÔme k�je perÐptwsh mèsw aut¸n twn
dÔo.

PaÐrnoume èna tuqaÐo b ma ston Gz̃H. Tìte ìpwc shmei¸same nwrÐtera
autì mporoÔme na to doÔme san tuqaÐo monop�ti m kouc 3 me to pr¸to kai
trÐto b ma na gÐnetai sta antÐgrafa tou H kai to mesaÐo b ma phd¸ntac apì
k�poio antÐgrafo se k�poio �llo.

1. An eÐmaste sthn pr¸th akraÐa perÐptwsh tìte me to pr¸to b ma sto
antÐgrafo plhsi�zoume thn omoiìmorfh katanom  (apì thn opoÐa eÐmaste
makri�) kai m�lista me trìpo an�logo me to pìso kalì expansion èqei
o gr�foc H.
Ta �lla dÔo b mata tou monopatioÔ den mporoÔn na anairèsoun aut 
thn prìodo (to deÔtero eÐnai ìpwc eÐdame mia met�jesh twn kìmbwn tou
N×K kai to trÐto eÐnai b ma se kanonikì gr�fo) mìno na na bohj soun
sthn prìodo.

2. An eÐmaste sthn deÔterh perÐptwsh tìte to pr¸to b ma den mporeÐ na mac
fèrei pio kont� sthn omoiìmorfh katanom  kaj¸c se ìpoio antÐgrafo ki
an eÐmaste h katanom  ekeÐ eÐnai omoiìmorfh kai �ra den èqei shmasÐa se
poio kìmbo tou antÐgrafou eÐmaste. O kìmboc ìmwc pou ja brejoÔme
paÐzei rìlo gia to deÔtero b ma kaj¸c autìc kajorÐzei se poio antÐgrafo
ja metaphd soume.
To deÔtero b ma fèrnei thn katanom  twn antigr�fwn tou H pio kont�
sthn omoiìmorfh. 'Omwc to mesaÐo b ma eÐnai autì pou kajorÐzetai
apì ton RotG kai ìpwc shmei¸same nwrÐtera ton RotG mporoÔme na ton
doÔme san mia met�jesh twn kìmbwn tou N × K. 'Ara autì to b ma
den mporeÐ na mac fèrei kont� sthn omoiìmorfh katanom  twn kìmbwn
tou Gz̃H (twn kìmbwn tou sunìlou N ×K). Autì pou k�nei autì to
b ma ìmwc eÐnai na qal� tic omoiìmorfec katanomèc sta Hv. Autì giatÐ
me mh omoiìmorfo trìpo to b ma 2 mac phgaÐnei se kìmbouc mèsa sta
antÐgrafa kai �ra k�nei mh omoiìmorfec tic katanomèc touc (ex ghsh
kai sto sq ma).
To trÐto b ma pleon ja gÐnei se gr�fo (antÐgrafo tou H) me mh o-
moiìmorfh katanom  ki ètsi mporeÐ na mac fèrei kont� sthn omoiì-
morfh katanom  (me ton Ðdio trìpo pou to pr¸to b ma dra sthn pr¸th
perÐptwsh).

Sto p�nw mèroc tou sq matoc faÐnontai ta antÐgrafa tou H me tic Ðdiec
pijanìthtec katanom c entìc touc. Sto k�tw mèroc faÐnetai h eikìna twn anti-
gr�fwn met� to mesaÐo b ma pou anakatèbei touc kìmbouc twn antigr�fwn.
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Sq ma 3.1: H eikìna prin kai met� to mesaÐo-deÔtero b ma. Ta diaforetik�
sq matakia entìc twn kÔklwn antiproswpeÔoun tic diaforetikèc pijanìthtec.

Sunèpeia autoÔ tou b matoc eÐnai na qal�ne oi omoiìmorfec katanomèc pi-
janìthtac entìc twn antigr�fwn kai na dhmiourgeÐtai ètsi q¸roc gia beltÐwsh
sto trÐto b ma, b ma to opoÐo ja gÐnei mèsa sta antÐgrafa (kÔklouc) kai �ra
ja mac fèrei tìso pio kont� sthn omoiìmorfh katanom  ìso kalÔtreo eÐnai
to expansion tou mikroÔ gr�fou.

K�je tuqaÐa katanom  pou den eÐnai omoiìmorfh mporeÐ na ekfrasteÐ san
grammikìc sunduasmìc twn dÔo parap�nw peript¸sewn. Sthn apìdeixh pou
akoloujeÐ ja doÔme pwc ekfr�zontai autèc oi dÔo akraÐec peript¸seic kai
pwc kai giatÐ me autèc tic dÔo mporoÔme na ekfr�soume k�je mh omoiìmorfh
katanom . Akoloujwntac kat� k�poio trìpo thn diaÐsjhsh pou perigr�yame
pio p�nw ja ft�soume sto shmantikì je¸rhma pou afor� to expansion tou
ginomènou.

3.2 To Je¸rhma
Je¸rhma 3.2.1. 'Estw G ènac (N, D, λ1)-expander kai H ènac (D, d, λ2)-
expander tìte o Gz̃H eÐnai ènac (N ·D, d2, f(λ1, λ2))-expander, me

f(λ1, λ2) =
1

2
(1− λ2

2)λ1 +
1

2

√
(1− λ2

2)λ
2
1 + 4λ2

2
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Ja p�roume thn apìdeixh ex olokl rou apì to [RVW00].

Apìdeixh. Gia ton bajmì kai to mègejoc tou paragìmenou gr�fou èqoume mil -
sei nwrÐtera kai ta antÐstoiqa apotelèsmata prokÔptoun eÔkola. To dÔskolo
komm�ti eÐnai na kajorÐsoume to f(λ1, λ2).

'Estw M o kanonikopoihmènoc pÐnakac tou ginomènou Gz̃H. SÔmfwna me
ton orismì 2.1.4 arkeÐ na deÐxoume oti gia k�je di�nusma a ∈ <ND k�jeto
sthn omoiìmorfh katanom  to 〈Ma, a〉 eÐnai mikrìtero apì to 〈a, a〉 kat� ton
par�gonta f(λ1, λ2).

Gia na akolouj soume thn diaÐsjhsh pou d¸same nwrÐtera, ja analÔsoume
to tuqaÐo di�nusma a ⊥ 1ND (pou lìgw aut c thc kajetìthtac brÐsketai
makri� apì th omoiìmorfh katanom ) se grammikì sunduasmì twn dÔo dianus-
m�twn pou antistoiqoÔn to èna sthn omoiìmorfh katanom  entìc twn anti-
gr�fwn kai to �llo sthn omoiìmorfh katanom  twn antigr�fwn. Sta epìmena
uk kai 1k h omoiìmorfh katanom  k jèsewn kai to #ola 1� di�nusma k jèsewn
antÐstoiqa.

'Estw tuqaÐo a ⊥ 1ND. OrÐzoume:

• gia k�je v ∈ [N ] di�nusma av ∈ <D tètoio pou (av)k = avk

• mia sun�rthsh C : <ND → <N : (Ca)v =
∑D

k=1 avk

To av dÐnei thn katanom  sto v antÐgrafo. O C eÐnai akrib¸c autìc pou dÐnei
gia k�je katanom  π to Cπ to opoÐo eÐnai akrib¸c h katanom  twn antigr�fwn.

'Estw e1, . . . , eN h st�ntar orjokaninik  b�sh tou <N . Tìte apì touc
orismoÔc eÔkola prokÔptei oti a =

∑N
v=1 ev ⊗ av. Me grammik  �lgebra m-

poroÔme na broÔme di�nusma a
||
v tètoio ¸ste: av||uD kai av−a

||
v ⊥ av (paÐrnon-

tac thn idèa apì to π − u ⊥ u). 'Etsi mporoÔme na analÔsoume to av se
av = a

||
v + a⊥v me a⊥v ⊥ uD. 'Esti telik� èqoume gia to arqikì a:

a =
N∑

v=1

ev ⊗ av =
N∑

v=1

ev ⊗ a||v +
N∑

v=1

ev ⊗ a⊥v = a|| + a⊥

O ìroc a
||
v lìgw thc parallhlÐac tou me to di�nusma thc omoiìmorfhc

katanom c èqei stic jèseic ton Ðdio arijmì kai antistoiqeÐ sthn omoiìmorfh
katanom  entìc tou antigr�fou Hv. 'Etsi to ev ⊗ av eÐnai to di�nusma pou
èqei pantoÔ mhdèn ektìc (Ðswc) apì tic jèseic pou aforoÔn to antÐgrafo
Hv. EkeÐ èqei ton arijmì pou up�rqei stic jèseic tou a

||
v . Kat� sunèpeia to

di�nusma a|| =
∑N

v=1 ev ⊗ a
||
v eÐnai autì pou antistoiqeÐ se mia katanom  pou

eÐnai omoiìmorfh entìc twn antigr�fwn tou H.
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O ìroc a⊥v eÐnai k�jetoc sthn omoiìmorfh katanom . Kat' epèktash to
di�nusma a⊥ =

∑N
v=1 ev ⊗ a⊥v antistoiqeÐ se mia katanom  h opoÐa se k�je

antÐgrafo eÐnai makri� apì thn omoiìmorfh.
'Estw M o kanonikopoihmènoc pÐnakac geitnÐashc tou Gz̃H. Oi ìroi a||

kai a⊥ eÐnai akrib¸c oi ìroi pou qrhsimopoi same sthn diaisjhtik  an�lush
pou k�name nwrÐtera. Gia na doÔme pwc dra o M ep�nw sto a (akolouj¸ntac
thn diaÐsjhsh) ja doÔme pwc dra sta a|| kai a⊥ susqetÐzont�c ton me touc
kanonikopoihmènouc pÐnakec A,B twn G,H antÐstoiqa.

