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    �������� 1 
 
                                �� ����	��� ������� 
 
���� ������� ��  �!�" #� ��$��"�%!�� #�&���  ���� '�&�%()#�*� �$+��� 
��  ��*#���*,"   �� = {+, �, 0, 1, <}. 

�% $��-���% ‘%�#-.%/% �%��0$%’ ����* � ��-.%�" '%! %��1���* &  : 
     � = < �, +�, ��, 0�, 1�, <� >. 
�% �/*&���*,- �2����� ��  PA  �'%��$����* �'- 0�� ��*#�- (��*,+� 
�/*&�)�&� ��1� �� �% �/*&���*,- �3"�� �'��&�" . 
��� �!�03�*�  #� ��3%$�#%2�� �� �%��0$�  ��  PA �� *�-�%�4� '�%  �% �. 
�0�%*�  .%�0  ,�$%2���* ��%�#-.%/�  (nonstandard). 
��+�%  '%! 0.�*/� ��� 2'��/� ��%�#-.%/&� �%��0$&� ����* % Skolem (1934). 
 
������� 
Y')�3%!� ��%�#-.%/� �%��0$� ��  �h(�) = {4 � ��/ � � 4}. 
 
�� ! 
	'�,����%!�� ��� �$+��� �� '�%�#0�%���  0�� �0% �2�(%$% ���#��)  c, ,�* 
#�&�%2��  �� #�&���  
      � = Th(�) � {c > n / n � �}. 
�*� �� .��/%!�� -�* � � ����* �!��'0 , (�'- #�+���� �!�')��*� ) ��,�� ,)#� 
'�'�����0�% !'%�2�%$% �%! � �� ����* �!��'0 . 
5��& '�'�����0�% �6� �.To �6 ����*   
                �6 = {41,…….,4,} � {c > 1 ,…….c > n }. 
�� .��/%!�� -�* � .%�" <�, n +1> ����* �%��0$% ��  �6. ��)����*, <�, n +1> 
� 4i, �*� i = 1,….,k, �4%2 � � 4i ,�* %* .%�0  �, <�, n +1> �!�4&�%2� ����  
��. 
	'���  <�, n +1> � c > j , ,)#� j = 1,….,n, �4%2 j � = j (�!�- �'%.�*,�2���* 
�� �'��&�" ��� �����$+���). 
7�� !')�3�* �%��0$% � �*� ��� �. 
�'%.�*,�2���* -�* ���A � � ,�* �*� �% $-�% �!�- ,�$%2�� �% � 
‘��%�#-.%/%’. 	'�*." � � c > n  �*� ,)#� n � �, �% cM ,�$����*  ‘��%�#-.%/%’ 
" ‘)'�*�%’ ��%*3��% �%! �.                                                                                  � 
 
   �� ()�� �% #�+���� Löwenheim-Skolem, !')�3%!� ��%�#-.%/� �%��0$� 
��  �h(�) �� %'%*�."'%�� )'�*�� '$�#*,-����, )�� !')�3%!� '%$$) �� 
*�%�%�4*,) �%��0$� ��  �h(�). 
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�*� ,)#� ��%�#-.%/%  � � �h(�) � �!�)����� h: �� M �� h(n) = ( Mn ) ����* 
��%*3�*+.�  ��42��!�� (h: � � �), .�$�." �*� ,)#� �2'% 4( x ) ,�* n � � 
*�32�* � � 4(n ) � � � 4(h(n )) " *�%.2����, �*� ,)#� '�-���� 4 ��  �� 

*�32�* � � 4  ���  � � 4 (�'�*." �� 8�4�� ����* -�%* %���*�%* ���� ��). 
�!�"#&  ��!��1%�� �� .%�" � �� ��� �*,-�� ��  h(�) ,�* 0��* #�&�%2�� ��� � 
&  ��%*3�*+.� !'%.%�" ��  � � �h(�). 
 
   � ��%*3�*+.�  ��42��!�� h: � � M 03�* �*� )$$� �'%!.��� *.*-���� '%! 
�4%�) ��� .*)��/� <. �!�,�,�*�0��, �*� ,)#� k � � 03%!��  
            � � �x(x � k� (x = 0  � x = 1  � x = 2 …….� x = k)). 
�'- �!�- 0'���* -�* �% � ����* 0�� ��3*,- ��"�� �%! �, " �% � ����* �*� 
��$*," �'0,���� �%! � (�!�(%$*,) � �eM) .�$�."  
                        �*� -$� n � � ,�* �*� -$� �� � � �, 
    � � � � n => � � �. 
5��  �'- �%!  ,2�*%!  ��-3%!  ��  ��$0��  ��  ����* �� �/��)�%!�� �� 
!')�3%!� )$$� ��3*,) ��"���� � ����/2 �%! � ,�* �%! �. � �')����� ����* 
‘��*’. 
  � 2'��/� )'�*�&� ��%*3��&� �0�� �� ,)#� ��%�#-.%/% �%��0$% � �% 
,�#*��) ��.*�40�%�, �4%2 �0�& �!�+� �'%�%2�� �� �,4�)�%!�� ,�* �� 
�'%.��/%!�� *.*-����  �%! �. �  .%2�� 0�� '��).�*��� '%! �4%�) �� 
.!���-���� ,&.*,%'%����  �!�-$%! 4!�*,+� ��*#�+�. 
5��& S�� ,�* p0,p1,p2,…. � �!�"#�  �'���#���� �&� '�+�&� ��*#�+� (��% 
�). �� .%2�� '&  �'%��� �� ,&.*,%'%*�#�� �% S �0�& ��-  �'���%! ��*#�%2. 
��&�%2�� $%*'-� �� �$+��� �� � {c} ,�* �� #�&��� 
      � = �h(�) � {c > n /n � �} 
   � {�x �( kp � x = c)/ k 	 S} 

   � {
x ( kp � x = c)/ k � S}. 
5��& �6 '�'�����0�% !'%�2�%$% �%! �. �-�� !')�3�* l�� �.'  
       �6� �h(�) � {c > n /n <l} 
   � {�x �( kp � x = c)/ k 	 S & k < l} 
   � {
x ( kp � x = c)/ k � S & k < l}. 

��&�%2�� '�+�% q � � �� q > l ,�* #0�%!�� k
k S

k l
r q p

�
� ��

�

. 

�-��, -'&  ��% �'*3������ �%! Skolem, 03%!�� -�* � .%�" < �, r > ����* 
�%��0$% ��  �6. 
7��, $-�& #�&�"���%   �!�')��*� , � � 03�* �%��0$%, 0��& �. 
5'���* -�* !')�3�* � � � �.' �% � ,&.*,%'%*�� �% S ��� .%�" ����, .�$�." 

�*� ,)#� n � � *�32�* n � S � ���� � 
x( np � x = �).                                    � 
 
�  �4���%�" ��  ��#-.%! ,&.*,%'%����  '%! ��.���, 03%!�� �% '���,)�& 
#�+����. 
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������� 1.1  
�')�3%!� �,�*(+  02�

��- *�-�%�4� ��*#�"�*�� �%��0$� �%! �h(�). 
�� ! 
 
9'&  ��.��� '�*�, ,)#� S�� �'%��� �� ,&.*,%'%*�#�� �� ,)'%*% ��*#�"�*�% 
� � �h(�) ,�* �)$*��� *�32�* -�* �� S1 � S2 ,�* �% Si ,&.*,%'%*����* ��% �i, 
�-�� �1 � �2. 5'�*." !')�3%!� 02�  !'%�2�%$� �%! �, !')�3%!� $%*'-� 02�   
�� *�-�%�4� ��*#�"�*�� �%��0$� �%! �h(�). 
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                �������� 2 
 
  	������� 	������������ 	�������� 
 
��% ,�4)$�*% �!�- #� %���%!�� �� #�&��� PA-, '%! �'%��$�� ()�� �*� -$�  �*  
)$$�  #�&���  '%! #� ��$��"�%!�� ��� �!�03�*�. ���-$% '%! � #�&��� �!�" 
����* '%$2 ��#��"  �� �2�,�*�� �� ��� ��*#���*," Peano, ����* ��,��) 
��.*�40�%!�� �4%2 ����* ‘�1-'$"�� ’ ,�* ,)#� �%��0$% ��  '��*03�* 
(*�%�%�4*,)) �% %�#-.%/% �%��0$%.   
 
                                  §2.1 �� �������� ��� PA- 
 
T� '�+�� �'�) �/*+���� ���40�%���* ��� �2�(%$� �!����"��&� + ,�* �  ,�* 
��� �2�(%$� ���#��+� 0,1. 
  
   Ax1:        �x, y, z((x + y) + z = x + (y + z)) 
   Ax2:        �x, y(x + y = y + x) 
   Ax3:         �x, y, z((x �  y) �  z = x + (y �  z)) 
   Ax4:         �x, y(x �  y = y �  x) 
   Ax5:          �x, y, z(x �  (y + z) = x �  y + x �  z) 
   Ax6:          �x((x + 0 = x) 
 (x �  0 = 0)) 
   Ax7:         �x(x �  1 = x). 
 
   ��� �!�03�*�, 03%!�� �/*+���� '%! �/��4�$�1%!� -�* � �������� �%! < ����* 
�����*," .*)��/�.  
 
   Ax8:         �x, y, z((x < y 
 y < z) � x < z) 
   Ax9:          �x �x < x 
   Ax10:        �x, y(x < y � x = y � y < x). 
 
   �� �'-���� .2% �/*+���� $0�%!� -�*  + ,�* �  �0(%���* �� .*)��/�: 
 
   Ax11:     �x, y, z(x < y � x + z < y + z) 
   Ax12:     �x, y, z(0 < z 
 x < y�x �  z < y �  z). 
 
   E)� x < y �-�� �'%�%2�� �� �4�*�0�%!�� �% x �'- �% y: 
 
   Ax13:    �x, y(x < y�
z x + z = y). 
   
   T� .2% ��$�!���� �/*+���� .�$+�%!� -�* � .*)��/� < ����* .*�,�*�" ,�* -�* 
�% �2�(%$% 0 ���*'�%�&'�2�* �% �$)3*��% ��%*3��%.  
 
   Ax14:    0 < 1 
 �x(x > 0�x � 0) 
   Ax15:    �x(x � 0) 
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�% %�#-.%/% �%��0$% � *,��%'%*�� �% PA-, ,�#+  ,�* ,)#� �� %�#-.%/% 
�%��0$% ��  �h(�) �4-�%�  �� Ax1- Ax15 ����* '�&�%()#�*�. 
�  .%2�� )$$% 0�� '��).�*��� �%��0$%! ��  PA-. ��&�%2�� ,��’ ��3"� �% 
.�,�2$*% �[�] �&� '%$!&�2�&� �� �*� ����($��" � ,�* �!���$���0  �'- �% 
�. 
�*% ���$!�*,) %��1&: 
   �[�] = {p � �[�]/ p = �0 + �1� +…….+�nX

n, �i � � ,�* �n � 0} ,�* +, � , 0,1 
������2%���* �� �%� '�%4��" ��-'%. 
���1%!�� .*)��/� ��% �[�] &  �/" : 

i) �0 + �1� +…….+�nX
n > 0 ��� �n >0, 

ii) p > q ��� p-q > 0, �*� �!3-��� p,q � �[X]. 
�� �[�]+ �!�(%$�1%!�� �% ‘�� �����*,- �0�% ’ �%! �[X], .�$�." �� .%�" �� 
�2�'�� �% �2�%$% {p � �[�]/ �[X] � p � 0}. 
	���* �2,%$% �� �$0�/%!�� -�* �[�]+ � PA-. 
  9�&  �% �[�]+ � �h(�), .�$�." !')�3�* # � �h(�) �.'  �[�]+ � #. 
��)����*, 0��& # � '�-���� �x
y(y = 2x � y = 2x +1) '%! �$�#�2�* ��% �. 
 
�"#$�%"� &   
                     �[�]+ � �# .�$�." 
              �[�]+ � 
x�y(y � 2x 
 y � 2x +1) 
�� ! 
�����& &  x �% '%$!+�!�% �.  
5��& -�* !')�3�* p � �[�]+ �.' �[�]+ � � = 2p. 
T-�� #� ��3��� � = 2(�0 + �1� +…….+�nX

n), '%! ����* �.2���%� (�4%2 1� 
2�1, �*� ,)#� �1 � �). 9�%*� .��3�%!�� -�* .�� !')�3�* p � �[�]+ �.' �[�]+ � 
� = 2p + 1. 7�� *�32�* �[�]+ � �y(X � 2y 
 X � 2y +1).                                 � 
 
  �')�3�* �*� ���*��%*3�� ����/2 �%��0$&� �%! PA- ,�* �&� .*�,�*�) 
.*�������0�&� .�,�!$�&� '%! #� '��*��)8%!��. �'%#0�& � � PA- ,�* R = 
M2/~, -'%! ~ ����* � �30�� *�%.!�����  '%! %��1���* &    
         (�, b) ~(c, d) ��� � + d = b + c. 
�+�� �!�(%$�1%!�� ��� ,$)�� *�%.!�����  �%! (�, b) �� [�, b] ,�* %��1%!�� 
�� +, � , <,0,1 ��% R ��: 
     [�, b] + [c, d] = [� + c, b + d] 
     [�, b] �  [c, d] = [�c + bd, bc + �d] 
     [�, b] < [c, d] ��� � + d < b + c. 
     0 = [0,0], 1= [1,0]. 
 
�-�� � ��-.%�" '%! %��1���* *,��%'%*�� �� �x1-Ax14 ��1� �� �% �x16 �x
y     
(x + y = 0), .�$�." ����* .*�,�*�) .*����. .�,�2$*% . 
	���* �2,%$% �� .��/%!�� -�* � �!�)����� f : M� R �� f(�) = [�,0] ����* 
��42��!�� ��  .%�"  � ���� R ,�* -�* � �*,-�� ��  f ����* R+= {[�, b] � R/ 
[�, b] � 0}. ��$�.", � � �'%��� �� ��!�*���� �� �% �� �����*,- �0�%  ��  R. 
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A������%4�, �� 03%!�� 0�� .*�,�*�) .*����. .�,�2$*% R, �-�� �2,%$� 
.��3�%!�� -�* �% �� �����*,- �0�%  �%! R+

����* �%��0$% ��  #�&���  PA-, �'- 
�% %'%�% �)$*��� �'%�%2�� �� ���,����,�!)�%!�� �% .�,�2$*% R, �2�4&�� 
�� ��� '���')�& .*�.*,����. 
 