O M eÐnai profan¸c pÐnakac pou exart�tai apì touc A,B. Ja ton analÔ-
soume se ginìmeno tri¸n pin�kwn pou antistoiqoÔn sta trÐa b mata tou ginomè-
nou (ta opoÐa exart¸ntai apì touc A,B). 'Estw B̃ o pÐnakac pou antistoiqeÐ
sto pr¸to kai trÐto b ma (b mata mèsa sta antÐgrafa). Autìc ja prèpei
na en¸nei touc kìmbouc twn antigr�fwn tou H akrib¸c ìpwc ston H. 'Etsi
autìc eÐnai akrib¸c to ginìmeno kronecker B̃ = IN×N⊗B me IN⊗N o monadiaÐoc
N ×N pÐnakac. Profan¸c o B̃ eÐnai summetrikìc.

To mesaÐo b ma perigr�fetai apì ènan Ã pou kajorÐzei thn met�jesh twn
kìmbwn kai èqei sqèsh perÐergh me ton A. Den ja ton kajorÐsoume ed¸ all�
idiìthtèc tou ja doÔme sthn sunèqeia thc apìdeixhc. Mia apì autèc eÐnai oti
eÐnai summetrikìc giatÐ o G eÐnai mh kateujunìmenoc.

O M pleon mporeÐ na grafteÐ san M = B̃ÃB̃ (apì ton orismì tou gi-
nomènou). Sth arq  eÐdame pwc jèloume na fr�xoume to |〈Ma,a〉|

〈a,a〉 . Apì thn
summetrÐa tou B̃ èqoume

〈Ma, a〉 = 〈B̃ÃB̃a, a〉 = 〈ÃB̃a, B̃a〉

To a|| eÐnai h katanom  pou eÐnai omoiìmorfh entìc twn antigr�fwn. H
sun�rthsh C pou orÐsame prohgoumènwc efarmozìmenh sto a ja d¸sei thn
katanom  twn antigr�fwn. 'Etsi a|| = Ca⊗ 1D/D, giatÐ paÐrnoume thn suno-
lik  pijanìthta gia èna antÐgrafo kai thn moir�zoume omoiìmorfa stoÔc kìm-
bouc tou.

Apì tic idiìthtec tou ginomènou kronecker kai to oti B1D = 1D èqoume:

B̃a|| = (IN ⊗B) · (Ca⊗ 1D/D) = (IN ·Ca/D)⊗ (B · 1D) = Ca⊗ 1D/D = a||

'Etsi B̃a = B̃a|| + B̃a⊥ = a|| + B̃a⊥ kai �ra telik� autì pou jèloume na
fr�xoume eÐnai to

|〈Ma, a〉|
〈a, a〉 =

〈B̃ÃB̃a, a〉
||a||2 =

〈Ã(a|| + B̃a⊥), a|| + B̃a⊥〉
||a|| + a⊥||2

Isqurismìc 1. O Ã anakl� k�je di�nusma v mèsw enìc upoq¸rou S tou <ND.
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Apìdeixh. O Ã eÐnai o pÐnakac pou perigr�fei thn met�jesh twn kìmbwn ìpwc
aut  dÐnetai apì ton q�rth enallag c tou G. 'Etsi eÐnai Ã2 = IND. Oi idiotimèc
tou Ã sunep¸c eÐnai oi 1,−1. Epeid  par�llhla eÐnai kai summetrikìc, autèc
èqoun k�jeta metaxÔ touc idiodianÔsmata pou par�goun to q¸ro <ND. 'Estw
x1, . . . xk kai xk+1, . . . xND ta idiodianÔsmata pou antistoiqoÔn stic idiotimèc
λ1 = 1 kai λ2 = −1 antÐstoiqa. Tìte

Ãv = Ã(c1x1 + . . . + xND) = Ãc1x1 + . . . + ÃxND =

λ1c1x1 + . . . + λ1ckxk + λ2ck+1xk+1 + . . . + λ2cNDxND =

c1x1 + . . . + λ1ckxk − ck+1xk+1 − . . .− cNDxND

PaÐrnontac san upìqwro S to q¸ro thc grammik c j khc < x1, . . . , xk >
apodeiknÔoume ton isqurismì.

Apotèlesma tou isqurismoÔ eÐnai gia k�je di�nusma v to eswterikì ginìmeno
〈Ãv, v〉 na eÐnai

〈Ãv, v〉 = (cos2θ)||v||2
me θ thn gwnÐa metaxÔ S kai v.

'Etsi pleon jèloume na fr�xoume to

|〈Ma, a〉|
〈a, a〉 = |cos2θ| ||a

|| + B̃a⊥||2
||a|| + a⊥||2

me θ thn gwnÐa metaxÔ S kai a|| + B̃a⊥.
'Estw φ ∈ [0, π/2] h gwnÐa metaxÔ twn a|| kai a|| + a⊥ kai φ′ h gwnÐa metxÔ

a|| kai a|| + B̃a⊥. Tìte

||a|| + B̃a⊥||2
||a|| + a⊥||2 =

( ||a|| + B̃a⊥|| · ||a||||
||a|| + a⊥|| · ||a||||

)2

=
(〈a|| + B̃a⊥, a||〉 · cosφ
〈a|| + a⊥, a||〉 · cosφ′

)2

=
cos2φ

cos2φ′

(γιατι 〈a⊥, a||〉 = 〈a⊥, B̃a||〉 = 〈B̃a⊥, a||〉 ⇒ 〈a|| + B̃a⊥, a||〉 = 〈a|| + a⊥, a||〉)
An ψ h gwnÐa an�mesa sto a|| kai to S tìte θ ∈ [ψ − φ′, ψ + φ′] (eÔkola

apì gewmetrÐa me èna aplì sqhmat�ki).
'Etsi katal goume na jèloume na fr�xoume to

|〈Ma, a〉|
〈a, a〉 = |cos2θ| cos

2φ

cos2φ′

me tic gwnÐec na ikanopoioÔn ìsa perigr�yame nwrÐtera.
Ja doÔme k�poiouc periorismoÔc gia autèc tic gwnÐec. 'Enac periorismìc

phg�zei apì ton isqurismì
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Isqurismìc 2. ||B̃a⊥|| ≤ λ2||a⊥||
Apìdeixh. Apì thn epektaikìthta tou H isqÔei ||Ba⊥v || ≤ λ2 · ||a⊥v || kai �ra

||B̃a⊥|| = ||B̃
( N∑

v=1

ev⊗a⊥v
)
|| = ||

N∑
v=1

ev⊗Ba⊥v || ≤ λ2||
N∑

v=1

ev⊗a⊥v || = λ2·||a⊥||

'Amesh sunèpeia tou isqurismoÔ eÐnai

tan φ

tan φ′
=
||B̃a⊥||
||a⊥|| ≤ λ2

γιατι
tan φ

tan φ′
=
||B̃a⊥ + a|||| · sin φ′

||a⊥ + a|||| · sin φ
=
||B̃a⊥||
||a⊥||

'Enac akìmh periorismìc phg�zei apì ton
Isqurismìc 3. |〈Ãa||, a||〉| ≤ λ1〈a||, a||〉
Apìdeixh. Autì isqÔei diaisjhtik� akrib¸c gia touc lìgouc pou Ðsque kai o
prohgoÔmenoc isqurismìc. Gia na to apodeÐxoume tupik� prèpei na d¸soume
ton akrib  susqetismì tou A me to Ã.

'Estw e1, . . . , eN h st�ntar orjokanonik  b�sh tou <N . Gia k�je v to Aev

dÐnei tic pijanìhtec na p�me se èna b ma apì ton v stouc geÐtonèc tou.
To (ev⊗1D/D) eÐnai di�nusma pou parist�nei thn omoiìmorfh katanom  sto

antÐgrafo Hv. Apì th fÔsh tou o Ã eÐnai tètoioc pou to Ã(ev ⊗ 1D/D) dÐnei
thn katanom  pijanìthtac twn kìmbwn tou Gz̃H met� apì èna b ma, dedomènou
oti xekin same isopÐjana apì k�poion apì touc kìmbouc tou antigr�fou Hv.