           §2.2 A����� ��
���� ��� ������
 ������
��
 
 
5��& � ,�* �  ��-.%�0  �� � � �. 
0�� -�* � ����* 0�� ��3*,- ��"�� �%! 
�, " � ����* �*� ��$*," �'0,���� �%! � ,�* �!�(%$�1%!�� � �e M ��� 
         �x � N, �y � M (M � y < x => y � N). 
N ����* 0�� ‘��"�*% ��3*,- ��"��’ �)�, �'*'$0%�, � � �.  
 
������� 2.2 
5��& � � PA-. �-�� � �'�*,-�*�� f: ��� '%! .�.���* �'- n� Mn ����* �*� 
��42��!�� �&� ��-.%�+� '%! ��0$��* �% �  �'�  ��-  ��3*,%2 ��"���%  �%! 
�. 
 
� �'-.�*/� �%! #�&�"���%  2.2 �/���)��* �'- �� �,-$%!#� �0����� �'$) 
$"�����. 
 
�'��� 2.3 
	)� n, l, k � � ,�* n = l + k, �-�� PA- � l kn � � . 
 
�'��� 2.4 
	)� n, l, k � � ,�* n = l �  k, �-�� PA- � l kn � � . 
 
�'��� 2.5 
	)� n, k � � �� n < k, �-�� PA- � kn� .  
 
�'��� 2.6 
�*� -$� �� k � �,  PA- � �x(x � k �x = 0� x = 1�……….� x = k ). 
 
9$� �� '���')�& $"����� �'%.�*,�2%���* �� �'��&�" ��% k. 
 
A� !�%(� )*$ +�,�'��)*& 2.2  
�� $"����� 2.3, 2.4 ,�* 2.5 .��3�%!� -�* � �'�*,-�*�� n� Mn �0(���* �*      
+,  � , <. 	4-�%� PA- � �x, y(x < y�x � y), �% $"��� 2.5 .��3��* -�* � 
 �'�*,-�*�� ����* 1-1. ��$*,) �% $"��� 2.6 .��3��* -�* � �*,-�� �%! � = { Mn / 
n ��} ����* 0�� ��3*,- ��"�� �%! �.                  � 
 

-�& �%! #�&�"���%  2.2 #� #�&�%2�� �% � ��� �% �-.#%")* ��3*,- ��"��  
,)#� �%��0$%! �%! PA-. 
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��%"� &  
	)� � ����* � ,$)�� �&� ��-formulas ,�* � � � ����* ��-.%�0 , �-�� � ����* 
�*� ‘�-��%*3�*+.�  !'%.%�"’ �%! �, � �� �, ��� 
               �*� %'%*%."'%�� a � � ,�* �( x ) � � *�32�*  
                         � � �(a ) � � � �(a ). 
	)� � �� �, �-�� %* formulas ��% � ����* �'-$!��   �*� ��� �'0,���� � � �. 
 
������� 2.7  
5��& �, � ��-.%�0 , �� � �e N. �-��  � �0 �. 
 
�� ! 
�� ,)�& �'��&�" ���� '%$!'$%,-���� �&� �0 formulas.  
H �'��&�*," !'-#��� ����* -�* 
               �*� -$� �� #( x ) � �0 �� '%$!'$%,-���� � n ,�* 
                 �*� -$� �� a � � 03& 
                      � � #(a ) � � � #(a ). (	.�)(�) 
�!�- ����* �$�#0  �*� n = 0 �4-�%� %* formulas '%$!'$%,-����  0 ����* 
��%�*,0 . 
    5��& -�* *�32�* � (�), !'%#0�& #( x ) = #1( x ) 
 #2( x ) ����* '%$!'$%,-����  
n + 1 ,�* a � �. �-�� 
                  � � #(a ) 
      �   � � #1(a )  ,�* � � #2(a )  
      �   � � #1(a )  ,�* � � #2(a )  �'- (	.�) 
                                          � � #(a ) 
��%�&  �'%.�*,�2%!�� �*� �. 
�+�� #� �/��)�%!�� ��� '���'�&�� �%!  '%�%.��,�� �. 
	)� #( x ) ����* �y < t( x )#1( x ,y) ����* '%$!'$%,-����  n + 1 ,�* a � �, �-��  
                        � � #(a ) � 
               � � �b < t(a )#1(a , b)  
                     ��*� -$� �� b < t(a ) ��% �, � � #1(a , b). 
	)� a � � �-�� t(a ) � � �4-�%� � ����* ,$�*��- &  '�%  +, � . 
	4-�%� � �e N, .�$�." �% � ����* ��3*,- ��"�� �%! �, ,�* � � N, �-�� 
            {b � N/ N � b < t(a )} = {b � M/ M � b < t(a )}. 7�� � � #(a ) 
  � �*� -$� �� b < t(a ) ��% �, � � #1(a , b) 
  � �*� -$� �� b < t(a ) ��% �, � � #1(a , b) �'- 	.�. 
  �  � � �b < t(a )#1(a , b), .�$�." � � #(a ).               � 
 
� �%"�� 2.8   
�'%#0�& � �e N ,�* 4( x ), 8( x ) ����* ��-formulas �� 4( x ) � �1 ,�* 8( x ) � 
�1. �-�� �*� ,)#� a � �  
(�)                       � � 4(a ) => � � 4(a ) 
(()                       � � 8(a ) => � � 8(a ). 
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�� ! 
   5��& 4( x ) ����* 
 y #( x , y ) �� # � �0 ,�* a � � �
 y #(a , y ). �-�� $-�& 
%�*��%2 ��rski 03& � � #(a , b ) �*� ,)'%*% b  � �. �-�� � � #(a , b ) �'�*." 
� �0 � �� # � �0. 
7��, ')$* �'- %�*��- ��rski, � �
 y #(a , y ), .�$�." � � 4(a ). 
 5��&  8( x ) ����* � y 3( x , y ) �� 3 � �0 03& � � � y 3(a , y ) �*� a � �. �-�� 
�*� -$� �� b  � � � � 3(a , b ). 
7�� �*� -$� ��  b  � � *�32�* � � 3( a , b ). 	'�*." � �0 � �� # � �0, 0'���* 
-�* � � 3(a , b ), �*� -$� �� b  � �. 7��, �'- %�*��- ��rski � � � y 3(a , y ), 
.�$�." � � 8(a ).                              � 
 
� �%"�� 2.9  
5��& �1-�h(�) = {�/ � � �1, � ����* �*� ��-'�-���� ,�* � � �}. 
�-�� PA- � �1-�h(�). 
 
�� !  
��,�� ��  .��/%!�� -�* ,)#� �%��0$% � � PA- *,��%'%*�� �% �1-�h(�). 
  �'- �% #�+���� 2.2 03& � �e M. 
5��* �)� � � �1-�h(�) �-�� � � � ,�* �'%�0�&  �'- 2.8 0'���* -�* M � �.       � 
 
   �% '-�*��� 2.9 .��3��* -�* �% PA- �'%��� �� �'%.��/�* 0�� ���)$% ��*#�- 
�'- '�%�)��*  '%! �$�#�2%!� ���� %�#-.%/� .%�" �. 
 9�&  ��.���, �% PA- !�/ �'%��� �� �'%.��/�*  -�& �*  �$�#��  '�%�)��* . 
�*� '��).�*���, ��.��� -�* 
        �[�]+ � PA- + ��x
y � x(2y = x � 2y + 1 = x).          
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                 �������� 3 
 
           �������� �

 PA 
 
            §3.1  ����������� 
�
���� 
 
   ��% ,�4)$�*% �!�- #� ��3%$�#%2�� �� �% �/*&���*,- �3"�� �'��&�"  ,�* 
���$$�,�*,) �/*&���*,) �3"����. 
� ��*#���*," Peano (PA) ����* �% �2����� '%! '����%!�� �� ��� �/*+���� 
PA- '�%�#0�%!�� �% �/*&���*,- �3"�� �'��&�" , .�$�." �% �3"�� 
    � y [4(0, y ) 
 �x(4(x, y ) � 4(x + 1, y )) � �x4(x, y )] (�). 
���� �*� �% �3"�� �!�-, �'%�%2�� �� ')�%!�� �% �3"�� ‘�'��&�"  �03�* �% 
z’, .�$�." �% �3"��   
    � y , z(4(0, y ) 
 �x < z(4(x, y ) � 4(x + 1, y )) � �x � z 4(x, y ))  (+) 
�*� -$�  �*  ��-formulas 4(x, y ). 
  
�� )�"� 3.1 
�% �3"�� (�) ����* *�%.2���% �� �% (+), 03%���  &  ()�� �% PA-.   
        
A� ! 
�!�(%$�1%!�� �� ��n�% �3"�� (�) ,�* �� I*

�n �% �3"�� (+). �� .��/%!�� '�+�� 
-�* ��n� I

*
�n. 

5��& ����n, 4(x, y ) � �n, a , b � M �.'  
       � � 4(0, a ) � �x < b  (4(x, a ) � 4(x + 1, a )). 
   ��0'�* �� .��/& � � �x � b 4(x, a ) . 
5��& 8(x, y , z) � '���,)�& �� formula (x � z � 4(x, y )) 	 (x > z). 
�� ,)�& �'��&�"  ���� 8(x , y , z) .�$�." #� 3���*�%'%*"�& �% (�) �*� ��� 
8.       
�*� x = 0. 
-�& ��  !'-#���  *�32�* 0�b
 4(0, a ).      
7�� �% � � 8(0, a , b) *�32�*. 
�+�� #� .��/%!�� -�* ���x(8(x, a , b)� 8(x + 1, a , b)). 
5��& $%*'-� -�* �� 8(d, a , b), .�$�." *�32�*  
     ��(d�b
 4(d, a )) � (d > b). 
�0$%!�� �� .��/%!�� -�*  
               M � (d + 1 � b � 4(d + 1, a )) 	 (d + 1 > b) 
�� d > b �-��  d + 1 > b ,�* )�� *�32�* ��8(d + 1, a , b).    
5��& �+�� d � b. 
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   �*�,���& '��*'�+��*  
   �) 
      �*� d < b 03& � � 4(d, a ) . �-�� 03& � � 4(d +1, a ) � (d + 1 � b)            
,�* )�� *�32�* ��8(d + 1, a , b). 
   () 
 �*� d = b �-�� d + 1 = b + 1 > b %'-�� ')$* ��8(d + 1, a , b). 
�!��'+ , �� ()�� �% �3"�� (�),*�32�* ���x8(x, a , b), .�$�." 
          ���x[(x�b
 4(x, a )) � (x > b)]. 
7�� '����%���  x = b, 03%!��  � � �x � b 4(x, a ), .�$�." �% 1��%2���%.   
 
�� .��/& �+�� -�*  I*


n � I
n. 
 
5��& � � I*

�n, 4(x, y ) � �n, a� � �.'  
       � �4(0, a )��x(4(x,a ) � 4(x + 1, a )). 
�  !'%#0�%!�� -�* .�� *�32�* ���x 4(x,a ), �  ')�%!�� $%*'-� b�M �.'        
���4(b,a ). �-�� ��
x�b�4(x,a ), )��, �� ()�� �% �3"�� (+), 03%!��  
      ��� 4(0,a ) � 
x < b(4(x,a ) 
 �4(x + 1,a )). 
9�&  �'%,$�����* �� *�32�* ��� 4(0,a ), $-�& ��  !'-#��� . 
7�� !')�3�* c < b �.' ��4(c,a ) 
 � 4(c + 1,a ). 
9�&  ')$* 03%!�� ����4��� �� ��� !'-#���. 
�!��'+  *�32�* � � �x4(x, a ), .�$�." �% 1��%2���%.                                     �                                      
    
    �% �'-���% �'%�0$���� #� 3���*�%'%*�#�� '%$2: .��3��* -�* �% PA 
�'%.�*,�2�* ��� ��3" �%! �$�3���%! ��*#�%2. 	)� 4(x, y ) ����* �*�             

��-formula, L0 �!�(%$�1�* ��� '�-����  
        � y (
x 4(x, y ) � 
z(4(z, y ) 
 �w < z� 4(w, y ))). 
 
�� )�"� 3.2 
PA- ���3" �'��&�"  � ��3" �$�3���%! ��*#�%2. 
  
�� ! 
(=>) 5��& � � PA �!3-� �%��0$%, 0��& a , b � M, ,�* 0��& 4(x, y ) �*�             

��-formula �.'  � � 4(b, a ) (1). 
�'%#0�& �% �!�'0����� ��  ��3"  �$�3���%! ��*#�%2 -�* ����* 8�!.0  ��% 
�. 
�-�� 03& 
    � � �z(4(z, a )� 
w<z 4(w, a )). 
   �*� �� 4�)�%!�� �� ����4���, #�&�%2�� ��� formula #(x, y ) '%! %��1���* 
&   
          �z(z < x � �4(z, y )). 
�� .��/%!�� �� �'��&�" -�* � � �x#(x, a ). 
5��& x = 0. 	'�*." � � �
z(z<0), 0'���* -�* � � #(0, a ). 
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�+�� !'%#0�& �*� x � M ,�* � � #(x, a ) .�$�." 
              � � �z(z < x � �4(z, y ))(	.�).  
�� .��/& � � #(x + 1, a ). 
5��& $%*'-� z � M,  z < x +1. 
 (�) �*� z < x,  *�32�* �'- (	.�) -�* � � �4(z, a ). 
(() �*� z = x 
�� ��3!� � � 4(x, a ), �-�� �� ()�� ��� (	.�), �% x #� "��� �$)3*��% ��%*3��% 
�%! � '%! *,��%'%*�� �%� 4. 
7�� � � � 4(x, a ) ,�* �!��'+  � � #(x + 1, a ). 
5��* 
     � � #(0, a ) 
 �x(#(x, a ) � #(x + 1, a )). 
�+�� �'- �# ��% � 03& � � �x #(x, a ). �'- %�*��- ��   #(x, y ) �*� z < x 
03& � � �z� 4(z, a ) '%! ���*4)�,�* �� �% (1).  
(<=) 
�+�� #� .��/& �% �/)1")�*0* .�$�." -�* 
    PA- � ��3" �$�3���%! => ��3" �'��&�" . 
   
A� ! 
5��& -�* .�� *�32�* �% 1��%2���%, .�$�." 03%!�� � � PA- + ��3" �$�3���%!, 
�2'% 4(x, y ) ,�* a �� �.'     
    � � 4(0, a ) 
 �x(4(x, a )� 4(x + 1, a )) 

x� 4(x, a ). 
�-�� !')�3�* �$)3*��% x '%! *,��%'%*�� �%� � 4(x, a ) ��% �, .�$�." !')�3�* 
b � M �.' � � � 4(b, a ) 
 �w<b 4(w, a ). 
��%4��+  b � 0, )�� !')�3�* c � M �.' c +1=b. T-�� 03%!�� � � 4(c, a ), 
�4%2 c < b, )��, $-�& ��  !'-#��� , #� *�32�* � � 4(c +1, a ), .�$�."           
� � 4(b, a ), )�%'%.                                 �         
 
    5�� )$$% ������*,- �'��&�*,- �3"�� ����* � ��3" ��  '$"�%!   �'��&�"  
�4: 
          � y (�x(�z < x 4(z, y ) � 4(x, y )) � �x 4(x, y )). 
 
�� )�"� 3.3 
    PA- � ��3" �'��&�"  � ��3" '$"�%!  �'��&�"  
 
�� !  
(=>) 5��& � � PA, a  � � ,�* 4(x, y ) ����* �*� ��-formula �.'   
          � � �x(�z < x 4(z , a ) � 4(x , a )) 
�'%#0�& -�* .�� *�32�* �% �!�'0����� ��  �x4 .�$�." 
 ��
x� 4(x , a ). 
�� ()�� ��� ��-���� 4.2, !')�3�* �$)3*��% �0�%*% x, .�$�." !')�3�* b � M 
�.'                                
     M � � 4(b, a ) 
 �w < b 4(w, a ). 

-�& ��  !'-#���  -�& , '�0'�* � � 4(b, a ), )�%'%.   
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	'%�0�&  � � �x 4(x , a ). 
 
�+�� #� .��/& �% �/)1")�*0* �%! 3.3 .�$�." 
  PA- � ��3" '$"�%!  �'��&�"  => ��3" �'��&�"  
5��& � � PA- + ��3" '$"�%!  �'��&�"  ,�* a  � �, 4 �2'%  �.' 
M � 4(0 , a ) 
 �x(4(x , a ) � 4(x +1 , a )) (1). 
��,�� �� .��/& � � �x 4(x , a ) (2). 
5��& -�* .�� *�32�* �% (2), �-�� .�� *�32�* � !'-#��� ��  '$"�%!  �'��&�" , 
.�$�." � � 
x(�z < x 4(z , a ) 
 � 4(x , a )). 
��$�." !')�3�* b � M �.' 
     � � �z < b 4(z , a ) 
 �4(b , a ). 
��%4��+  b � 0, )�� !')�3�* c � M �.' b = c +1. 
�-�� -�&  � � 4(c, a ), �4%2 c < b. �!��'+  � � 4(c + 1, a ) �� ()�� ��� (1). 
�!�- -�&  �������* -�* � � 4(b, a ), )�%'%.  
7�� *�32�* �% (2) .�$�." � � �x 4(x , a ).                 � 
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           §3.2  ��
����
 ���� 
������� 
��
��� ���   
                                           
�����

��� 
 
�  !'%#0�%!�� -�* 03%!�� .��/�* -�* 
             PA � � x 
y4( x , y) 
 � x ,y, z(4( x , y) 
 4( x , z) � y = z) 
-'%! 4( x , y) ����* �*� ��-formula �� -$�  �*  �$�2#���  ����($��0  ����/2 
�&� x , y. 
�� �'%�%2���� �� '�%�#0�%!�� 0�� �0% �!������*�,- �2�(%$% f ��1� �� 0�� 
�/�&�� %�*��%2 
                                        � x 4( x , f( x ))                  (1) 
��% PA, $��()�%���  �*� �0� #�&��� �� �*� �'�,���0�� �$+���. ��%�& , 
-��� ��  .�.���* �*� formula 8( x ) �'%�%2�� �� �*�)�%!�� 0�� �0% �3��*�,- 
�2�(%$% R ��1� �� �% �/�&�� %�*��%2 
                  � x (8( x )�R( x ))            (2) 
   ��� �!�03�*� #� .%2�� '%$2 �2��%�� '%*� �30�� !')�3�* ����/2 '�$*)  ,�* 
��  �0�  #�&��� .  
  	'�*." ��&  �� #0$%!�� �� �'���$)(%!�� �� .*�.*,����, �*�)�%!�� �%� 
�,-$%!#% �!�(%$*��-: �� �6� #� �!�(%$�1%!�� �*� �'0,���� �%! �� �� 

�!������*�,) ,�* �3��*�,) �2�(%$�, ,�* PA(�6�) #� �!�(%$�1%!�� ���  �6� 
#�&��� '%! �'%��$����* �'- PA-, ,��)$$�$� �/*+���� %�*��%2 �*� �� �0� 
�!������*�,) ,�* �3��*�,) �2�(%$� (�%! �2'%! (1) " (2)), ,�* �% �/*&���*,- 
�3"�� �'��&�"  �*� -$�  �*  �6�-formulas. 

     5��& �6� ,�* PA(�6�) -'&  ���� ��$�!���� '��)���4%, ,�* -�*   

  PA(�6�) � � x 
!y4( x , y) 

-'%! 4( x , y) ����* �*� �6�-formula. 5��& f 0�� �0% �!������*�,- �2�(%$% 

(�� arity ��% �� k = �% �",%  �%! x ) ,�*  �66� � �$+��� �6�� {f}.  

	���* .!���-� �� %���%!�� �*� ‘���)4����’ �&� �2'&� ��  �66� �� �2'%!  ��  

�6�, 3���*�%'%*+���  ���.�%�" ��� �2�%$� �&� -�&� ,�* �2'&�. ��� #� 
.+�%!�� $�'�%�0��*� , �'$) #� ���40�%!�� ��� *.0�: ,)#� �2'%  #(…..f….) 
��  �66� ���*,�#������* �'- �%� �2'% � : 
z(4( x , z) 
 #(…..z…..)), �*� 
,��)$$�$� ����($��" z. M'%�%2�� �’ �'%.��/%!�� -�* � ���)4���� �!�" 
����* ‘�&��"’, .�$�." -�* �*� ,)#� # -'&  '�*� ,�* �*� ,)#�  
           � � PA(�6�) + � x 4( x , f( x )) ,�* a � �: 

                              � � #(a ) � ���6� � � (a ). 
������%*3� .%!$�2%!�� �*� ��� '���'�&�� ,����%�����*,%2 �!�(-$%!. 
�% �,-$%!#% #�+���� �4%�) �� �30�� ����/2 '�$*)  ,�* �0�  #�&���  ,�* #� 
�% �4���-1%!�� �*&'��) -'%! 3��*)1���* ��� �!�03�*�. 
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������� 3.4 
5��& �6� ,�* PA(�6�) -'&  '�*�, 0��& � � PA(�6�) ,�* 0��& �66� ����* �*� 

�'0,���� ��  �6� �� �% �!������*�,- �2�(%$% f, '%! ���*��%*3�� ��%� �2'% 
4(x, y ), " �� �% ,����%�����*,- R, '%! ���*��%*3�� ��%� �2'% 8( x ). 
�-�� � �%��.*," �'0,���� �%! � '%! *,��%'%*�� �% �/�&�� %�*��%2 �*� �% 
�0% �2�(%$% �%! �66� �'���  *,��%'%*�� -$� �� �/*+���� �'��&�"  �*�  

formulas # ���� �66�.               
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            �������� 4 
 
             ������ ������� 
�� PA 
  
   �� ��3��%!�� �� ���'�2��%!�� ��� ��&��� ��*#�+� ��% PA .5��  �'- 
�%!  ,2�*%!  ��-3%!  ����* �� �'%.��/%!�� �*� 0,.%�� �%! 
*�01*,%! 
#�&�"���%  �'%$%�'&�. �!�- #� ��  .+��* ��� .2���� �� �'%.��/%!�� �% 
$"��� �%! Go��del �*� �!3��� �%��0$� �%! PA.  
5�� �'- �� (��*,) #�&�"���� '%! �'%.�*,�2%���* �4%�) ��� 	!,$��.�*� 
.*������.  
 
������� 4.1 
5��& � � PA ,�* � , b � M �� � � 0 . �-�� !')�3%!� �%��.*,) ��%*3���         
r ,s � M �.' � � b = �s + r 
 r < �. 
 
��%"�*1  
�* �,-$%!#%* %�*��%� #�&�%2���* ��% PA " ,)'%*� �'0,���" �%!. 

  (�)  x
y


 �

 �
� 


 (�% �,0��*% �0�%  �%! x .*�*�%2���% �'- �% y) ����* �*� �!�)����� 

.2% #0��&�. 

        x
y


 �

 �
� 


 = 
. ( 1) , 0

0, 0
o o z zy x z yy

y
��

�

� ������� �� ���
���

� �� �
� �
� �� �

� � �  
�

 

 

(b) x
y

! "
# $
% &

(�% !'-$%*'% ��  .*������  �%! x �� �% y) ����* .%��0�% �'- 

       
0,

( ), 0w

a

z x yw z x z y y
y
x

�

� �

''�()
���������� ���*� �! " � �

� � �# $
% & � �� �

� � � � �  
   

(c) x�y (x .*�*��� �% y) ����* �*� �30�� .2% #0��&� .%��0�� �'- 
        x�y � 
z � y(xz = y) 
 x � 0.  
�������+ -�* �x, y(x�y � x � 0 
 (y�x) = 0). �!�"#&  #� ��)4%!�� x�y ��� 
#0�� �%! �(x�y). 
(d) x � y mod z (x ����* *�-�*�% �%! y modulo z) ����* �*� �30�� ��*+� #0��&�  

  x � y mod z � + ,0
z z

yxz �
! "! "

# $# $% &% &
 � . 

(e) prime(x) (x ����* 0��  '�+�%  ) ����* �*� ���.*," �30�� '%! %��1���*.  
                 prime(x) � (x � 2 
 �y, z(x�(yz) � (x�y � x�z))). 
(f) irred(x) (x ����* ��)�&�% ) ����* �*� ���.*," �30�� '%! %��1���*.  
                 irred(x) � �y(y�x �(y = 1 � y = x)). 
(g) (x, y) = 1 (x, y ����* coprime) ����* � �30��  
              (x, y) = 1 � (x �1 
 y �1 
 �u(u�x 
 u�y � u = 1)). 
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5�� )$$% #�+���� '%! �'%.�*,�2���* ��% PA ����* �% #�+���� �%! 
BEZOUT, .�$�." �%  
 
������� 4.2  
       PA � �x, y((x, y) = 1 � 
z < y(zx � 1 mody)). 
7���� �!�0'�*� �%! #�&�"���%  5.2 ����* �% �,-$%!#%. 
 
� �%"�� 4.3 
    PA � �x(prime(x) � irred(x)). 
 
O ��-3%  ��  ����* �� �'%.��/%!�� �% $"��� �%! Go��del �0�� ��% PA. 
  � *.0� ����* �� �!'%'%*"�%!�� ��� �'-.�*/� �%! $"����%  �*� �% �, '�)��� 
'%! #� ,)�%!�� �� �*� ��*�) �'- $"�����. ��3�1%!�� �� .2% '�%,����,�*,) 
$"����� '%! ���40�%!�� 3&��  �'-.�*/�. 
 
�'��� 4.4 
                  PA � �x, y, z((�i < y((i +1)x + 1, z) = 1 
 z � 0)�
w((w, z) = 1 
 
�i < y(x(i +1) +1)�w)) 
  
�'��� 4.5 
             PA � �x, y
z(z > x 
 �i, j < y(i � j � (z(i +1) +1, z(j +1) + 1) = 1)). 
 
To �'-���% $"��� �4%�) �*� *.*-���� ,$�*.�, .�$�." �% ���%�-  -�* �� 
03%!�� ,&.*,%'%*"��* �*� �,%$%!#��, �-�� �'%�%2�� �� ,&.*,%'%*"�%!�� 
�*�� )$$�, '%! ����* ,��) 0��� -�% ��,�2����. 
    
�'��� 4.6 
      PA � ��, m, x, y
�6, m6 

         ( 1) 1 ( 1) 1 ( 1) 1
a a ai y xm i m i m i

! "! " ! " ! "
� �# $# $ # $ # $# $% & % & % &% &

- -� � �
� � � � � �- -

. 

 
�� ! 
5��& � � PA �� �, m, x, y � M. �� ()�� �% $"��� 5.5,!')�3�* m6 >     
max(x, m) '%! *,��%'%*�� �% 
               � � �i, j < y(i � j � (m6(i +1) +1, m6(j +1) + 1) = 1)). 
��+�� #� .��/%!�� �� �'��&�" -�*  

              � � �k � y
b�i < k
( 1) 1 ( 1) 1m i m i

b �! "! " ! "
�# $# $ # $# $- � � � �% &% &% &

.       (1) 

�*� k = 0 *�32�* �4%2 .�� !')�3�* * < 0. 
�'%#0�& -�* *�32�* �*�  k < y, .�$�." -�* b � M �.' 

              M � �i < k
( 1) 1 ( 1) 1m i m i

b �! "! " ! "
�# $# $ # $# $- � � � �% &% &% &

.                (2) 

T-�� 3���*�%'%*+���  �% $"��� 5.4 !')�3�* w � M �.'  



 19 

               � � (w, m6(k + 1) +1) = 1 
 �i < k((m6(i +1) + 1)�w). (3)                
�'- �% #�+���� �%! �ezout !')�3�* u < m6(k + 1) + 1 ��% � �.'  
   � � uw � 1 mod m6(k + 1) + 1. (4) 
5��& �+�� 

 z = 
( 1) 1m k

a! "
# $
% &� �

  (5), � = b m6(k + 1) + z (6) ,�* 

 b6= b + uvw (7).  

��3!�*1-����� -�* �i < k + 1
( 1) 1m i

b! "!
# $## $%% &� �-

-  =
( 1) 1m i

a "! "
$# $

% &&� �
. 