'Etsi to C(Ã(ev⊗1D/D)) dÐnei thn katanom  pijanìthtac gia ta antÐgrafa
pou ja prèpei na eÐnai Aev lìgw thc ex�rthshc tou Ã apì ton A. 'Etsi
C[Ã(ev ⊗ 1D/D)] = Aev.

Autì isqÔei gia k�je ev thc b�shc tou <N kai �ra kai gia k�je stoiqeÐo
tou <N . Epomènwc isqÔei kai gia to stoiqeÐo Ca ∈ <N kai opìte paÐrnoume
C[Ã(Ca ⊗ 1D/D)] = ACa kai jumÐzoume oti a|| = Ca ⊗ 1D/D. Epomènwc
èqoume C[Ãa||] = ACa. Sunep¸c

〈Ãa||, a||〉 = 〈Ãa||, Ca⊗ 1D〉/D = 〈C[Ãa||], Ca〉/D = 〈ACa, Ca〉/D
(me thn mesaÐa isìthta na prokÔptei apì ton orismì tou eswterikoÔ ginomènou)

JumÐzoume oti to a eÐnai a ⊥ 1ND (�jroisma stoiqeÐwn 0). 'Ara to Ca eÐnai
antÐstoiqa Ca ⊥ 1N (akrib¸c to Ðdio �jroisma stoiqeÐwn me to a). Apì ton
orismì 2.1.4 tou λ2 gia ton gr�fo G èqoume telik�:

〈Ãa||, a||〉 ≤ λ1〈Ca, Ca〉/D = λ1〈Ca⊗ 1D, Ca⊗ 1D〉/D2 = λ1〈a||, a||〉

34



(me thn pr¸th isìthta na prokÔptei apì ton orismì tou eswterikoÔ ginomènou)

O isqurismìc autìc, lìgw tou isqurismoÔ 1, èqei �mesh sunèpeia thn sqèsh

|cos2ψ| ≤ λ1

OrÐzoume µ1 = tan φ
tan φ′ kai µ2 = |cos2ψ| kai touc qrhsimopoioÔme mèqri to

tèloc thc apìdeixhc ìpou kai ja touc fr�xoume me ta λ1 kai λ2.
UpenjumÐzoume oti nwrÐtera katal xame sto

|〈Ma, a〉|
〈a, a〉 = |cos2θ| · cos2φ

cos2φ′

Ja xeqwrÐsoume dÔo peript¸seic gia na mporèsoume telik� na fr�xoume
thn posìthta |cos2θ| · cos2φ

cos2φ′ .

PerÐptwsh 1h: φ′ ≤ min{ψ, π/2− ψ}

|cos2θ| = max{|cos2(ψ+φ′)|, |cos2(ψ−φ′)| = |cos2ψ·cos2φ′|+|sin2ψ·sin2φ′|.
Me trigwnometrÐa èqoume:

|cos2θ| cos
2φ

cos2φ′
=

1

2

∣∣∣(1−µ2
2)cos2ψ + (1 + µ2

2)cos2ψcos2φ
∣∣∣ +

1

2

∣∣∣2µ2sin2ψsin2φ
∣∣∣

H epilog  tou φ pou megistopoieÐ aut  thn posìthta eÐnai aut  pou k�nei to
(cos2φ, sin2φ) na eÐnai monadiaÐo di�nusma to opoÐo èqei thn kateÔjunsh tou
dianÔsmatoc (±(1 + µ2

2)cos2ψ, 2µ2sin2ψ) ki ètsi

|cos2θ| cos
2φ

cos2φ′
≤ 1

2
(1− µ2

2)|cos2ψ|+
1

2

√
(1 + µ2

2)
2cos22ψ + 4µ2

2sin
22ψ

⇓

|cos2θ| cos
2φ

cos2φ′
≤ 1

2
(1− µ2

2)µ1 +
1

2

√
(1 + µ2

2)
2µ2

1 + 4µ2
2(1− µ2

1)

PerÐptwsh 2h: φ′ > min{ψ, π/2− ψ}
Se aut  thn perÐptwsh den mporoÔme na fr�xoume (mh tetrimmèna) to

|cos2θ| ki ètsi met� apì trigwnometrÐa arkoÔmaste na fr�xoume thn posìthta

|cos2θ| cos
2φ

cos2φ′
≤ cos2φ

cos2φ′
= µ2

2 + (1− µ2
2)cos

2φ
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Me trigwnometrÐa èqoume

cos2φ′ =
(1 + µ2

2)cos
2φ− µ2

2

(1− µ2
2)cos

2φ + µ2
2

EpÐshc èqoume φ′ > min{ψ, π/2 − ψ} ⇒ cos2φ′ < |cos2ψ| = µ1 to opoÐo
eÐnai isodÔnamo me to

cos2φ <
µ2

2(1 + µ1)

(1− µ1) + µ2
2(1 + µ1)

Sundu�zontac tic treic teleutaÐec sqèseic èqoume

|cos2θ| cos
2φ

cos2φ′
<

2µ2
2

1− µ1 + µ2
2(1 + µ1)

ApodeiknÔetai oti to fr�gma thc pr¸thc perÐptwshc eÐnai p�nta megalÔtero
apì to fr�gma thc deÔterhc perÐptwshc ki oti eÐnai kai aÔxousa sun�rthsh
twn µ1, µ2. 'Etsi antikajist¸ntac ta λ1, λ2 sth jèsh twn µ1, µ2 paÐrnoume to
je¸rhma

|〈Ma, a〉|
〈a, a〉 = |cos2θ| cos

2φ

cos2φ′
≤ 1

2
(1− λ2

2)λ1 +
1

2

√
(1− λ2

2)λ
2
1 + 4λ2

2

Sunèpeia tou jewr matoc eÐnai to akìloujo

Pìrisma 3.2.1. An G eÐnai ènac (N, D, λ1)-expander kai H eÐnai ènac
(D, d, λ2)-expander tìte o Gz̃H eÐnai ènac (N ·D, d2, f(λ1, λ2))-expander me:

λ(Gz̃H) ≤ 1− 1

2
(1− λ2

2)(1− λ1)

Apìdeixh. EÐnai λ1 ≤ 1 kai ara
1

2

√
(1− λ2

2)λ
2
1 + 4λ2

2 ≤
1

2

√
(1− λ2

2) + 4λ2
2 =

1

2
(1 + λ2

2) = 1− 1

2
(1− λ2

2)

IsqÔei profan¸c lìgw tou jewr matoc λ(Gz̃H) ≤ f(λ1, λ2). Telik� sundu�-
zontac me to je¸rhma èqoume:

f(λ1, λ2) =
1

2
(1−λ2

2)λ1 +
1

2

√
(1− λ2

2)λ
2
1 + 4λ2

2 ≤
1

2
(1−λ2

2)λ1 +1− 1

2
(1−λ2

2)

kai �ra

λ(Gz̃H) ≤ 1− 1

2
(1− λ2

2)(1− λ1)
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Kef�laio 4

Undirected st Connectivity ∈ L

Sto kef�laio autì ja k�noume mia pl rh parousÐash kai an�lush tou algo-
rÐjmou tou Reingold. O algìrijmoc diaisjhtik� sthrÐzetai se mia polÔ apl 
idèa gia thn epÐlush tou probl matoc thc st-sunnektikìthtac.

Mac dÐnete ènac gr�foc G kai dÔo kìmboi tou s, t. Jèloume na doÔme an
oi s kai t sundèontai me monop�ti. An oi duo kìmboi sundèontai tìte autì
ja gÐnetai me monop�ti m kouc èstw k. 'Ara an dhmiourg soume ton gr�fo
Gk (kef�laio 2.2.1) tìte o gr�foc autìc ja èqei akm  an�mesa stic s kai
t kai �ra to prìblhma ja epiluìtan. H kataskeu  ja ginìtan b ma b ma me
prìblhma ìmwc na prokÔptei sto gegonìc oti o bajmìc tou gr�fou ja aux�nei
me meg�lo rujmì, qwrÐc na xèroume pìte prèpei na stamat soume.

An me k�poio trìpo mporoÔsame na krat soume ton bajmì tou gr�fou
qamhl�, fèrnontac tautìqrona "kont�� touc epikoinwnoÔntec kìmbouc tìte
ja lÔname kai to prìblhma se epijumhtì q¸ro. Autì epitugq�netai me thn
bo jeia tou zig zag ginomènou. DÐnoume parak�tw ta basik� shmeÐa tou al-
gorÐjmou k�nontac mia genik  perigraf .

O algìrijmoc tou Reingold:

1. DhmiourgeÐ ènan expander thc oikogèneiac 2.4.2 me kat�llhla kalì spec-
tral expansion.

2. Metatrèpei ton gr�fo thc eisìdou se èna kanonikì, mh dimer  gr�fo
qwrÐc na qal�sei tic antistoiqÐec an�mesa stic sunektikèc sunist¸sec
tou. EkmetaleÔetai ètsi thn prìtash 2.4.1 kai dhmiourgeÐ gr�fo me pou
èqei gia sunist¸sec (Ðswc kakoÔc) expanders.