��)����*, �� i < k �-��, 3���*�%'%*+���  ��� (7), 03%!��: 

     
( 1) 1m i

b! "
# $
% &� �-

- =
( 1) 1m i

b! "
# $
% &� �-

 , �4%2 (m6(i + 1) + 1)�w 

   ,�* $-�& (1) 03& 

   = 
( 1) 1m i

a! "
# $
% &� �

. 

�+�� �)� i = k, �-��             
        b6= b + uvw $-�& (7) 
           � b + v mod m6(k + 1) + 1 $-�& (4) 
          � b + bm6(k +1) + z mod m6(k + 1) + 1, $-�& ��  (6) 
                             �b(m6(k + 1) + 1) + z mod m6(k + 1) + 1  
           �z mod m6(k + 1) + 1. 

7��  
( 1) 1m k

b! "
# $
% &� �-

- = z = 
( 1) 1m k

a! "
# $
% &� �

, $-�& ��  (5). 

�!��'+  *�32�* �% 1��%2���%. 
 
   �+�� �*� �� �'%.��/%!�� �% $"��� ,����,�!)1%!�� �6 �'- �% b �,�*(+  �� 
�%� �.*% ��-'%, 3���*�%'%*+���  �% #�+���� �%! �ezout, �$$) �!�" ��� 4%�) 
��� #0�� �%! z ()1& �% x .�$�.", �)� b *,��%'%*��  

                 M � �i < y
( 1) 1 ( 1) 1m mi i

b �! "! " ! "
�# $# $ # $# $- � � � �% &% &% &

 

�-�� #0�%!�� �6= b + uvw, -'%! uw � 1 mod m6(y + 1) + 1 ,�*                          
v = bm6(y + 1) + x. �-��  

                     M � �i < y
( 1) 1 ( 1) 1m mi i

a �! "! " ! "
�# $# $ # $- � � � �% & % &% &

-  
 
( 1) 1

X
m i

a! "
�# $

% &� �-
- . 

7�� *�32�* �% 1��%2���% �*� �% �6.         � 
 
   �+�� 03%!�� -,�* 3��*)1���* �*� �� �'%.��/%!�� �% $"��� �%! G�del: 
�'%�%2�� �� ,&.*,%'%*"�%!�� �!#������ '�'�����0��  �,%$%!#��        
x0,….,xn – 1 �'- 0�� 1�2�%  ��*#�+� (�, m). �*� �� ������08%!�� �!�- �% 
1�2�%  �� 0�� ��*#�- 3��*�1-����� ��� �!�)����� 1�!���+���%   

            ( 1)( ),
2

x y x yx y y� � �� � .  
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�'��� 4.7 
��% PA �'%.�*,�2%���* �� �,-$%!#�: 
(�)  �z(2�z � 2�(z + 1)); 
(b)   �z
x, y(<x, y> = z); 
(c)  �x, y, u, v(<x, y> = <u, v> � x = u 
 y = v). 
 
��%"�*1 
� pairing �!�)����� �'�,�������* �� n-�.�  (�*� ,)#� 0�� n � �) 
�%'%#��+���  <x1, x2,…….,xn> = <x1, <x2,….,xn>>. O��1%!�� (x)i �� ����* �% 

   (x)i = 
( 1) 1m i

a! "
# $
% &� �

  

-'%! �, m ����* %* �%��.*,%� ��*#�%� '%! *,��%'%*%2� �% x = <�, m>. 
 
�'��� 4.8  
�% PA �'%.�*,�2�*  
(�) �x
y (y)0 = x 
(b) �x, y, z
w(�i < z((w)i = (y)I 
 (w)z = x) 
(c) �x, y (x)y � x. 
 
����*�%'%*+���  �% ��$�!���% $"���, �'%�%2�� �� �'%.��/%!�� �� �'��&�" 
��% n �% �,-$%!#%. 
 
�'��� 4.9 (
"��� �%! G�del). 
5��& � � PA ,�* �� x0,x1,….,xn – 1 � � -'%! n � �, n�0. �-�� !')�3�* u � M 
�.' 
 
    � � (u)i = xi  
�*� -$� �� i < n; �'*'$0%� � formula (u)y = x ����* �0. 
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         �������� 5 
 
                               M������ TOY PA 
 
�� ,�* ����* '%$2 .*.�,�*,- ,�* 3�"�*�% �� .%2�� '+  � #�&��� ��*#�+� 
�'%��� �� .*��!'&#�� ���-  ��  PA, � ��$0�� �%! PA ��3�1�* �� ������* 
��.*�40�%!�� -��� #�&�%2�� �% �!'*,- �2����� �'- 0/&. �’ �!�- �% 
,�4)$�*% #� ��3%$�#%2�� '�+�� �� �� non – standard �%��0$� �%! PA, ,�* 
��� �!�03�*� �� �%!  .*���,�*,%2  �2'%!  �!�+� �&� �%��0$&�. 
    � ��3*," ��  '����"���� ����* -�*  ��"�*� ��3*,) ��"���� ')��� 
!')�3%!�.  ��)����* 0��& � � PA n-std ,�* 0��& � � �\�. �% ��3*,- ��"�� 
�
��%��1���* �� ����* � !'%.%�" �%! � �� �2�'�� �% �2�%$% 

   {b � M / M � b < �n �*� ,)'%*% n � �}. 
 ( 	���* �2,%$% �� .%2�� -�* �������* ,$�*��- &  '�%  + , �,< . ��)����*  �)� 
x , y < �n , �-�� x + y , x�y < �n � �n = �2n ).    
	���* '�%4��0  -�* ���eM. I�32�* �)$*��� ,)�* '��*��-���%: �% �� ����* �% 
�*,�-���% ��3*,- ��"�� �%! � '%! '��*03�* �% �. 
�  .%2�� 0�� �'*3������ '%! .��3��* -�* �� � PA(,�* ,��) �!�0'�*�, -�* 
�
���). 5��& $%*'-� -�* �� � PA. 	'�*."  

          PA � �x�y
z
w[(w)0 = 1 
 �i < y((w)i +1 = x � (w)i ) 
 z = (w)y] 
(�'%.�*,�2���* �� �'��&�" ��% y), 03%!�� -�* !')�3%!� b, c � M �.'  
     �� � (c)0 = 1 � �* < � ((w)* + 1 = �  � (w)* ) 
 b = (c)�.  
E'�*." � '���')�& formula ����* �0 , #� *�32�* ,�* 
          � � (c)0 = 1 � �* < � ((w)* + 1 = � � (w)* ) 
 b = (c)� .�$�."  
� � b = ��. 9�&  �� �'��&�" �'%�%2�� �� .��/%!�� -�* � � �n � (c)n �*� ,)#� 
n � �. 
7�� �4%2 � > �, *�32�* � �  �n < b, �*� ,)#� n � �. �!�- -�&  ����* )�%'%, 
�4%2  b � ��. 
�'- ��� )$$� '$�!�) 03%!�� -�* �� � ��0. ��)����*, �'�*." �� �e M, *�32�*     
�
� <�% � ,�* )�� �$�#�2%!� ���� �� -$�  %* �1 '�%�)��*  '%! �$�#�2%!� ��% 

�. 9�&  �� �/*+���� ��  ��0 ����* �1 '�%�)��*  (�� #�&�"�%!�� �% �3"�� 
�'��&�"  �03�* �% z), %'-�� �$�#�2%!� -$� ��� .%�" ��. 
�  ,)�%!�� )$$� �*� '�%�')#�*� �� (�%2�� ��"�*% ��3*,- ��"�� �%! � '%! 
����*  nonstandard ,�* *,��%'%*�� �% PA. 
��&�%2�� $%*'-� ��� !'%.%�" exp�(�) �%! � �� �2�'�� �% �2�%$% 
                 {b � M / M � b < expn(�) �*� ,)'%*% n � � },� 
-'%! � �!�)����� expn (�) %��1���* ���.�%�*,) &   
                       exp0(�) = �  
                       expn + 1(�) = �exp

n
(�) . 

�% �2�%$% �!�- ����* ,$�*��- &  '�%  �*  +, �. ��)����*, 0��& b1, b2 � 
exp�(�), �  '%2�� -�*   b1 <  

1
expn (�) , b2 < 

2
expn (�). �-�� 03& 
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          b1 + b2 < 
1

expn (�) + 
2

expn (�) � 2 
1 2, )max(exp n n (�)                            

< ( , 11 2max )exp n n �
(�), )�� b1 + b2 � exp�(�). 

 
�+�� #� .��/& -�* exp�(�) !�/ *,��%'%*�� �% PA. 5��& $%*'-� -�*            
exp�(�) � PA. 
	'�*." PA � �x *y (y = expx(x)), -'%! y = expx(x) ����* % �2'%   

        
w[(w)0 = x � �i < x ((w)i + 1 = 
( )iw

x ) 
 y = (w)x], 
!')�3%!� b, c � exp�(�) �.' 

     exp�(�) � (c)0 = � � �i < � ((c)i + 1 = ( )ica ) 
 b = (c)�. 
	'�*." � '�%��%2���� formula ����* �0, #� *�32�* ,�*  

               � � (c)0 = � � �i < � ((c)i + 1 = ( )ica ) 
 b = (c)�. 
9'&  '�*�, �� �'��&�" .��3�%!�� -�* � � expn(�) � (c)n �*� ,)#� n � �. 7�� , 
�4%2 � > �, *�32�* � � expn(�) < b, �*� ,)#� n � �. �!�- -�&  ����* )�%'%, 
�4%2 b � exp�(�).  
�% �!�'0����� �'- �� '���')�& ����* -�*, '�0'�* �� ���%!�� '*% 0/!'�%* ,�* 
�� ,����,�!)�%!�� ��3*,) ��"���� �%! � '%! �� *,��%'%*%2� �% PA. 
�*� �� '��23%!�� �!�-, 3��*�1-����� �'*'$0%� ����$���, �% �'%!.�*-���% �'- 
�� %'%�� ����* � ��3" ��  !'��3��$*�� . 
 
§5.1 Y��������

 

  
   �'��#!��1%!�� �%� �/"  %�*��-: A� � nonstandard �%��0$% �%! PA ,�* � ��  
,��- !'%�2�%$% �%! � $0�� -�* �% � ����* ‘�%�"’,  �� �) x < y � I => x � I ,�* 
() �% � ����* ,$�*��- &  '�%  ��� �!�)����� �%! �'%�0�%! (x + 1). 
  5��& -�* � ����* �*� 2/'"%� �%�" �%! � (.�$ !�/ ����* ��% '�%  �% �). �-�� � 
!�/ ����* %���*�% !'%�2�%$% �%! �. 
��)����*, 0��& a� � ,�* 4(x , a ) �*� �� formula �.'  
   � = {b � M / M � 4(x , a ) }. 
�-�� � � 4(0 , a ) � �x(4(x , a ) � 4(x + 1 , a )), )�� � � �x 4(x , a ) 
.9�&  �!�- ����* )�%'% .*-�* � ����* ��"�*� �%�". 
To $"��� !'��3��$*�� , '%! %4��$���* ��%� �braham Robinson, o!�*���*,) 
�'���$��()��* �% ���%�-  �!�- .  
 
�'��� 5.1 (����#�1-%"�) 
 
5��& � � PA ����* n-std ,�* 0��& � ��"�*� �%�" �%! �.�'%#0�& a� � ,�*    
4(x , a ) �*� �� formula �.'  
      � � 4(b, a ) �*� -$� �� b � I. 
�-�� !')�3�* c > I �.'  
    � � �x � c 4(x, a ). 
A� ! 
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5��& -�* �% �!�'0����� .�� *�32�* .�$ 
        �c > I ��% � *�32�* 
                � � . �x � c 4(x, a ) .�$ 
       M � *x � c . 4(x, a ) (/)          
  �� .��/& -�*  b � I ��� � � �x < b 4(x, a ).  
(=>) 5��& b � I ,�* x < b . E'�*." � ��3*,- ��"�� 03& -�* x � I, )��  
                  � � 4(x, a ).  
(<=) 5��&  
          � � �x < b 4(x, a )  �$$) b 0 I .�$ b > I.  
�-�� �'- (/) !')�3�* d �.' 
               M � d � b � . 4(d, a ). �!�- -�&  ����* )�%'%, �'- !'-#���. 
 7�� b � I . 
7�� % *�3!�*��-  *�32�* . 
�!��'+   
        b 0 I  ��� M � *x < b.4(x, a ), 
.�$�." % �2'%   *x < y.4(x, a ) %��1�* �% �-�. 	'�*." �-� � �, 
3���*�%'%*+���  ��� ��3" �$)3*��%!, #� !')�3�* �$)3*��% ��%*3��% �%! �-�, 
'%! ����* )�%'%, .*-�* �% � ����* �%�".                               � 
 
To $"��� !'��3��$*��  3���*�%'%*����* '%$2 ���� '���'�&�� -��� � = �. 
�+�� #� '��%!�*)�%!�� .2% 3�"�*��  '���$$��0  �%! $"����% . 
 
�'��� 5.2 
5��& � � PA ����* n-std ,�* � �*� ��"�*� �%�" �%! � . �'%#0�& -�* 4(x , a ) 
����* �*� �� formula, a� � ,�* -�* �*� -$� �� x � I !')�3�* y � I �.'  
                 � � y 1 x � 4(y , a ) 
(.�$ !')�3%!�  �� 4����0�� '%$$) y � I '%! *,��%'%*%2� �%� 4(y, a )). �-�� 
�*� ,)#� 0�� c > I ��% � !')�3�* b � I �� � < b < c ,�*  
    � � 4(b , a ) 
(.�$ ‘!')�3�* �!#������ �*,�- b > I '%! *,��%'%*�� 4(b, a )’) . 
 
A� ! 
��&�+ ��� '���,)�& formula 4*(x, a , c): 
              *y(x � y < c � 4(y, a )) -'%! c � M 0�� �!3��% ��%*3��% '%! 
*,��%'%*�� c > I.  