3. Efarmìzei stouc duo gr�fouc pr�xeic Ôywshc se dÔnamh kai zig zag gi-
nomènou kai dhmiourgeÐ prokajorismèna kanonikì gr�fo me kalì spectral
expansion (ekmetaleuìmenoc to je¸rhma 3.2.1).
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4. EpilÔei to prìblhma thc st-sunektikìthtac gia dÔo antÐstoiqouc me touc
arqikoÔc kìmbouc tou nèou gr�fou

To shmantikì eÐnai oti ìla aut� ta petuqaÐnei se logarijmikì q¸ro! Autì
fusik� ja to deÐxoume. Stic epìmenec enìthtec ja parousi�soume ti akrib¸c
k�nei se k�je b ma o algìrijmoc deÐqnontac par�llhla oti k�je b ma mporeÐ
na gÐnei me qr sh logarijmikoÔ q¸rou. Met� ja ekmetaleutoÔme thn prìtash
1.2.1 gia na sumper�noume oti ìntwc o algìrijmoc sunolik� qrhsimopoieÐ log-
arijmikì q¸ro.

4.1 'Enac (D16, D, 1/2)-expander thc kal c
oikogèneiac

O algìrijmoc sto pr¸to b ma kataskeu�zei ènan kalì expander. 'Enac
gr�foc pou k�nei thn doulei� eÐnai o LD67,31 pou sÔmfwna me thn prìtash
2.4.2 eÐnai ènac (6732, 672, 31/67)-expander.

Autìc o gr�foc mporeÐ na eÐnai meg�loc all� den exart�tai se kamÐa
perÐptwsh apì thn eÐsodo. Sunep¸c mporeÐ na paraqjeÐ me opoiad pote ana-
par�stash se q¸ro stajerì kai na eÐnai kaj' ìlh thn di�rkeia tou trexÐmatoc
tou algorÐjmou se k�poia apì tic tainÐec ergasÐac. 'Ara kat' epèktash loga-
rijmikìc q¸roc arkeÐ.

H epikefalÐda thc enìthtac mil� gia ènan (D16, D, 1/2)-expander. EÐnai
autìc akrib¸c pou perigr�yame (31/67 < 1/2), ton onom�zoume H, kai to D
kajorÐzetai na eÐnai to akrib¸c D = 672 = 4489. To D autì ja qrhsimopoieÐte
kai parak�tw kajìlh thn an�lush.

4.2 Apì ton G ston Greg

'Opwc eÐpame sthn f�sh aut  prèpei na metatrapeÐ o gr�foc G, N kìmbwn,
thc eisìdou se èna mh dimer  kanonikì gr�fo Greg. O Greg jèloume na eÐnai
D16 kanonikìc kai na dÐnetai mèsw q�rth ennalag c. Gia orjìthta upojètoume
pwc o G mac dÐnete mèsw pÐnaka geitnÐashc.

Up�rqoun arketoÐ trìpoi me touc opoÐouc exuphreteÐte o skopìc mac. 'E-
nac, oqi kai o kalÔteroc, pou par' ola aut� mac arkeÐ eÐnai na antikatast -
soume k�je kìmbo tou gr�fou me èna kÔklo N kìmbwn dhmiourg¸ntac ètsi
gr�fo me kìmbouc to sÔnolo N ×N . Oi akmèc metaxÔ twn kìmbwn tou Greg

ja kajorÐzontai apì touc kÔklouc me epiplèon akmèc na up�rqoun metaxÔ twn
kìmbwn (u,w) kai (w, u) an kai mìno an oi u,w sundèontai me akm  ston G. Gia
na sumplhrwjeÐ h kanonikìthta prostÐjentai epiplèon self loops. O q�rthc
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ennalag c tou Greg eÐnai o RotGreg : (N × N) ×D16 → (N × N) ×D16 pou
dÐnetai apì touc kanìnec:

• RotGreg((u,w), 1) = ((u,w
′
), 2), me w

′
=

{
w + 1, w < N ;
1, αλλιωs.

• RotGreg((u,w), 2) = ((u,w
′
), 1), me w

′
=

{
w − 1, w < N ;
N, αλλιωs.

• RotGreg((u,w), 3) =

{
((w, u), 3), an (u,w) akm  tou G;
((u, w), 3), alli¸c.

• Gia 3 < i ≤ |D16| : RotGreg((u,w), i) = ((u, w), i)

O q�rthc ennalag c tou RotGreg mporeÐ na upologisteÐ se logarijmikì
q¸ro giatÐ polÔ apl�, gia tic peript¸seic èna kai dÔo k�nei ènan èlegqo miac
isìthtac pou gÐnetai se logarijmikì q¸ro, gia thn tètarth perÐptwsh den
qrei�zetai na k�nei tÐpota (antigr�fei apl� thn eÐsodo thc er¸thshc) en¸ gia
thn trÐth perÐptwsh apl� anatrèqei ston pÐnaka geitnÐashc kai qrhsimopoi¸n-
tac Ðswc logarijmikoÔ m kouc metrhtèc koit�zei gia Ôparxh akm c an�mesa
stouc dÔo kìmbouc pou qrei�zetai.

K�ti �llo pou qreiazìmaste kai exuphreteÐ aut  h metatrop  eÐnai na mh-
n ephre�zontai oi sunektikèc sunist¸sec me thn ènnoia tou ìti duo kìmboi
s,t sundèontai ston G an kai mìno an oi antÐstoiqoi s′ = (s, s),t′ = (t, t)
sundèontai ston RotGreg .

• proc thn mia kateÔjunsh an oi s,t sundèontai, tìte ston G up�rqei
monop�ti s, a1, . . . , ak, t. Ston Greg tìte, mèsw twn kÔklwn, ja up�rqei
to monop�ti

(s, s), (s, a1), (a1, s), (a1, a2), . . . , (ak−1, ak), (ak, ak−1), (ak, t), (t, ak), (t, t)

• an antÐstoiqa oi dÔo kìmboi (s, s),(t, t) sundèontai ston Greg, ja up�r-
qei monop�ti (s, s), (a1, b1) . . . , (ak, bk), (t, t). DiplanoÐ kìmboi (am, bm),
(am+1, bm+1) sto monop�ti   ja an koun ston Ðdio kÔklo,   ja eÐnai
(am, bm) = (bm, am). H deÔterh perÐptwsh isqÔei mìno ìtan ston G
up�rqei h akm  (am, bm). MporoÔme t¸ra na doÔme to monop�ti san
akoloujÐa diadoqik¸n kÔklwn. K�je kÔkloc antistoiqeÐ se èna kìmbo
tou gr�fou kai lìgw thc deÔterhc perÐptwshc dÔo kÔkloi sundèontai
mìno an oi antÐstoiqoi kìmboi sundèontai ston G. 'Etsi apì to monop�ti
tou Greg paÐrnoume monop�ti metaxÔ twn kìmbwn s kai t.
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Aut� ta dÔo pr¸ta mèrh tou algorÐjmou eÐnai ta pio apl� kai epitugq�non-
tai se logarijmikì q¸ro (ìpwc eÔkola eÐdame). Parak�tw ja per�soume sto
kÔrio mèroc tou algorÐjmou pou epilÔei to prìblhma gia touc kìmbouc (s, s)
kai (t, t) tou Greg.

4.3 Fousk¸nontac ton Greg

Duo kìmboi en¸nontai me monop�ti an kai mìno an an koun sthn Ðdia sunektik 
sunist¸sa tou gr�fou. Sto komm�ti autì ja d¸soume ènan trìpo me ton opoÐo
k�je sunektik  sunist¸sa tou gr�fou Greg metatrèpetai se kalì expander.
Autì ìpwc ja doÔme sthn epìmenh enìthta mac dieukolÔnei polÔ.

O metasqhmatismìc pou ja d¸soume ja dèqetai san eÐsodo touc dÔo gr�fouc
G kai H, mèsw twn qart¸n enallag c touc kai ja dÐnei san èxodo ènan gr�fo
me kalèc sunektikèc sunist¸sec k�nontac qr sh logarijmikoÔ q¸rou.

Orismìc 4.3.1. 'Estw G ènac D16-kanonikìc gr�foc N kìmbwn kai H ènac
D-kanonikìc gr�foc D16 kìmbwn. An dÐnontai mèsw twn qart¸n enallag c
touc, tìte o T dÐnei san èxodo ton q�rth enallag c tou Gexp (tou "fouskwmè-
nou� G) ¸c ex c:

• BrÐskei to mikrìtero l gia to opoÐo1 (1− 1/DN2)2l
< 1/2

• Jètei G0 = G kai brÐskei anadromik� touc Gi mèsw tou kanìna

Gi = (Gi−1z̃H)8

• Gexp = T (G,H) = Gl.

AkoloÔjwc ja apodeÐxoume k�poiec qr simec gia to skopì mac idiìthtec
pou aforoÔn autì ton metasqhmatismì.

Kat' arq n o metasqhmatismìc autìc eÐna swst� orismènoc. Autì giatÐ k�-
je Gi eÔkola apodeiknÔetai oti eÐnai D16-kanonikìc kai �ra to zig zag ginìmeno
mporeÐ na efarmosteÐ.

DeÔterh parat rhsh eÐnai ìti an to D eÐnai stajerì (pou epilègoume na
eÐnai, tìte to l eÐnai thc t�xhc touc O(log n) (apì ton orismì tou kai lìgw
tou 1 + x ≤ ex gia ||x|| ≤ 1) kai to Gl èqei poly(N) kìmbouc (giatÐ k�je Gi

apodeiknÔetai anadromik� ìti èqei N · (D16)i kìmbouc) kai �ra oi kìmboi gia
na onomastoÔn qrei�zontai O(log n) q¸ro 2.

1Μπορούμε εδώ αντί αυτού του l να βρίσκουμε το μικρότερο l για το οποίο
(
√

1− 1/D2N2)2
l

< 1/2 για να είμαστε πιο συμβατοί με αυτά που έχουμε αποδείξει.
2Αν χρησιμοποιήσουμε το ενναλακτικό l που αναφέραμε επίσης με όμοιο σκεπτικό το l

είναι της τάξης του O(log n) και αυτό μας αρκεί.
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To lhmma pou akoloujeÐ mac deÐqnei pwc an o H eÐnai kaloc expander,
tìte o metasqhmatismìc metatrèpei k�je mh dimer  sunektikì gr�fo se kalì
expander.

L mma 4.3.1. 'Estw G kai H eÐsodoi tou T tètoioi ¸ste λ(H) ≤ 1/2 kai
G sunektikìc kai mh dimer c. Tìte λ(T (G,H)) ≤ 1/2

Apìdeixh. Sthn arqikopoÐhsh èqoume G0 = G. Epeid  G sunektikìc kai mh
dimer c, apì thn prìtash 3 2.4.1 èqoume λ(G0) ≤ 1− 1/DN2.

Isqurismìc. Gia k�je i > 0, λ(Gi) ≤ max{λ(Gi−1)
2, 1/2)}.

Pr�gmati o isqurismìc isqÔei. Gia aploÔsteush twn anaparast�sewn,
èstw λ = λ(Gi−1)). Apì thn upìjesh èqoume λ(H) ≤ 1/2 kai �ra apì to
pìrisma 3.2.1 èqoume

λ(Gi−1z̃H) ≤ 1− 1

2
(1− (

1

2
)2)(1− λ1) ≤ 1− 3

8
(1− λ) < 1− 1

3
(1− λ)

Apì ton orismì tou Gi kai thn prìtash 2.2.1 èqoume:

λ(Gi) <
(
1− 1

3
(1− λ)

)8

Ja diakrÐnoume dÔo peript¸seic sqetika me to λ

• An λ < 1/2 tìte λ(Gi) <
(
1− 1

3
(1− λ)

)8

≤ (5/6)8 < 1/2

• An λ ≥ 1/2 tìte me upologismoÔc paÐrnoume eÔkola oti
(
1−1

3
(1−λ)

)4

≤
λ kai �ra λ(Gi) ≤ λ2

Sunep¸c p�nta λ(Gi) ≤ λ(Gi−1)
2   λ(Gi) ≤ 1/2 kai o isqurismìc apodeiknÔe-

tai.
Apì thn apìdeixh tou isqurismoÔ mporoÔme na isquristoÔme k�ti pio dunatì:

Isqurismìc. An gia k�poio j ≥ 0 isqÔei λ(Gj) < 1/2 tìte gia k�je i ≥ j ja
isqÔei λ(Gi) < 1/2

O isqurismìc apodeiknÔetai eÔkola me epagwg  kaj¸c an gia k�poio i ≥ j
isqÔei λ(Gi) < 1/2 tìte briskìmaste sthn pr¸th apì tic dÔo prohgoÔmenec
peript¸seic kai �ra λ(Gi+1) < 1/2.

Plèon mporoÔme eÔkola na apodeÐxoume to l mma kaj¸c
3εναλλακτικά από την ασθενέστερη πρόταση που αποδείξαμε (σελίδα 23) έχουμε λ(G) ≤√

1− 1
d2n2
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• an gia k�poio 0 ≤ i < l Ðsque λ(Gi) < 1/2 tìte kai λ(Gl) < 1/2

• an den Ðsque gia kanèna tètoio i, tìte gia k�je i > 0 ja eÐqame λ(Gi) ≤
λ(Gi−1)

2. Dedomènou ìti λ(G0) ≤ 1− 1/DN2 kai tou kajorismoÔ to l
paÐrnoume telik� 4:

λ(Gl) ≤ λ(Gl−1)
2 ≤ . . . ≤ λ(G0)

2l ≤ (1− 1/DN2)2l

< 1/2

Mèsw autoÔ tou l mmatoc eÐdame oti ja mporoÔsame me thn bo jeia enìc
kaloÔ H na metatrèyoume ton Greg se èna Gexp me polÔ kal  sunektikìthta
me thn proupìjesh ìmwc oti o Greg eÐnai sunektikìc. Autì san idèa akoÔgetai
lÐgo qazì kaj¸c tìte den ja eÐqe nìhma na y�qnoume gia ton an sundèontai
duo kìmboi ston Greg. H idèa ìmwc pou krÔbetai pÐsw apì autì to komm�ti
eÐnai pwc ìpwc ja doÔme o metasqhmatismìc T metatrèpei k�je sunektik 
sunist¸sa tou gr�fou se sunektik  sunist¸sa me kal  sunektikìthta. Prin
doÔme to antÐstoiqo l mma ja doÔme tupik� k�poiouc sumbolismoÔc.

'Estw gr�foc G kai S èna uposÔnolo twn kìmbwn tou. SumbolÐzoume me
G|S ton epagìmeno apì thc korufèc tou S upogr�fo tou G (ton upogr�fo
me sÔnolo kìmbwn to S kai sÔnolo akm¸n tic akmèc tou G pou èqoun kai ta
duo �kra touc sto S). Profan¸c an gia k�poio S oi kìmboi tou G−G|S kai
tou G|S den èqoun kamÐa koin  akm  tìte kai mìno tìte to sÔnolo S apoteleÐ
sunektik  sunist¸sa tou G.

L mma 4.3.2. 'Estw G kai H gr�foi swst c eisìdou tou T .
An S sunektik  sunist¸sa tou G tìte

T (G|S, H) = T (G, H)|S×(D16)l

Apìdeixh. 'Estw S mia sunektik  sunist¸sa tou G. Onom�zoume Ti(G,H)
touc endi�mesouc gr�fouc Gi tou orismoÔ 4.3.1. Ja apodeÐxoume me epagwg 
ìti Ti(G|S, H) = Ti(G,H)|S×(D16)i kai oti to S× (D16)i eÐnai apokommèno apì
ton upìloipo gr�fo Ti(G,H).

Sthn b�sh thc epagwg c, gia i = 0, èqoume tetrimmèna to S × (D16)0 = S
na eÐnai apokomèno apì ton upìloipo gr�fo Ti(G,H) = G0 kai par�llh-
la

T0(G|S, H) = G|S = T0(G,H)|S = T0(G,H)|S×(d16)0

4αν ορίζαμε διαφορετικά το l θα είχαμε όμοια λ(Gl) ≤ λ(Gl−1)2 ≤ . . . ≤ λ(G0)2
l ≤

(
√

1− 1/D2N2)2
l

< 1/2 από τον εναλλακτικό ορισμό του l
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Sto epagwgikì b ma èqoume san upìjesh oti gia i = k : Tk(G|S, H) =
Tk(G,H)|S×(D16)k kai oti to S × (D16)k eÐnai apokommèno apì ton up-
ìloipo gr�fo Tk(G,H). 'Estw Gk = Tk(G,H) kai Sk = S × (D16)k.
Apì thn epagwgik  upìjesh to Sk eÐnai apokommèno apì ton upìloipo
Gk. 'Etsi apì ton orismì tou zig zag ginomènou to Sk×D16 eÐnai apokom-
mèno apì to upìloipo Gkz̃H kai oi akmèc pou aforoÔn touc kìmbouc tou
Sk ×D16 ston Gkz̃H eÐnai akrib¸c ìpwc ston Gk|Sk×D16 z̃H. Parìmoia,
apì ton orismì thc Ôywshc se dÔnamh èqoume to Sk×D16 eÐnai apokom-
mèno apì ton upìloipo (Gkz̃H)8 kai oi akmèc pou aforoÔn touc kìmbouc
tou Sk × D16 ston (Gkz̃H)8 eÐnai akrib¸c ìpwc ston (Gk|Sk×D16 z̃H)8.
'Etsi telik� apodeÐqthke oti h upìjesh isqÔei kai gia i = k + 1.