-�& ��  !'-#���  ,*�32�* � � 4*(x, a , c) �*� ,)#� x � I. �!��'+  !')�3�* d 
> I �.' � � �x � d 4*(x, a , c). 
T-�� #� *�32�* � � 
y(d�y<c 
 4(y, a )), %'-�� !')�3�* b � M �� � < b<c ,�* 
� � 4(b, a ).                     � 
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�'��� 5.3 (underspill) 
5��&  a � M � PA , I 2 M �*� ��"�*� �%�" ,�* 4(x, a ) �*� �� formula. T-��  
(�) 	)� � � 4(c, a ) �*� ,)#� c > I ��% � , �-�� � � �x 1 b 4(x, a ) �*� ,)'%*%        
b � I . 
(() 	)� �*� -$� �� c > I ��% � !')�3�* x > I �� � � 4(x, a ) � x < c , �-�� �*� 
-$� �� b � I !')�3�* y � I �� � � y 1 b � 4(y, a ). 
 
A� !  
(�)5��& -�* .�� *�32�* �% �!�'0����� , �-�� 03& 
               � � *x 1 b .4(x , a ) �*� -$� �� b � I . 
	)� %�%�)�& ��� '���')�& formula 4*(b , a ) �-�� 03&  
              � � 4*(b , a ), �*� -$� �� b � I. 
7�� *�32%!� %* !'%#0��*  �%! overspill, %'-��  
 !')�3�* c > I �.'  
              � � 4*(b, a ) .�$ 
              � � *x 1 c .4(x, a ). �-�� -�&  
          *d 1 c   � � .4(x, a ), .�$�." *�32�* � )����� ��  !'-#��� . 
 
(() 5��& -�* !�/ *�32�* �% �!�'0����� , �-�� 03& 
*b � I �y � I  

�� � � b � y � .4(y, a ). 
��%�)1& ��� formula 4*(y, a , b) ,�* 03& -�* *�32%!� %* !'%#0��*  �%! 
overspill. 
7�� !')�3�* k > I �.' � � 4*(y, a , k) .�$ 
 �y � k �� � � b � y � .4(y, a ), .�$�." *�32�* � )����� �%!  
�!�'��)����% .           � 
  
�  .%2�� �+�� �*� �4���%�" ��  !'��3��$*�� . 
5��& � � PA  n-std ,�* � � �\� . ��&�+ ��� �%�" 1/a � '%! %��1���* �� 
�2�'�� �% �2�%$% 

                  {b � M / M � bn  < � �*� -$� �� n � �} . 
�� .��/& -�* �% 1/a �  ����* ,$�*��- &  '�%  + ,�* -�%*� �*� �.  

5��& b1 , b2 � 1/a � .T-�� �*� ,)#� n � �� �'- %�*��- 03& 1
nb  < � , 2

nb  < � . 
�0$& �*� ,)#� n � �  �� *�32�* :  
                 (b1 + b2)

n < � . 9�&     
 (b1 + b2)

n < ( max(b1 , b2) + max(b1 , b2))
n = (2max(b1 , b2))

n  <    (max(b1 , 
b2))

2n < � .  
�'- �%� %�*��- 0'���* -�* � 2e 1/a �  2e M .  (��)����* �% 1/a �   ����* �% 
����$2���% ��"�� �%! � '%! .�� '��*03�* �% � ). 	'�*." '�%4��+  � 	 1/a � , 
*�32�* 1/a ��e M. 
 
�� .��/& -�* 1/a �   �. 
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��&�+ ��� formula 8(y , �) = *x(x 1 y � xy < �) ,�* '������+ -�* 
                          � � 8(n , �) �*� ,)#� n � �� . 

7�� *�32�* � !'-#��� �%! %verspill, %'-��  !')�3�*  c > �� �.'  � � 8(c , �), 
.�$�." 
                        � � *x(x 1 c � xc < �) . 
7�� !')�3�* d � M �.'  � � d �c 
 dc < �. 	'�*." c > �, *�32�* d > � ,�* )��  
�% d ����* ��%*3��% �%! 1/a � '%! .�� ����* 4!�*,- . 
7��     � �e 1/a � . 
 
�� .��/& �+�� -�* �% 1/a �  .�� ����* �%��0$% �%! PA. 
��&�%2�� ��&��- -�* �*� ,)#� n � � 
                                � � *b(bn � � < (b + 1)n). 
7�� *�32�* -�* �*� ,)#� n � � 
                      M � 
x(xn � � < xx). 
A'- ��3" !'��3��$*��  '�%,2'��* -�* !')�3�* c > � �.' 
   � � 
x(xc � � < xx), 
��$�." !')�3�* b � M �.' � � bc � � < bb. 
�-�� b � 1/a � , �'- %�*��- �%! 1/a � , ��+ bb 	 1/a � . 
�!��'+  1/a �

� PA. 

�� .��/& -�* 1/a �   b� �*� -$� �� b � M. �*� �!3-� b � M #�&�+ ��� formula  
8(x , b , �) = *y(bx < y � yx < �). 
�&��  '��*%�*��- ��  ���*,-���� , !'%#0�%!�� -�* b � 1/a � . 
	2,%$� .��3�%!�� -�* � � 8(n, b, �) �*� ,)#� n � � (#0�%!�� y = (b +1)n ,�* 
�'�$�#�2%!�� -�* � � bn < y � yn < �). 
7�� $-�& ��3"  !'��3��$*��  !')�3�* c > �  ,�* !')�3�* d � M ��  
    � � bc < d � dc < �.  
A'- ��� '�+�� ��*�-���� 03& -�* d 0 b� ,�* �'- ��� .�2���� ��*�-���� 03& 
-�*  d � 1/a � . 
7�� 1/a �   b� �*� -$� �� b � M.  
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                 §5.2  	���������� ����� �������� �

 PA 
 
	)�  � ����* �*� �� –.%�" �-�� �� < �!�(%$�1�* �%� '��*%�*��- �%! � '�%  
��� �$+��� {<} .�$ ��� .%�" �� �% �.*% �2�'�� -'&  � � �$$) �� �-�% �*� 
�30��, .�$ ��� <. 	���* '�%4��0  -�* �)� � � PA- �% �� < *,��%'%*�� ��� 
#�&��� TDIS ��  .*�,�*�"  �����*,"  .*)��/�  �� '�+�% ��%*3��% �$$) -3* 
��$�!���% , '%! �/*&���*,%'%*����* �'- �*  ,)�&#* '�%�)��*  : 
 
            TDIS 1 :      �x .x < x 
          TDIS 2 :      �x , y , z(x < y � y < z � x < z) 
 TDIS 3 :       �x , y(x < y 	 y < x 	 x = y) 
          TDIS 4 :        �x(*y(y < x) � *y(y < x � �w(w < x � (w < y 	 w = y))))  
 TDIS 5 :        �x*z(x < z � �w(x < w � z < w 	 z = w)) 
          TDIS 6 :        *z�x(z < x 	 x = z) . 
 
    �'- �� #�&��� �%��0$&� /0�%!�� -�* � �DIS ����* �*� '$"��  #�&��� .�$ 
�*� ,)#� '�-���� � ��  �$+���  {<} ���� �DIS � � " �DIS � .�. �� .��/%!�� 
-�* � �DIS 03�* 023  �� *�%�%�4*,)  ��*#�"�*�� �%��0$�.  	)� (� , <�) ����* 
,)'%*% ('*#��) ,��-) �����*,) .*�������0�% �2�%$% �-�� � + � � � � �DIS 
-'%! �% �%��0$%              � + � � � 03�* �2�'�� �% �2�%$% � �  (� 4 A ) (� 
0�&�� !'%��#���* /0��) ,�* .*)��/� < %�*��0�� �'- : 
(�)  n < (z , �) �*� -$� �� n � � ,�* (z , �) � � 4 � ; 
(b)  < '��*%�*��0�� ��% � ����* � 4!�*," .*)��/� ��% �; 
(c) (z1 , �1) < (z2 , �2) ��� (�1 <� �2 " (�1 = �2 ,�* z1 < z2 )) �*� -$� �� (z1 , 
�1) , (z2 , �2 ) � 4 � , ,�* -'%! z1 < z2 ����* � �!�"#�  .*)��/� ��% �. 
       

            (..... ... .... ......... ....)� 5 5 5 5  
             �               �           �              �                       �        � 
                            �%$$) �������4� �'- � �� .��,�� �% � 
 
5��& (� , <� ) ��DIS , ,�* 0��& 0�  �% <� �$)3*��% ��%*3��% �%! � (.%��0�% 
�'- �% �/�&�� �DIS6). 
�+�� %��1& �!����"��*  S ,�* P ��% � &  �,%$%2#&  : 
      
     S(x) = �% �%��.*,- y � � �.'                        
          � � x < y 
 �w(x < w � (y < w � y = w))  
 

. � ( ( )), 0
(0 ) 0 , 0

( )
M M M

M��������	�y M�
 x y w w x w y w y ���x
P ���x

P x
� ��� ��� �� �� �� �� �

� � � � � � � �
� �

� �

�

� � �
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    ���1%!�� �+�� �*� �30�� ~ ��% � &  �/" : � ~ b ��� b = P(n)(�) " b = 
S(n)(�) �*� ,)'%*% n � �. 
�-�� �'%�%2�� �� �'�$�#�2�%!�� �� �,-$%!#�: 
(�)� ~ ����* �*� �30�� *�%.!�����   (�!�(%$�1%!�� �� [�] ��� ,$)�� 
*�%.!�����  �%! � � �). 
(b) � <M �')��* �*� �����*," .*)��/� < ��% �/~ '%! %��1���* &   
 [�] < [b] � � � � < b ,�*  [�] � [b]. 
(c) 	)� � = (�/~ -{[0�]} ,�* <� ����* � �����*," .*)��/� '%! .�.���* ��% (b), 
�-�� (� , <�) � � + ���. 
 
��+�� #� .��/& �% (�) 
�*� �� 03& �30�� *�%.!�����  '�0'�* �� *�32%!� � ���,$���*," , �!�����*," 
,�* � ����(��*," *.-���� . 
(1) ���,$���*," 
��0'�* �� .��/& -�* � ~ �. �!�- *�32�*, .*-�* *�32�* � = P(0)(�) (�)$*��� *�32�* 
,�* � = S(0)(�)). 
 
(2) �!�����*,"  
��0'�* �� .��/& -�*  � ~ b => b ~ �. 
5��& -�* � ~b, �  '%2�� -�* b = P(n)(�), �*� ,)'%*% n �� (-�%*� .%!$�2%!�� ��     
b = S(n)(�), �*� ,)'%*% n ��). �-�� P(n)(b) = P(n)(S(n)(�)) = �, �*� ,)'%*% n ��, 
.�$�." b ~ �. 
 
(3) M���(��*,"   
5��& -�* � ~ b ,�* b ~ c. T-�� !')�3%!� 4 '��*'�+��* : 
�) P(n)(�) = b ,�* P(n)(b) = c 
b) P(m)(�) = b ,�* S(n)(b) = c 
c) S(m)(�) = b ,�* P(n)(b) = c 
d) S(n)(�) = b ,�* S(n)(b) = c. 
���� '���'�&�� �) 03%!�� c = P(n +m)(�), )�� � ~ c(-�%*� .%!$�2%!�� ���� 
'���'�&�� d)). ���� '���'�&�� b) 03%!�� c = P(m-n)(�), �� m � n, " c =          
S(n-m)(�), �� m < n, .�$�." � ~ c ,�* ��*  .2% '��*'�+��*  (-�%*� .%!$�2%!�� 
���� '���'�&�� c)). 
 
�� .��/& �+�� �% (b) 
�*� �� ����* � [�] < [b] 2����%3' !%.)�(� ��,�� �� .��/& -�* � <� ����* �� 
�!�%'�#" (1) ,����(��*,"(2) , ,�* ,)#� .!% ��%*3��� ����* �!�,���*��(3). 
 
(1) [�] � [�].  
��%4��0  $-�& %�*��%2. 
 
(2) 
5��& [�] < [b] & [b] < [c].  
�-��, �'- %�*��-, 03%!�� 
  � <� b & [�] � [b] ,�* 
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 b <M c & [b] � [c]. 
	'�*." <� ����(��*,", *�32�* � <� c, )�� �0��* �� .��/%!�� -�*  [�] � [c]. 
5��& -�* [�]=[c],.�$�." c = S(k)(�), �*� ,)'%*% n � �. 
(� '���'�&�� c = P(k)(�) �'%,$�����*, �4%2 � <� c). 
T-�� !')�3�* e � � �.' b = S(e)(�), '�)��� '%! ���*4)�,�* �� ��� !'-#��� -�* 
[�] � [b]. 7��  [�] � [c].   
 
(3) 
�����& .2% �!3%2��  ,$)��*  [�] , [b]. 
�-�� #� *�32�* ���� [�] = [b] " [�] � [b]. 
5��& -�* *�32�*  [�] � [b], %'-�� #� *�32�* ,�* � � b. 
	'�*." � <� ����* �����*,", #� *�32�* � <� b " b <M �. 
�!��'+  #� *�32�* [�] < [b] " [b] < [�], .�$�." �% 1��%2���%. 
  
�� �,*����4"�%!�� ��� �'-.�*/� �%! (c).  
5��& (�i)i � I %*,%�0��*� ��%*3��&� �%! � '%! ���*'�%�&'�2%!� -$�  �*  
,$)��*  *�%.!�����  ��%*3��&� �%! �, .�$�." 
�) �*� ,)#� � � �, !')�3�* i � I �.' � ~ �i 
() �*� ,)#� i,j � I, i � j, *�32�* �i � �j. 
O��1%!�� �+�� �!�)����� f: M�� + �� A &  �/"  

  

( )

( ) ( )

, . (0

.

( ) ( ).

)
( ) ( ,[ ]), . ~

n

k k

M

i i i

i i

n o
��n �
a S

o
��a a 	��k �


� S a 
� P a

f a k a �
�

���������������

� �

� �

� �

� �

� �

�

  

�'%�%2�� �� �'�$�#�2�%!�� -�* � f ����* 1-1, �'� ,�* �0(���* �*  .*��)/�* . 
 
�'- ��� ,����,�!" �%! � '�%,2'��* -�* �% � ����* �%��.*,- &  '�%  
*�%�%�4*��-, .�$�." -�* 
� � � ��� � + � �  � � � + � �  � . 
�� ! 
�� .��/& '�+�� -�* 
� � � => � + � �  � � � + � �  � . 
5��& � � � . �-�� 03& g : A � B '%! ����* 1-1 , �'� ,�* �0(���* �*  
.*��)/�* .  
�0$%!�� �*� h : � + � � � � � + � �  � '%! �� ����* 1-1 , �'� ,�* �� �0(���* 
�*  .*��)/�*  . 
���1%!�� ��� h &  �/"   

                                            
( ,, ( )) ( , )

,( )
am g a x m a A

x xh x
�

6 7
� 
 �
� 
� � �

�
�

�
  

 
�'%�%2�� �2,%$� �� .��/%!�� -�* � h ����* 1-1, �'� ,�* �0(���* �*  .*��)/�* . 
 