'Ara kai gia i = l èqoume

T (G|S, H) = T (G, H)|S×(D16)l

kai apodeiknÔetai to l mma.

Sundu�zontac ta l mmata 4.3.1 kai 4.3.2 mporoÔme na doÔme oti an o
metasqhmatismìc T efarmosteÐ stouc Greg kai H pou èqoume apì to prohgoÔ-
meno b ma tou algorÐjmou, tìte k�je sunektik  sunist¸sa tou paragìmenou
Gexp ja èqei λ ≤ 1/2. Autì o algìrijmoc to ekmetaleÔetai sto teleutaÐo
b ma, ìpwc ja doÔme sthn epìmenh enìthta.

'Ena teleutaÐo komm�ti pou mac endiafèrei na deÐxoume eÐnai pwc

Prìtash 4.3.1. An sthn eÐsodo up�rqoun oi q�rtec enallag c twn G kai
H tìte q�rthc enallag c tou T (G,H) mporeÐ na upologisteÐ me qr sh log-
arijmikoÔ q¸rou.

Apìdeixh. Ja d¸soume lÐgo perigrafik� thn apìdeixh exhg¸ntac pwc mporeÐ
na leitourg sei mia mhqan  kai na qrhsimopoi sei logarijmikì q¸ro. Sto
[Gol08] up�rqei analutikìterh apìdeixh pou akoloujeÐ parìmoia logik .

H genik  idèa basÐzetai sto gegonìc oti sthn pragmatikìththta kaneÐc
den mac zht� na kataskeu�soume ìlouc touc endi�mesouc gr�fouc. O skopìc
eÐnai gia k�je kìmbo tou T (G,H) kai akm  tou kìmbou na mporoÔme na up-
ologÐsoume se poion katal gei. Apotup¸noume se k�poia tainÐa thn plhro-
forÐa gia ton kìmbo kai thn akm  tou kai anadromik� (taxideÔontac mèsa sthn
plhroforÐa) ft�noume se shmeÐo ìpou mporoÔme na upologÐsoume k�poia geito-
nÐa.

K�je for� qreiazìmaste q¸ro gia na broÔme ènan mìno geÐtona kai autìc o
q¸roc eÐnai logarijmikoÔ m kouc kai met� thn eÔresh mporeÐ na eleujer¸netai.
Parak�tw mpaÐnoume se perissìterec leptomèreiec.
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'Opwc eÐdame pio p�nw ston metasqhmatismì l = O(log n). 'Etsi arkeÐ na
apodeÐxoume oti space(Gi+1) = space(Gi) + O(1), giatÐ o G0 = G up�rqei
sthn eÐsodo kai �ra tìte o Gl ja jèlei q¸ro lO(1) + space(G0) = O(log n).

QwrÐzoume thn apìdeixh se dÔo mèrh.

space(Giz̃H) = space(Gi) + O(1) : Gia k�je kìmbo, (u, i) kai akm  (a1, a2)
tou Giz̃H mac dÐnetai to ((u, i), (a1, a2)) kai mac zhteÐtai to

RotGiz̃H((u, i), (a1, a2)).

K�noume sunolik� dÔo erwt seic sto RotH kai mia er¸thsh sto RotGi

kai phgaÐnoume:

RotH(i, a1) = (k1, b2) : ((u, i), (a1, a2)) → ((u, k1)(b2, a2))

RotGi
(u, k1) = (w, k2) : ((u, k1)(b2, a2)) → ((w, k2), (b2, a2))

RotH(k2, a2) = (j, b1) : ((w, k2), (b2, a2)) → ((w, j), (b2, b1))

kai telik� h èxodoc eÐnai to ((w, j), (b1, b2)).
Thn èxodo (gia na mac bgeÐ o q¸roc) thn tup¸noume sthn tainÐa pou
tup¸same arqik� thn pr¸th plhroforÐa, stic jèseic twn kìmbwn kai
twn akm¸n pou mac od ghsan ekeÐ (kai me xeqwrist� Ðswc sÔmbola ¸ste
na xèroume oti upologÐsthkan).
Epeid  to D eÐnai mia stajer� pou èqoume prokajorÐsei, o q¸roc pou
qreiazìmaste gia tic dÔo erwt seic ston RotH kai o q¸roc twn metrht¸n
gia to per�smata ((u, i), (a1, a2)) → ((u, k1)(b2, a2)) kai ((w, k2), (b2, a2)) →
((w, j), (b2, b1)), mporeÐ na jewrhjeÐ stajerìc, kaj¸c h ap�nthsh stic
erwt seic up�rqei sthn eÐsodo kai mìno ta u, w exart¸ntai apì to n pou
ed¸ den ta peir�zoume.
Sto endi�meso b ma qreiazìmaste space(Gi) q¸ro gia thn er¸thsh ston
RotGi

kai k�poion q¸ro p�li gia metrhtèc gia to pèrasma ((u, k1)(b2, a2)) →
((w, k2), (b2, a2)). Autìc o metrht c eÐnai thc t�xhc tou O(log n) ìsoc
kai ta u,w (ìpwc eÐdame sthn arq  thc an�lushc tou metasqhmatismoÔ).
'Omwc an doÔme mèsa ston space(Gi), ja broÔme k�poion antÐstoiqo q¸ro
pou qrhsimopoi jhke gia thn eÔresh tou Gi apì ton Gi−1. Autìc o
q¸roc met� thn eÔresh tou Gi eleujer¸netai kai mporeÐ na qrhsimopoi-
hjeÐ. An ton aux soume kat� poly(D) ja mporeÐ na qrhsimopoihjeÐ gia
mètrhma mèqri ta u,w (pou qreiazìmaste gia to pèrasma). Autì giatÐ ta
u,w se sqèsh me ta antÐstoiqa touc sto prohgoÔmeno b ma (Gi−1 → Gi)
eÐnai kat� poly(D) megalÔtera. Bèbaia to poly(D) eÐnai mia stajer�.
'Esti telik� space(Giz̃H) = space(Gi) + O(1).

44



space(Gi+1) = space(Giz̃H) + O(1) : Apì ton orismì tou metasqhmatismoÔ
èqoume: space(Gi+1) = space((Giz̃H)8). Gia k�je kìmbo kai akm  tou
Gi+1 mac dÐnetai to (u, (i1, . . . , i8)) kai mac zhteÐtai to RotGi+1

(u, (i1, . . . , i8)).

• Apì to (u, (i1, . . . , i8)) phgaÐnoume mèsw tou RotGiz̃H sto
(w1, (j1, i2, . . . , i8)) me er¸thsh sto RotGiz̃H : RotGiz̃H(u, i1) = (w1, j1).

• Apì to (w1, (j1, i2 . . . , i8)) phgaÐnoume mèsw tou RotGiz̃H sto
(w2, (j1, j2, i3 . . . , i8)) me er¸thsh sto RotGiz̃H : RotGiz̃H(w1, i2) =
(w2, j2).

• . . .

• Apì to (w7, (j1, . . . , j7, i8)) phgaÐnoume mèsw tou RotGiz̃H sto
(v, (j1, . . . , j8)) me er¸thsh sto RotGiz̃H : RotGiz̃H(w7, i8) = (v, j8).

Tèloc antistrèfoume ta j1, . . . , j8 kai èqoume telik� san èxodo to (v, (j8, . . . , j1))
pou eÐnai ìntwc RotGiz̃H(u, (i1, . . . , i2)) = (w, (j8, . . . , j1)).
Ed¸, p�li, thn èxodo thn tup¸noume sthn tainÐa pou tup¸same arqik�
thn pr¸th plhroforÐa, stic jèseic twn kìmbwn kai twn akm¸n pou mac
od ghsan ekeÐ.
Se k�je èna apì ta 8 b mata pou perigr�foume mporoÔme na qrhsi-
mopoioÔme ton Ðdio q¸ro. 'Omoia me prin o q¸roc pou qrei�zetai gia
thn anapar�stash twn u, w1, . . . , w7, v ston prosdiorismì tou Gi+1 eÐnai
kata mia stajer� megalÔteroc apì autìn pou qrhsimopoieÐtai gia ton
prosdiorismì tou Gi.
'Esti telik� space((Giz̃H)8) = space(Giz̃H) + O(1).

Sundu�zontac ta dÔo apotelèsmata èqoume

space(Gi+1) = space(Giz̃H)+O(1) = space(Gi)+2O(1) = space(Gi)+O(1)

'Ara kai
space(Gl) = space(G0) + lO(1) = O(log n)

AfoÔ o metasqhmatismìc T èqei tic wraÐec idiìthtec pou eÐdame pio p�n-
w, ton ekmetaleuìmaste kai apì touc H kai Greg twn bhm�twn 1 kai 2 tou
algorÐjmou dhmiourgoÔme ton Gexp = T (Greg, H).

Sto b ma 2 an�game to prìblhma thc st-sunnektikìthtac ston G sto
prìblhma thc s′t′-sunektikìthta ston Greg. Sto trÐto autì b ma pou briskì-
maste an�goume thn s′t′-sunektikìthta ston Greg sthn s′′t′′-sunektikìthta s-
ton Gexp me s′′ = (s, a1, . . . , al), me ai ∈ D16 kai t′′ = (t, b1, . . . , bl), me bi ∈ D16.
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H isodunamÐa sta dÔo probl mata prokÔptei eÔkola apì to l mma 4.3.2 kai
thn apìdeix  tou.

Ta b mata 1 kai 2 deÐxame nwrÐtera oti mporoÔn na gÐnoun se logarijmikì
q¸ro. Aut� par�goun thn eÐsodo tou metasqhmatismoÔ T o opoÐoc ìtan ta èqei
sthn eÐsodì tou epÐshc ex�gei ton Gexp se logarijmikì q¸ro. Apì thn prìtash
1.2.1 èqoume ìti o Gexp mporeÐ na paraqjeÐ apì thn arqik  eÐsodo se logar-
ijmikì q¸ro. EpÐshc eÔkola mporoÔn na paraqjoÔn se logarijmikì q¸ro ta
s′′, t′′ apl� prosjètontac sunolik� O(log n) q¸ro dÐpla apì ta s′, t′, apait¸n-
tac sunolik� O(log n) q¸ro gia thn anapar�stash touc kai �ra dunatìthta
fÔlax c touc se mia tainÐa ergasÐac me qr sh logarijmikoÔ q¸rou.

Apì ìla ta prohgoÔmena diapist¸noume oti to arqikì prìblhma sunnek-
tikìthtac to an�game, se logarijmikì q¸ro, se prìblhma sunnektikìthtac
se èna gr�fo me polÔ kalì expansion stic sunist¸sec tou. Sthn epìmenh
enìthta ja doÔme èna trìpo epÐlushc tou probl matoc se gr�fouc me ìmoio
me to parap�nw, kalì expansion.

4.4 To prìblhma se (kaloÔc) expander gr�fouc
eÐnai (pio) eÔkolo

Me ton ìro kalìc gr�foc G ed¸ ennooÔme oti eÐnai λ(G) ≤ 1/2. Apì to
je¸rhma 2.3.1 èqoume:

Pìrisma 4.4.1. An G gr�foc n kìmbwn me λ(G) ≤ 1/2, tìte k�je dÔo
kìmboi tou gr�fou sundèontai me monop�ti m kouc to polÔ 2 log8/5

n
2

+ 2

Apìdeixh. 'Estw s, t dÔo tuqaÐoi kìmboi tou G. To monosÔnolo a0 = {s},
apì to je¸rhma 2.3.1 gia a = 1/2 ja èqei toul�qiston 1

(1/2)(1/2)2+1/2
|a0| = 8/5

geÐtonec. 'Estw a1 autì to sÔnolo. Me thn seir� tou, autì ja èqei (8/5)|a1| ≥
(8/5)2|a0| geÐtonec, to sÔnolo a2. SuneqÐzome omoitrìpwc mèqri na ft�soume
se k�poio ak pou na èqei geÐtonec perissìterouc apì touc misoÔc kìmbouc tou
gr�fou. Apì thn kataskeu  twn ak ja eÐnai |ak| ≥ (8/5)k|a0| = (8/5)k. 'Etsi

n

2
≥ |ak| ≥ (8/5)k ⇒ k ≤ log 8

5

n

2

An xekin soume apì to s kai p�roume ìla ta monop�tia m kouc k + 1 ja
episkeftoÔme toul�qiston touc misoÔc apì touc kìmbouc tou gr�fou. Me Ðdia
an�lush an xekin soume apì to t ja episkeftoÔme epÐshc toul�qiston touc
misoÔc kìmbouc. Sunep¸c ja up�rqei kìmboc pou ja ton episkeftoÔme kai
apì ton s kai apì ton t, me monop�tia m kouc k + 1. 'Ara oi s, t ja sundèontai
sÐgoura me monop�ti m kouc ≤ 2(k + 1) ≤ 2 log 8

5

n
2

+ 2.
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To prìblhma thc st-sunektikìthtac se tètoiouc gr�fouc, lìgw tou pro-
hgoÔmenou porÐsmatoc, den ja apaitoÔse polÔ q¸ro an mporoÔsame se lÐgo
q¸ro na elègxoume ìla ta monop�tia poj xekinoÔn apì ton s (  ton t) m kouc
2 log 8

5

n
2

+ 2.
An o gr�foc mac eÐnai d-kanonikìc tìte ìla ta monop�tia m kouc 2 log 8

5

n
2
+

2 ja mporoÔsan na perigrafoÔn se q¸ro log d(2 log 8
5

n
2
+2) apl� onom�zontac

k�je mia apì tic akmèc tou monopatioÔ se q¸ro log d. Epiplèon sthn perÐptwsh
pou mac endiafèrei to d eÐnai stajerì. H idèa gia thn epÐlush tou probl matoc
eÐnai na aparijmoÔme èna èna ta monop�tia apì ton s, mèsw twn "onom�twn� twn
akm¸n, mèqri eÐte na broÔme se k�poio apì aut� to t kai na apant soume nai,
eÐta na mhn to broÔme se kanèna èqontac elègxei ìla ta d

2 log 8
5

n
2
+2 monop�tia,

apant¸ntac ìqi.

Prìtash 4.4.1. 'Estw G d-kanonikìc gr�foc n koruf¸n, pou dÐnetai mèsw
q�rth enallag c. Up�rqei algìrijmoc pou gia k�je k qrhsimopoieÐ q¸ro
O(log d · k) kai dÐnei ìlouc touc kìmbouc pou apèqoun apìstash to polÔ k
apì èna kìmbo ekkÐnhshc èstw s.

Apìdeixh. O algìrijmoc ekmetaleÔetai aut� pou eÐpame nwrÐtera. 'Estw k�poio
k. Dedomènou autoÔ tou k krat� k to pl joc metrhtèc oi opoÐoi onom�zoun
akmèc koruf¸n kai �ra èqoun megejoc to polÔ log d.

O algìrijmoc xekin� apì ton t, paÐrnei thn akm  pou tou upodeiknÔei o
pr¸toc metrht c, kai mèsw tou q�rth enallag c phgaÐnei ston s1 ton opoÐo
kai gr�fei sthn èxodo. AkoloÔjwc akoloujeÐ thn akm  pou tou upodeiknÔei
o deÔteroc metrht c kai phgaÐnei ston s2 ton opoÐo epÐshc kai gr�fei sthn
èxodo. 'Omoia ft�nei mèqri ton sk, gr�fontac ton sthn èxodo kai èqontac
gr�yei telik� ìlouc touc kìmbouc tou monopatioÔ pou tou upodeiknÔoun oi
metrhtèc.

Sthn sunèqeia aux�nei ton teleutaÐo metrht  kat� 1 dhmiourg¸ntac kain-
oÔrio monop�ti. An o teleutaÐoc metrht c deÐqnei arijmì megalÔtero apì d,
tìte ton mhdenÐzei kai aux�nei kat� 1 ton amèswc prohgoÔmeno tou kai an ki
autìc deÐqnei arijmì megalÔtero apì d pr�ttei ìmoia mèqri na breÐ k�poion pou
èqei perij¸ria kai dhmiourgeÐ kainoÔrio monop�ti. Gia tic kainoÔriec timèc twn
metrht¸n, ìmoia me prohgoumènwc, akoloujeÐ thn poreÐa tou monopatioÔ apì
ton t sta s1, . . . , sk gr�fontac k�je kìmbo tou monopatioÔ sthn èxodo. An se
k�poia f�sh den mporeÐ na aux sei kanèna metrht  (giatÐ ìloi xepernoÔn to
d) tìte stamat� giatÐ èqei akolouj sei ìla ta d

2 log 8
5

n
2
+2 monop�tia.

O algìrijmoc sunep¸c apotup¸nei sthn èxodo ìlouc touc kìmbouc ìlwn
twn monopati¸n m kouc k pou xekinoÔn apì ton t, qrhsimopoi¸ntac O(log d ·k)
q¸ro.
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EÐnai xek�jaro t¸ra ti ja k�noume. Ja efarmìsoume ton algìrijmo ston
gr�fo Gexp me kìmbo ekkÐnhshc ton s′′ kai k = 2 log 8

5

n
2

+ 2. 'Etsi an oi s′′

kai t′′ sundèontai me monop�ti o algìrijmoc pou parousi�same ed¸ ja tup¸sei
ton t′′ sthn èxodo se k�poia jèsh en¸ an den sundèontai den ja ton tup¸sei.
'Etsi lÔnoume to prìblhma thc s′′t′′-sunektikìthtac ston Gexp kai �ra kai thc
st-sunektikìthac ston arqikì gr�fo G.