�� '��*��)8%!�� �2��%�� ��� �'-.�*/� �%! ���*���-4%!. 
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�'%#0�& -�* !')�3�* 
                 h: � + � �  � � � + � �  � ,�* #� .��/& -�* � � � . 
���1&  g : A � B &  �/"   
      �*� � � �   g(�) = b � B ��� h(� � {�}) = � � {b} . 
� g ����* 1-1 , �'� ,�* �0(���* �*  .*��)/�*  �'�*." �*� ���  h *�32�* �% �.*%.    � 
 
5��* 0'���* -�* -$� �� �%��0$� �%! �DIS ����* ��  �%�4"  � + � �  �. 
�'- �!�- �!�'�����%!�� -�*, �4-�%� !')�3%!� &  '�%  *�%�%�4*��- 

023 ��*#�"�*�� �����*,) .*�������0�� �2�%$� �, �-�� !')�3%!� 
023 ��*#�"�*�� �%��0$� �%! �DIS . 

   	'*���04%���  ��� �%��0$� ��  ��*#���*,"  #� #0$��� �� ��&��1%!��  �)� 
��  .+�%!� 0�� n-std �%��0$% � � PA, '%*� �'- �� .!���) �%��0$� �%! �DIS 
�'%��� �� ����* �% ��< ;  
	���* �/*%�����&�% -�* �)� � ����* ��*#�"�*�% ,!')�3�* �-�% �*� .!���-���� 
�*� �%� .*���,�*,- �2'% �%! ��<. 
  
������� 5.4 
5��& � � PA ����* n-std . T-�� ��< � � + �� � �*� ,)'%*% �����*,) 
.*�������0�% �2�%$% (� , <�) '%! *,��%'%*�� ��� #�&��� DLO ('!,�" 
�����*," .*)��/� ) '%! �/*&���*,%'%*����* &  �,%$%2#&  . 
       
                        DLO1:        �x �x<x 
   DLO2:        �x , y ,z(x < y 
 y < z � x < z) 
   DLO3 : �x , y(x < y � x = y � y < x) 
   DLO4 : �x , y(x < y � 
z(x < z 
 z < y) 
   DLO5 : �x
y , z(y < x 
 x < z) 
 
	*.*,-���� , �)� � ����* ��*#�"�*�% , �-�� � � � + � �  � , -'%! � ����* �% 
�2�%$% �&� ���+� �� ��� �!�"#� �%! .*)��/� . 
�� ! 
��&�%2�� ��&��- �% #�+���� -�* ,)#� ��*#�"�*�� .%�" (�, <�) '%! 
*,��%'%*�� �% DLO ����* *�%�%�4*," '�%  �% (�, <). 
    	4-�%� %* �!����"��*  S(x) ,�* P(x) '%! %���#�,�� '�%��%!�0�&  ����* 
'�%4��+  %* x + 1 ,�* x�� 1 (�4������ ��% �) ��% �, �'%�%2�� �� 
/���������2�%!�� ��� �30�� *�%.!�����   ~ &  �/"    
 � ~ b ��� � � � + n = b � � = b + n �*� ,)'%*% n � �.  
��&�%2�� �% �2�%$% � ,�* �� �30�� <� '%! %��1���* -'&  '�*� ,�* #� 
�$0�/%!�� -�* (� , <�) � DLO. 
��+�� #� �$0�/& �% (� , <�) � DLO4 
     �������+ -�* [�] � � ��� � > � . (�!�- '�%,2'��* �'- ��� �*,-�� ��� 
��$�.� 24). 
�'%#0�& (� , <�) � [�] < [b] . A'- �%� %�*��- �%! <� 03%!�� -�* � � � < b. 
A'- �%� %�*��- ��   ~ 03%!�� -�* �*� ,)#� n � � *�32�* � � 
x(�+n < x 
 x 
+n< b). 
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7��, $-�& ��  ��3"  !'��3��$*�� , !')�3�* c � M �� c > � ,�* d � M �.'            
� � � + c < d 
 d +c< b. 
�-�� -�&   [�] < [d] < [c], .�$�." !')�3�* ,$)�� *�%.!�����  '%! (���,���* 
��"�*� ����/2 �&�  [�], [c]. 
7�� ��)���� �'- �*  ,$)��*  [�] ,�* [b] !')�3�* � ,$)�� [d] . 
7�� *�32�* �% DLO4 . 
 
   �+�� #� �$0�/& �% DLO5 . 
Y'%#0�& -�* � �*��* n-std. 
T-��  

  � � 
2
a
 �

 �� 


 <  
2
a
 �

 �� 


 + n < � < � + n < � + � = 2� �*� ,)#� n � � . 

7�� �'- overspill !')�3�* c � M �� c > � �.' 

  � �  
2
a
 �

 �� 


 < 
2
a
 �

 �� 


 + c < � < � +� = 2� 

7��  

  2
a6 7
 �


 �
 �� 
� 

 <� [�] <� [2�] . 

7�� *�32�* �% DLO5 .�$�." (�",� �*� ,$)�� ,)�& �'- ��� [�] ,�* ��� ')�&. 
�� DLO1 , DLO2 , DLO3 *�32%!� '�%4��+ .            � 
 
� �%"�� 5.5 
5��& � � PA ��*#�"�*�% ,�* n-std . T-�� �% � 03�* 023  ��"�*�  �%�0 . 
 
�� !   
�'- �% '�%��%2���% #�+���� !')�3�* 0��  *�%�%�4*��-   
 f: M�< � � + �� �. 
	)� S � � *,��%'%*�� �x �S �y � � (M � y < x � y � S) �-�� �% �2�%$%         
f-1(� + � � S) ����* ,$�*��- &  '�%  <, �4%2 � f �0(���* �*  .*��)/�* . 5��& 
�+�� � � f-1(� + � � S). �-�� � = f-1(n), �*� ,)'%*% n � � " � = f-1(k, q), �*� 
,)'%*� k � � ,�* q � S. K�* ��*  .2% '��*'�+��*  03%!�� -�* � + 1 �                 
f-1(� + � � S), �4%2  � + 1= f-1(n + 1) ���� '�+�� '���'�&��, ��+ � + 1= f-1(k 
+ 1, q) ��� .�2���� '���'�&��. 
7�� �% f-1(� + � � S) ����* ��"�*� �%�" �%! �.   
 
	���* �2,%$% �� .%2��  -�* �� S1,S2 � � �.' .S1 � S2, �-�� f-1(S1) � f-1(S2). 
5��&  S1 � S2  => S1 � S2 " S2 � S1 . 
�* '������*,%�  � ����* �� 1-1 ���*��%*3�� �� �*  �%�0  '%! ,����,�!)1%!�� 
��% � ,.*��0�%! ��  �'�*,-�*��   
                 r � {q � Q / q < r}.  
9�&  � '$�#*,-���� �%! � ����*  023 , )�� �% � 03�*  023  ��"�*�  �%�0 .        � 
 
    To '�%��%2���% �'*3������ �'%��� �2,%$� �� ��%'%'%*�#�� ,�* �� .+��*:  
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������� 5.6 
5��& � � PA �%��0$% ��*#�"�*�% ,�* n-std .T-�� !')�3%!� 023 ��"�*� 
��3*,) ��"���� �%! �. 
 
�� ! 
����%��1& ��� �30�� ~ &  �/" : 
       � ~ b ��� !')�3�* m � � �.'  
            � � b��

m ,�* !')�3�* n � � �.' � � ��bn . 
�-�� ')$* � ~ ����* �30�� *�%.!����� . 
��)����*, �'- �%� %�*��- ��  ~ 03& -�* ����* ���,$���*," ,�* �!�����*,".  
�� .��/& -�* ����* ,�* ����(��*,". 
5��& � ~ b & b ~ c. �-�� !')�3%!� ,)'%*� m,n, l, k � � �.' 
       � � b��

m 
 ��bn 
 c � bl 
 b � ck. 
T-�� -�&  ��bn � cnk ,�* c �bl � �ml, o'-�� � ~ c. 
7�� � �30�� ~ ����* ����(��*," ,�* )�� ����* �30�� *�%.!�����  . 
  
9'&  '�*�, �% � = (�/~ -{[0]}) ����* �����*,) .*�������0�% �'- �� �30�� 
        [�] <�[b] ��� [�] � [b] & M � � < b . 
�� .��/& -�* (� , <�) � DLO. 
��+�� #� .��/& -�*  (� , <�) � DLO4 . 
	4-�%� [�] <� [b], 03& � < � < b ,�*  
        � � 
x((� + 2)n < x < (x + 2)n < b) �*� ,)#� n � �. ��)����*, 
�4%2, � � b, '�0'�*  � � (� + 2)m < b �*� ,)#� m � �. 
�!��'+  �*� x = (� + 2)n + 1, *�32�* � � (� + 2)n < x < (x + 2)n � 

2na < b , �*� 
,)#� n � �. 
7��, $-�& ��  ��3"  !'��3��$*�� , !')�3�* c > � ,�* d > � �.' 
          � � (� + 2)c < d < (d + 2)c < b .  
   7�� [�] <�[d] <A[b] ,�* 0��* (� , <�) � DLO4 . 
 
   �� .��/& �+�� -�* (� , <�) � DLO5 

5��& �!3%2�� ,$)�� [�] � �. ��&�%2�� �!3-� b � �1/� ,�* �!3-� c � M-��. 
�-�� � � bn < � �*� ,)#� n � �, )�� b � �, ,�* � � �n < c �*� ,)#� n � �, )��  
� � c. �!��'+  [b] <A [�] <� [c], .�$�." *�32�* �% 1��%2���%. 
7�� (� , <�) � DLO5 . 
 
5��* !')�3�* 0��  *�%�%�4*��-  f: (A , <A) � (� , <).  
9'&  ���� �'-.�*/� �%! �%������%  5.5, #�&�%2�� �� ��"���� �%! � '%! 
'�%,2'�%!� &  f-1(Sr), -'%! Sr = {q � � / q < r }. 
9'&  '�*�, .��3�%!�� -�* ,)#� f-1(Sr) ����* ,$�*��- &  '�%  +, � ,�* -�* 
.*�4%���*,) Sr, St %.��%2� �� .*�4%���*,) ��3*,) ��"����. 7�� *�32�* �% 
1��%2���%.                         �   
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        �������� 6 
 
                                   �� 
�
�� 
�����

 
 
��������������������������������������������������������������������§6.1  
��
��
 
�����

 ��� ������

 
 
�� �/*+���� �!$$%�"  ��  �'*��0'%!� �� .��3�%!�� -�* %* ,$)��*  �2'&� �n,   
�n  ����* ,$�*��0  &  '�%  4����0�� '%�-.�*/� . 
��&�%2�� ��&��- �%� %�*��- ��  ��*#���*,"  *����3��  .�$�." �%� %�*��- 
�&� ,$)��&� �n ,�* �n �2'&�. 
 
��%"� &  
5��& 4(x , y , z ) �*� �� formula . To �/�&�� �!$$%�"  �*� �%� 4 ����* �*� 
'�-���� �0 '%! ����*  
 � z ,t(�x < t * y 4(x , y , z ) � *s�x < t * y  < s 4(x , y , z ) 
    �������+ -�* �% ‘�/)1")�*0*’ �%! �0 .�$�." � '�-����  
    � z , t ( *s�x < t * y  < s 4(x , y , z ) � �x < t * y 4(x , y , z )) 

����* 0�,!�� �� -$�  �*  ��-.%�0  . 	'���  '������+ -�* �(....0) �!��')����* 
-�* � z , t(*x < t � y 4(x , y , z ) 5 �s*x < t� y <s 4(x , y , z )) . 
5��* �� �/*+���� �!$$%�"  .��3�%!� -�* 0��   4����0�%  '%�%.��,��  �'%��� 
�� �'�&3#�� '�%  �� .�/*) 0�%  )4��,�%! '%�%.��,�� . 
   �� �!�(%$�1%!�� ��� #�&��� 3&��  ��� �'��&�" 
        PA- + {B4 / 4 �*� �� – formula} ��� �� . ��� #�&���  

      I�0 + {B4 / 4 ����*  �*�  �n  �� – formula}  #� �!�(%$�1%!�� �� ��n . 

0�%���  �n formula �.+ ���%%2�� �n formula �� ‘�!����" 0��%*�’, .�$�." 
formula ��  �%�4"  
 x � y 
 z ….4( x , y , z ,…), -'%! 4 ��%*,�" formula ,�* 
�% '$"#%  ���$$��+� '%�%.�*,�+� �'�%��) �%! ����* n. 9��� #� .%!$�2%!�� 
���-���� �� �%��0$� ��  ��n ���%%2�� �,-�� ,�* formulas '%! ����* 
*�%.2���%* �� �n formulas.     
H �'-���� '�-���� .��3��* -�* %* ,$)��*  �n(B�n), �n(B�n) ,�* �n(B�n) ����* 
,$�*��0  &  '�%  4����0�� '%�-.�*/�. 
 
�� )�"� 6.1  
5��& n � �, #(x, y ) 0��   �n �2'% , 8(x, y  ) 0��  �n �2'%  , ,�* t( y ) 0��  �� 
-�%  . �-�� %* �2'%* �x < t( y )#(x, y ) ,�* *x < t( y )8(x, y ) ����* �n(B�n) ,�* 
�n(B�n) ���*��%�3& . 
 
A� ! 
�� �'��&�" ��% n #� .��/%!�� -�*: 
�*� ,)#� �n �2'% #(x, y ) ,�* �*� ,)#� -�% t( y ) % �2'%  �x < t( y )#(x, y ) � 
�n(B�n).  
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��%4��+  �0 = �0 = �0 ����* ,$�*��%� &  '�%  4����0�� '%�-.�*/� , 0��* � 
'�-���� ����* �$�#"  �*� n = 0 . 

-�& �'��&�*,"  !'-#���  *�32�* �*� n-1 �2'%!  .�$ �*� �n-1 , �n-1 �2'%!  . 
�'%#0�& #(x, y ) ����* * z  4(x, y , z ) -'%! 4 ����* �n-1 ,�* n 1 1 . T+�� 
'����& �!3-��� -�% t( y ) ,�* �'- �/�&�� �!$$%�"  03&  
��n � �y(�x <t( y ) * z 4(x , y , z ) 5 *s�x < t( y ) * z  < s4(x , y , z )) . 
�0$& �� .��/& -�*  �x <t( y )#(x , y ) � �n(B�n) .�$�."  
  �x <t( y ) * z 4(x , y , z  ) � �n(B�n) ,�* *�%.2���� ��,�� �� .�*3#�� �% 
,)�&#* 
      *s�x < t( y ) * z  < s4(x , y , z ) � �n(B�n) . 
9�& , 4(x , y , z ) � �n-1 �'- !'-#���, )�� 
   * z  < s4(x , y , z ) � �n-1 �'- �'��&�*," !'-#���, %'-��  
   �x < t( y ) * z  < s4(x , y , z ) � �n-1. ��$*,)  
      *s�x < t( y ) * z  < s4(x , y , z ) � �n ($-�& �n). 
����*�%'%*+���  ��� 1!%� �'%.�*,�*," .*�.*,���� .��3�& -�* �n(B�n) ����* 
,$�*��- &  '�%  4����0�� '%�-.�*/�.        � 
   
53%���  .�� ��� ������� ��  ��3"  �!$$%�"  #� .��/%!�� -�* ����* �'%.��/*�� 
��% PA. �!�-����� -�* �*� �*� ,$)�� �2'&� �, �� ����* � #�&��� '%! 
�/*&���*,%'%*����* �'- �% PA- ��1� �� -$� �� �/*+���� �'��&�"  �# �*� 
-$%!  �%!  # � �. �.*�*�0�&  �% ��n ����* PA- + �'��&�" �*� -$�  �n formulas, 
,�* ��n ����* PA- + �'��&�" �*� -$�  �n formulas. T-��, ,)#� formula ����* 
*�%.2���� (���� ,����%�����*," $%�*,") '�%  �*� �n formula �*� ,)'%*%          
n � �. 	'���  PA ����* *�%.2���� '�%  ��� #�&��� ��1 + ��2 + ��3 +…….. '%! 
����* *�%.2����  �'���  '�%  ��1 + ��2 + ��3 +…..  
�+�� �'%.�*,�2%!�� -�* 
 
�� )�"� 6.2 
��n � ��n �*� ,)#� n 1 1. E'%�0�&  PA � B� . 
 
�� !  
�� ,)�& �'��&�" &  '�%  n. 
 
��+�� #� ,)�& ��� �'-.�*/� �*� n = 1 .�$ �
1 � �
1.  
5��& � � ��1 , �� t, a  � � ,�*  
    � � �x < t *y 4(x , a ), (1) 
-'%! !'%#0�%!�� -�* % 4 ����* �0 (�� ����* �1 .�$�." ��  �%�4"               

u #(x, y, u ), �-�� �'%�%2�� �� 3���*�%'%*"�%!�� ��� �!�)����� 
1�!���+���%  �*� �� �!�'!,�+�%!�� �%!   '%�%.��,��  
y ,�* 
u �� 0�� 
�-�% !'��/*�,- '%�%.��,��).    
M� �'��&�" #� .��/%!�� -�*  
    � � �w � t *v �x < w *y < v 4(x , a ) . O �2'%  -$%  ����* �1.  
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�� ,)�& �'��&�" &  '�%  w . 
�*� w = 0 �-�� � � �x <0 *y < v4(x , a ), �*� %'%*%."'%�� v � M, .�$�." 
*�32�* �% 1��%2���%. 
�0�& -'%! w = b < � ,�* !'%#0�& -�* 
� �  *v �x < b *y < v4(x , a ) (2). 
�� .��/%!�� -�* 
      � � *v � x < b +1 *y < v4(x , a ). 
A'- (1)  !')�3�* d � M �.' � � 4(b , a ) (3) . 
A'- (2)   !')�3�* c � M �.' � � �x < b *y < c 4(x , a ) (4) . 
��&�+ c* = max (c , d). �-�� ����* �2,%$% �� .%2�� -�* 
       � � �x < b + 1 *y < c*

4(x , a ), %'-�� *�32�* �% 1��%2���%. 
 
�+�� �'��0�3%��* ��% �'��&�*,- ("��. 
5��& � � ��n , 4(x , y , z ) �*� �n formula , ,�* !'%#0�& a , t � M 
*,��%'%*%2� �%� �2'%  
  � � �x < t * y 4(x , y , a ) 
� '���'�&�� n = 1 0�*�� '�%��%!�0�&  . �+�� #� �/��)�& �*� n > 1 ,�* #� 
!'%#0�& �'��&�*,)  -�* *�32�*  ��n-1 � ��n-1 (E.Y) 
��,�� ��  .��/& -�* (�.�...%) 
 � � *s �x < t * y  < s 4(x , y , a ) , 4 � �n . 
�+�� �'%�%2�� �� #�&�"�%!�� �%� 0 ���� �n-1 ���*,�#*��+���  4 ��           
*w#(x , y , w , a ) �� # � �n-1 ,�* ��� #0�� �%! y  �� y , w  .�$�." �� #�&�+ 
�%� 4 ���� �*� # . 5��* '04�& ,)�& �*� #0�� ���� '%$!'$%,-���� .7�� 
(�.�...%) �% ,)�&#* 
      � � *s �x < t * y  < s 4(x , y , a ) , 4 � �n-1 . 
     �+�� #�&�%2�� ��� formula 8(w , a ) , '%! ����*  
    *s �x < w * y  < s 4(x , y , a ). 
I"#$�%"� &   
  8 � �n  
A'-. 
	'�*." 4(x , y , a ) � �n – 1, #� *�32�* * y  < s 4(x , y , a ) � �n – 1(��n – 1) ,�* 
)�� �x < w* y  < s 4(x , y , a ) � �n – 1(��n – 1). 9�&  �'- ��� �'��&�*," 
!'-#��� 03%!�� -�* ��n – 1 � ��n – 1. 7�� � formula �x < w* y  < s 4(x , y , a ) 
����*  �n – 1 ,�* �!��'+  % 8 ����* �n. 
��� �!�03�*� .��3�%!�� -�* � � �w � t 8(w , a ) -'&  ���� '���'�&�� �*�        
n = 1. 7�� *�32�* �% 1��%2���%.                                                                         � 
 
	���* ��&��- -�* *�32%!� �
n � I*


n  ,�* I*

n � I
n  �*� 4(x , y ) � �n .  

 
������� 6.3 
�% PA ����* *�%.2���% '�%  ��0 + ��n . 
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A� ! 
53%!�� ".� .��/�* �'- ('� 6.2) -�* ��n � I�0 + ��n �*� ,)#� n � �. �*� ��� 
)$$� ,���2#!��� #� �'%.��/%!�� I�0 + ��n + 1 � ��n. �!�- �,%$%!#�� �'- �� 
�'-���� .2% $"����� . 
 
�'��� 6.4 
�*� -$� �� n 1 0, I�n + B�n + 2 � I�n + 1 
 
A� !  
5��& a� � � I�n + B�n + 2 ,�* 0��& #(x , a ) � �n + 1 -'%! #(x , a ) ����* 
% �2'%  * y 8(x , y , a ) ,�* 8 � �n . Y'%#0�& �'���  -�*  
                  � � #(0 , a ) � �x (#(x , a ) � #(x + 1 , a )) (/) .                                                    
�� .��/& -�* � � #(b , a )  �b � M . 
��&�+ 0�� �!3��% b � M . ��%4��+  03&  
      � � �x < b +1 * y [8(x , y , a ) 	 � z .8(x , z , a )] . 
T+�� � formula �0�� ��*  ��,2$�  ����* �n+1 0��* �'�*." *�32�* ��n + 2 ��% �, 
!')�3�* 0�� c � M �.'  
 � � �x < b +1 * y < c[8(x , y , a ) 	 � z .8(x , z , a )] . 
�!�- .��3��* -�*  
          � � �x � b(* y 8(x , y , a ) � * y < c8(x , y , a ) . 
A$$) �% * y <c8(x , y , a ) ����* *�%.2���% ��% (�) �� �*� �n formula           
4(x , c , a ) �'- ��� ('�-���� 6.1) ,�* �'%�0�&  �'- (/) 03& �� ,)�&#* 
  #(x , a ) 8 * y 8(x , y , a ) 8 * y < c8(x , y , a ) 8 4(x , c , a ) . 
E4-�%� �*� #(x , a ) ��3!� �% (/) �-�� #� *�32�* ,�* �*� �%� 4(x , c , a ) . 
     M � 4(0 , c , a ) � �x < b (4(x , c , a )  � 4(x + 1 , c , a ) (+) . 
9�&  *�32�* �% ��n ��% � ,�* 4 � �n. 7��, �'�*." *�32�* �% �*�n, 03%!�� -�*  
� � �x � b 4(x , c , a ). �!��'+  *�32�* � � 4(x , c , a ), �% 1��%2���%.          � 
 
  �'��� 6.5  
�*� -$� �� n 1 0 #� .��/& �% 
  ��n � I�n  ,�* I�n � ��n  
 
  �� ! 
�*� �� �'%.��/& -�*  ��n � I�n !'%#0�& � � ��n , 4(x , y ) �*� �n formula          
a� � ,�* �*  !'%#0��*  ��  �'��&�"   
    � � 4(0 , a ) � �x (4(x , a ) � 4(x + 1 , a )) (/) . 
��0'�* �� .��/& -�* � � �x 4(x , a ) .�$ (�.�...%) �b � M � 4(b , a ) . 
5��& -�* !�/ *�32�* �% "$��4��"��  .�$  
   *b � M � .4(b , a )  
,�* #�&�+ ��� �,-$%!#� formula 8(x, b, a ) '%! ����*             
            � � (x > b) 	 (x � b � *y(y + x = b � . 4(y , a ))) . 
    �� ,)�& �'��&�" &  '�%  x ���� formula 8(x , b , a ) . 
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     �*� x = 0   
     � � 8(0 , b , a ) #� .��/& -�* *�32�*  
     	'�*." 0 > b .�� *�32�*, #� .��/& -�* 
    � � 0 � b � *y(y + 0 = b � . 4(y , a )). 
    ��&�+ y = b �-�� b = b � . 4(b , a ) *�32�* . 
�� .��/& �+�� ��� �!��'��&�"  
    � � �x(8(x , b , a ) � 8(x + 1 , b , a )) 
     ��&�+ -�* *�32�* � !'-#��� (	.�) 
    � � (x > b) 	 (x � b � *y(y + x = b � . 4(y , a ))) 
     �� .��/& �% �!�'0����� 
    � � (x + 1 > b) 	 (x + 1 � b � *y(y + x + 1 = b � . 4(y , a ))) . 
               	%�3�1/, ���%�)�"�%&  
  �)  5��& x > b 
       � � x > b   => � � x + 1 > b  *�32�* . 
  ��)  
5��& x < b �-�� 
� �  *y(y + x = b � . 4(y , a ))   
.�$ !')�3�* c � M �.' � � c + x = b � . 4(c , a )) 
        �� ��3!� c = 0, �-�� #� ��3���  
       M � 0 + x = b � . 4(0 , a ) '%! ����* )�%'% .*-�*  � � 4(0 , a ) �'- (/). 
7�� c � 0. 
  �-��  03&  
  � � c –1 + x + 1 = b � . 4(c -1 , a ) '%! *�32�* .*-�* 
           � �. 4(c , a ) �  . 4(c -1 , a )  
  7�� *�32�* � � 8(x + 1, b, a ). 
           5��& x = b. �-�� 
                      M � x +1 > b ,�* )�� � � 8(x + 1, b, a ).  
    7��  
        � � �x 8(x , b , a ) ,�* )��  
      b � M � 8(b , b , a ) .�$  
        � � (b > b) 	 (b � b � *y(y + b = b � . 4(y , a ))). �4%2 .�� *�32�*   
       � � b > b ,�* � � 0 + b = b, 03%!�� 
         M �. 4(0 , a ) )�%'% .*-�* 
         � � 4(0 , a ) 
    � �������%4� ,���2#!��� �'%.�*,�2���* �� '��-�%*% ��-'% #�&�+���  
��� '���,)�& formula  
        x > b 	 (x � b � �y(y + x = b � . 4(y , a ))) �*� 4 � �n . 
7�� �'%.��/��� ��� %"*!$/��1� �%! #�&�"���%  6.3 ,�* ��$�*+��* �% 
,�4)$�*% .  
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       §6.2 ���������
 ������
��
 
 
�% �/�&�� �!$$%�"  ����* 0�� *�3!�- ����$��% ��  #�&���  �%��0$&� �*� ��� 
PA.�� �% 3���*�%'%*"�%!�� -��� ��$��"�%!�� �*  %�%��$*,0  �'�,�)��* . 
�+�� #� .+�& �%� %�*��- �* ����* %�%��$*," �'0,���� 
��%"� &   	)� � 2 � ����* �%��0$� �%! PA- #� $0�� -�* � ����* %�%��$*,- 
��% �, " � ����* %�%��$*," �'0,���� �%! � ��( � 2cf N iff �� � � *b �M           
(N �� � b) 
E��* � 2cf N iff  !')�3%!� ��%*3��� �%! � �!#������ 8�$) ')�& �'- �% �.  
  