Se logarijmikì q¸ro, apì thn (arqik ) eÐsodo twn s, t, G, dÐnoume mèsw
twn bhm�twn 1,2,3 thn èxodo s′′, t′′, Gexp. Autì apoteleÐ eÐsodo tou algo-
rÐjmou pou d¸same ed¸. Autìc me th seir� tou an deqteÐ aut  thn eÐsodo,
ja qreiasteÐ ìpwc eÐdame q¸ro O(log D16 · k) = O(log n) (giatÐ D stajer�
kai k = O(log n)) . Qrhsimopoi¸ntac thn prìtash 1.2.1 katal goume ìti to
arqikì prìblhma thc st-sunektikìthtac mporeÐ na upologisteÐ se logarijmikì
q¸ro. 'Etsi apodeiknÔetai to

Je¸rhma 4.4.1. USTCON ∈ L.

Sto epìmeno kef�laio ja mil soume lÐgo gia tic sunèpeiec pou prokÔptoun
apì autì to shmantikìtato apotèlesma, oloklhr¸nontac ètsi thn ergasÐa.
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Kef�laio 5

PerÐ poluplokìthtac

'Amesec sunèpeiec
Sthn eisagwg  (upo)deÐxame giatÐ to USTCON prìblhma eÐnai SL-pl rec.

Mia pr¸th �mesh sunèpeia loipìn eÐnai to

Je¸rhma 1. L = SL.

Mia epÐshc �mesh sunèpeia eÐnai pwc to prìblhma thc sunektikìthtac enìc
gr�fou an kei sto L. Autì giatÐ me duo metrhtèc logarijmikoÔ m kouc m-
poroÔme b ma b ma na dhmiourg soume ìla ta dunat� zeug�ria kìmbwn kai se
logarijmikì q¸ro se k�je b ma na lÔnoume to prìblhma thc sunektikìthtac
tou ek�stote zeugarioÔ. 'Etsi

Je¸rhma 2. Connectivity ∈ L

Lìgw thc SL-plhrìthtac tou USTCON probl matoc kai tou jewr matoc
1 èqoume

Je¸rhma 3. A ∈ L ⇒ A αναγεται στo USTCON

Autì to je¸rhma qrhsimeÔei kurÐwc apì thn antijetoantÐstrofh pleur�
tou, gia na apodeÐxoume oti èna prìblhma den an kei sto L.

Koit¸ntac bajÔtera
To USTCON apoteloÔse kai apoteleÐ èna apì ta shmantik� (kai pr¸ta

wc proc thn apìdeix  touc) probl mata pou an koun sto RL.
'Enac algìrijmoc pou to epilÔei se logarijmikì q¸ro kai to topojeteÐ se

aut  thn kl�sh eÐnai autìc pou dìjhke sto [AKL+79]. H idèa eÐnai: Apì ton
kìmbo pou briskìmaste epilègoume tuqaÐa ènan geitonikì tou kìmbo k�non-
tac ènan poluwnumikoÔ m kouc tuqaÐo perÐpato. An up�rqei monop�ti tìte
apodeiknÔetai oti èna tuqaÐo monop�ti m kouc O(|V | · |E|) = O(n3) pou xekin�
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apì ton èna kìmbo ja episkefteÐ ton �llo kìmbo me pijanìthta toul�qiston
1/2.

Amèswc met� thn emf�nish tou parap�nw algorÐjmou, èginan prosp�-
jeiec apotuqaiopoÐhs c tou me ìso to dunatìn ligìtero kìstoc se q¸ro.
San par�llhlo   kai ap¸tero stìqo autèc oi prosp�jeiec eÐqan na d¸soun
mia ¸jhsh sthn ap�nthsh tou erwt matoc L =? RL, enìc apì ta shman-
tikìtera erwt mata sthn jewrÐa poluplokìthtac. Parapèmpoume sta [SZ95]
[ATSWZ97] gia leptomèreiec.

Basikì er¸thma apoteleÐ kat� pìso to apotèlesma pou parousi�same ed¸
mporeÐ na qrhsimopoihjeÐ stic prosp�jeiec ap�nthshc tou parap�nw erwt -
matoc, eÐte autì kajeautì, eÐte oi teqnikèc gia thn apìdeix  tou.

Pr¸tec prosp�jeiec amèswc met� to apotèlesma tou Reingold èginan sta
[RTV06] kai [RV05] ìpou sto deÔtero se antÐjesh me thn idèa pou parousi�sthke
ed¸ (aux�noume to expansion, krat�me stajerì to bajmì kanonikìthtac, aux�noume
"lÐgo� to mègejoc tou gr�fou), ulopoieÐtai mia idèa thc morf c: belti¸noume
to expansion, krat�me stajerì to mègejoc, aux�noume "lÐgo� to bajmì kanon-
ikìthtac.

H ulopoÐhsh thc idèac belti¸nei ta gnwst� apotelèsmata gia to USTCON
kai dÐnei mia ¸jhsh sto er¸thma L =? RL af nontac par' ìla aut� polÔ q¸ro
gia prìodo. H eikìna met� thn dhmosÐeush tou Reingold èqei k�pwc ètsi

L = SL ⊆ RL ⊆ NL ⊆ L2

me shmeÐa anoikt� gia èreuna kai epanaprosdiorismì ikan� na thc prokalèsoun
shmantikèc allagèc.

50



Bibliography

[AKL+79] Romas Aleliunas, Richard M. Karp, Richard J. Lipton, Laszlo
Lovasz, and Charles Rackoff. Random walks, universal traversal
sequences, and the complexity of maze problems. In SFCS ’79:
Proceedings of the 20th Annual Symposium on Foundations of
Computer Science (sfcs 1979), pages 218–223, Washington, DC,
USA, 1979. IEEE Computer Society.

[AR94] Noga Alon and Yuval Roichman. Random cayley graphs and
expanders. Random Structures Algorithms, 5:271–284, 1994.

[AS00] Noga Alon and Benny Sudakov. Bipartite subgraphs and the
smallest eigenvalue. Combinatorics, Probability & Computing,
9:1–12, 2000.

[ATSWZ97] Roy Armoni, Amnon Ta-Shma, Avi Wigderson, and Shiyu
Zhou. Sl ⊆l4/3. In STOC ’97: Proceedings of the twenty-ninth
annual ACM symposium on Theory of computing, pages 230–
239, New York, NY, USA, 1997. ACM.

[BAA+] J. Combinatorial Theory B, N. Alon, S. Arora, C. Lund, R. Mot-
wani, M. Sudan, M. Szegedy Proof Verification, and Hardness
Of. [2] n. alon: Eigenvalues and expanders, combinatorica
6(1986), 83•96.

[Gol08] Oded Goldreich. Computational Complexity: A Conceptual Per-
spective. Cambridge University Press, 1 edition, April 2008.

[Gre96] Raymond Greenlaw. A compendium of problems complete
for symmetric logarithmic space. Computational Complexity,
9:2000, 1996.

[HLWO06] Shlomo Hoory, Nathan Linial, Avi Wigderson, and
An Overview. Expander graphs and their applications.
Bull. AMS, 43:439–561, 2006.

51



[LE93] L. Lov and Of Paul Erdos. Random walks on graphs: A survey,
1993.

[Lov93] Laszlo Lovász. Combinatorial Problems and Exercises: Problem
11.29. Elsevier North-Holland, 1993.

[LP82] Harry R. Lewis and Christos H. Papadimitriou. Symmetric
space-bounded computation. Theor. Comput. Sci., 19:161–187,
1982.

[Pap94] Christos H. Papadimitriou. Computational Complexity. Addison
Wesley Longman, 1994.

[Rei05] Omer Reingold. Undirected st-connectivity in log-space. In
STOC ’05: Proceedings of the thirty-seventh annual ACM sym-
posium on Theory of computing, pages 376–385, New York, NY,
USA, 2005. ACM.

[Rei08] Omer Reingold. Undirected connectivity in log-space. J. ACM,
55(4):1–24, 2008.

[RTV06] Omer Reingold, Luca Trevisan, and Salil Vadhan. Pseudoran-
dom walks on regular digraphs and the rl vs. l problem. In
STOC ’06: Proceedings of the thirty-eighth annual ACM sym-
posium on Theory of computing, pages 457–466, New York, NY,
USA, 2006. ACM.

[RV05] Eyal Rozenman and Salil Vadhan. Derandomized squaring of
graphs. In In Proceedings of the 8th International Workshop on
Randomization and Computation (RANDOM, pages 436–447.
Springer, 2005.

[RVW00] Omer Reingold, Salil Vadhan, and Avi Wigderson. Entropy
waves, the zig-zag graph product, and new constant-degree ex-
panders and extractors. Annals of Mathematics, 155:3–13, 2000.

[SeN93] SeNaor. Probabilistic methods in computer science (course
notes), 1993.

[SZ95] M. Saks and S. Zhou. Rspace(s) ⊆ dspace(s3/2). In FOCS
’95: Proceedings of the 36th Annual Symposium on Foundations
of Computer Science (FOCS’95), page 344, Washington, DC,
USA, 1995. IEEE Computer Society.

52