���.!�%2��  	)� � � PA- ����* non-standard, 0��& �M,c  ����* � �$+��� '%! 
$��()����* �� ��� '�-�#��� ���#��+� �*� ,)#� 0�� � � � ,�* �*� �'*'$0%� 
���#��) c. 5��& b � M  ����* non-standard. 
�� .��/%!�� -�* � #�&��� 
   �  = {4(a ) \ a  � ��4(a ), 4 �*� �� formula}�{c   c� \ � � M}�{c < cb}  
 03�* 0�� �%��0$% 
. 
��&�%2�� 0�� '�'�����0�% !'%�2�%$% � �%! �, 0��& �%  
 {4*( iac )/ 1�i�k}�{c 

jac / 1�j�l}�{c < cb} 

�� .��/& -�* �% � 03�* �%��0$% 
. 
 ���1& ��� .%�" �* ��  ��,c &  �/" : 

�*��� = � 
*M

ac  = M
ac = � 

*Mc = �!3-� m �M �.' m < b m   �1,…..�l (�0�%*% m !')�3�* .*-�* b n-std ,�* 
03%!�� '�'�� '$"#%  ��%*3��&� �1,…�l �%! �. 
�-�� 03%!�� -�* 
�* � 4*( ac ) *=1,…,, ,�* �* � c � 

iac , 1 � I � l ,�* � � c < cb, .�$�." �* 
�%��0$% �%! �. 
7�� �% �  03�* �%��0$% 0��& �% 
. 
�-�� � < 
���. ��&�%2�� �+�� �% ��3*,- ��"�� � �%! 
 '%! 03�* �2�'�� 
�% �2�%$% {d � K/ K�d<�, �*� �!3-� � � �}. �-�� �% � ����* %�%��$*," 
�'0,���� �%! �. 	'�*." *�32�* c � N-M, �% � ����* ��"�*� �'0,����. 
�0$%  ��PA-, �'�*." � !'%.%�" ��  
 ,�* 
�PA-. 
 
A'- ��� )$$� ���*) �% # 2.2 .��3��* -�* �% std �%��0$% � .�� 03�* ��"�*�  
%�%��$*,0  �'�,�)��*  '%! �� *,��%'%*%2� �% PA-. H ��+���� '%! #� 
��$��"�%!�� �+�� ����* �)� ,)#� n-std �%��0$% �%! PA 03�* �*� ��"�*� 
%�%��$*," �'0,���� '%! �� *,��%'%*�� �% PA . 
9'&  .��3��* � �,-$%!#� '�-����, �!�" � ��+���� �3���1���* �� �% 
�/*&���*,- �3"�� �!$$%�" . 
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    �� )�"� 6.6  
�'%#0�& � 2cf N ����* �%��0$� �%! PA- ,�* � <�% � . �'%#0�& �'���  -�* �� 
�%��0$� �, � ��  PA- *,��%'%*%2� �% �/�&�� �!$$%�" . �-�� � <�. 
�� ! 
 
�� .��/%!�� -�* � < � �� �'��&�" ���� '%$!'$%,-���� �&� �2'&�. 
�*� � <�% � *�32�* �'- !'-#���.�'%#0�%!�� -�* *�32�* � <�n N ,�* #� 
.��/%!�� � <�n+1 N. 
�*� ��� �'-.�*/� �%! #� 3���*�%'%*"�%!�� �*� �%�4" �%! ,�*�"�*%! �%! 
Tarski. 
(5��& �,� ����* .%�0  �*� ��� �1 �.' � <�% � ,�* �*� ,)#� �%,…..,�n �M ,             
4(xo,….,xn) � �n. 
�� � � * xn +1 4( �%,….,�n xn+1 ) , �-�� !')�3�* �n+1 � M �.' � � 4(�%,…,�n 
,�n+1 ). 
T-�� � <�n +1 �). 
5��& # � �n, a � � �.' � �* x #( x , a ). 	'�*." � 2cf N, !')�3�* b � M �.'     
� � * x <b #( x ,a ). 
 T+�� � formula  * x <b # ( x , a ) ����* �n (��) �'- ('�-���� 6.1) .�$�."  
           �� � � y ,z ( * x < z #( x , y ) 5 3 ( y ,z)) �*� ,)'%*� �n formula 3( y ,z). 
5��* �� � 3(a ,b) ,�* �'�*." � � 3(a , b) ,�* )�� � � 3(a ,b) (�!�- *�32�* .*-�* 
�)� � �. 3(a ,b) => N � . 3(a ,b) ,�#+  � <�n N ,�* .3 ����* �n �$$) ����* 
)�%'%). 	'%�0�&   
            � � * x <b # ( x ,a ) .*-�* � � �� �'- !'-#��� ,�* )��  
  � � * x  #( x , a ). 
�!��'+  !')�3%!� d � � �.' � � #(d ,a ). 9�&  � <�n N ,�* )��                   
� � #(d ,a ), .�$�." *�32�* �% 1��%2���%. 
7�� � < �.               � 
 
� '�-���� 7.6 .%!$�2�* �'�*." �� .2% �%��0$� � ,� *,��%'%*%2� �% �3"�� 
�'*$%�" . 	)� �% ��PA �% �.*% �'%�0$���� *�32�* �$$) �’ �!�"� ��� 
'���'�&�� �% � ��� .�� 3��*)1���* -'&  �'0.�*/� % Gaifman (1972). 
 
������� 6.7 
�'%#0�& � 2cf N ����* �%��0$� �%! PA-. Y'%#0�& �'*'$0%� -�* �  <�% � ,�* 
-�* � � PA. T-�� � < � ,�* �'%�0�&  � �PA . 
 
��*! 
��+�� #� .��/%!�� -�* �

29
� �. ��,�� �� .��/%!�� -�* �)�  a � �, #( x ) � �2 

�-�� � � #(a ) => � � #(a ).(�) 
��)����*, 0��& -�* *�32�* � (�). �� .��/%!�� -�* �*� a � �, #( x ) � �2 *�32�*  
� � #(a ) => � � #(a ). 5��& $%*'-� -�* � � #(a ), -'%! a � �, #( x ) � �2. 
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�'%#0�%���  -�* � #( x )����* ��  �%�4"  * y 4(a , y ) ,�* 4��1, !')�3%!� 
b �� �.' � � 4(a , b ).�� ��3!� � � �4(a ,b ), �-�� �'�*." �4 � �2, �'- ��� 
(�) #� ��3��� -�* � � � 4(a ,b ), '%! ����* )�%'%. 7�� *�32�* � � 4(a ,b ), 
-'%�� � � * y 4(a , y ), .�$�." �% 1��%2���%.   
      �+�� #� .��/& ��� (*) 
�'%#0�& -�* � � #(a ) ,�* #( x ) �2'%  ��  �%�4"  * y� z 8( x , y , z ) �� 8��0. 
�-��  !')�3%!� d �� �.'  � � � z 8(a ,d , z ). 9�&  � 2cf N, )�� !')�3�* b 
�.' d < b ,�* )��  � � * y <b� z 8(a , y , z ). 
�-��, �*� �!3-� c � M, � � * y <b � z <c 8(a , y , z ). 
	'�*." �  <�% �, 0'���* -�* � �* y <b � z <c 8(a , y , z ) ,�* )�� -�*                
� � �w* y <b� z < w8(a , y , z ).9�&  � � PA, M � B�1. �!��'+  *�32�* -�*  
 � � * y <b � z � 8(a , y , z ) �
w � y <b
 z < w�8(a , y , z ), -'%��  
   � � �w* y <b � z <w 8(a , y , z ) � * y <b� z 8(a , y , z ). 
7�� 03%!�� � � * y <b� z 8(a , y , z ), -'%�� � � * y� z 8(a , y , z ), .�$�." 
*�32�* �% 1��%2���%. 
 
  T+�� #� .��/%!�� -�* �*� -$%!  �%!  n 1 2, M 

n9
� � => � 

1n�9� �. 

5��& $%*'-� -�* n � 2 ,�*  M 
n9

� �. 

 ���� �� .��/%!�� -�* �*� ,)#�  #(a ) � �n +1  �� a ��, � � #(a ) => � � #( a )  
#� �'%.��/%!�� �%� *�%.2���% *�3!�*��- -�* �*� ,)#� a �� ,�* 8 (a ) � 
�n+1,  M � 8(a ) => � � 8(a ).(1) 
5��* !'%#0�&  � � 8(a ) -'%! 8 ��  �%�4"  �y*z 4(a ,y ,z) �� 4 � �n-1. 
�*� �� .��/& -�* � � �y*z 4( a ,y ,z), ��,�� �� .��/& -�* �*� ,)#� b � M 03& 
  � � �y<b*z 4(a ,y ,z) => � ��y<b*z 4(a ,y ,z). (1) 
��)����*, 0��& -�* *�32�* � (1). ��&�%2�� �!3-� c � N. 
	'�*." � 2cf N, !')�3�* b � M �.' � � c < b. 
9�&  *�32�* � � �y<b*z 4(a ,y ,z). 7�� *�32�* ,�* -�* � � �y<b*z 4(a ,y ,z), 
'%! ����* �% 1��%2���%. 
�+�� #� .��/& �% (1). 5��& ���y < b
z 4(a ,y ,z).  
�� �'��&�" ��% � #� .��/& -�* 
� ��t�b *w �y<t �z(z=(w)y � 4(a ,y ,z)). 
5��& t = 0 �-�� -$� �� w '$��%2� � � �y<t �z(z=(w)y � 4(a ,y ,z)). 
5��& t < b �.'   
� � *w  �y<t �z(z=(w)y � 4(a ,y ,z)) (E.Y) 
E'*$0�& c � � �.'   
� � �y�t-1 �z(z=(c)y � 4(a ,y ,z)) (1) 
�'- � ��y<b*z 4(a ,y ,z), �4%2 t-1<b !')�3�* d�M  �.' 
� � 4(a ,t-1,d) (2) 
T+�� �'- +.4.8 !')�3�* w=e � M �.' 
� � (e)t-1 = d � �y � t-1 ((e)y=(c)y) (3) 
M0��* �� .��/& -�* 
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� � �y�t-1 �z(z=(e)y � 4(a ,y ,z)) 
 
��� 1 
�*� y < t-1 
A'- (1) �*�  �y <t-1 03& � � �z(z=(c)y � 4(a ,y ,z)) ,�* $-�& (3) 03& 
� � (c)y = (e)y )�� 03& �% 1��%2���% .�$ 
� ��z (z=(e)y � 4(a ,y ,z)). 
 
��� 2 
�*� y =t-1  

-�& �'*$%�"  �&� e ,�* d *�32�* �'- (2) ,�* (3) -�*  
� � (e)t-1 = d � 4(a , t-1, d). 7�� 
M � � z ( z = (e)t-1 � 4(a ,y ,z)).  
��32�* $%*'-� -�* M � 
w�y < b� z ( z = (w)y � 4(a ,y ,z)). 
5'�*." % �2'%  
w�y < b� z ( z = (w)y � 4(a ,y ,z)) ����* �n ,�* M 

n9
� �, 

0'���* -�* N � 
w�y < b� z ( z = (w)y � 4(a ,y ,z)). 
�!��'+  !')�3�* e � N �.'  
       � � �y < b� z ( z = (e)y � 4(a ,y ,z)). 
9�&  � '�-���� �y,w
z(z = (w)y) ����* �2 ,�* �$�#�2�* ���� �. 7�� 
�$�#�2�* ���� �, �4%�%� M 

29� �. 

7�� � ��y<b*z 4(a ,y ,z), .�$�." *�32�* �% 1��%2���%.         � 
 
   �% '���')�& �'%�0$���� �'%��� �� *�3!�%'%*�#�� �,-�� '��*��-���%: 
T+�� �* ����* *1 formula ��  �� " !'��/*�," ; 
E���* �*� formula  ��  �%�4"  * y #( x , y ) -'%! # ��%*,�-  �2'% (3&��  
'%�%.��,��  ) . 
   �� �')����� �%! 10 '�%($"���%  �%! HILBERT  %* Matijasevits, Robinson, 
Davis, Putnam (�RDP) (�",�� 0�� '%$2 &���% ,�* (�#2 �'%�0$���� '%! 
.��3��* -�*: 
K)#� �1 formula 4(x) ����* *�%.2���� (��% �) '�%  �*� *1 formula 8(x). A!�- 
�'%��� �� (�$�*&#�� &  �/" . 
 
       ������� 6.8 (�RDP) 
�*� ,)#� �1 formula 4( x ) �%! �� !')�3�* �*� *1 formula 8(x) �%! �� �.'  
     PA � � x (4( x ) 5 8( x )) 
��� �,%'�2%!�� �� �'%.��/%!�� �% # �RDP �’ �!�"� ��� �������. 
�!�- '%! ��  ��.*�40��* ����* �% �3 -*$+* '%! ����* �!�0'�*� �%! MRDP. 
 
 
� �%"�� 6.8 
�*� %'%*�."'%�� �,� � PA �� � 2 � �-�� � 

0:
� �. 

��*! 
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��&�%2�� �!3-��� � , � � PA �.' � 2 �. 
�0$%!�� �� .��/%!�� -�* �*� ,)#� #( x ) � �0 ,�* ,)#� a �� � � #(a ) ���      
N � #(a ) . �� .��/& '�+�� � � #(a ) => N � #(a ).  
5��& � � #(a ). �-�� �'- MRDP !')�3�* ��%*,�-  �2'%  4 �.' 
       � � � x  (# ( x ) 5* y 8( x , y )). 
7�� !')�3�* c �M �.' M � 4( a ,c ). �-�� -�&  � � 4(a ,c )(�'- ��&��- 
#�+���� ��  #�&���  �%��0$&�) ,�* )�� � � #(a ). 
   ��%�&  � � #(a ) => � � #(a ) 3���*�%'%*+���  �% ���%�-  -�* � #( x ) ����* 
�'���  �1 ,�* )��, �� ()�� �% #�+���� �RDP, !')�3�* ��%*,�-  �2'%  8 �.' 
       � � � x  (�# ( x ) 5* z 8( x , z )). 
 
� 6.9 (Gaifman 1972) 
5��& � �PA ,�* � 2cf N �PA- .�-�� �� �,-$%!#� ����* *�%.2����: 
  a) �  

0:
� �  

  b) � � PA 
  c) M < N 
 
�� !  
a)=> c) 
��%4��0 , �'- %�*��- <. 
c)=> b) ��%4��0 , �'- %�*��- <. 
b)=> a) E'�*." �,� � PA ,�* � 2 � �-�� �'- �% '-�*��� 6.8 03%!��               
�  

0:
� � . 

 
� �%"�� 6.10 (� 	%�#,�%"�*5 )*$ Gaifman ) 
E)� � 2 � ,�, � �PA �-�� !')�3�* 0�� �%��.*,- 
 �PA  �.'  � 2cf K 2eN 
,�* �'*'$0%� � < 
 
 
�� ! 
��&�%2�� �� .%�" 
= {� � � / 
 � � < b �*� ,)'%*% b � M}. ��%4��+         
� 2cf  
 ,�* K 2e N.   
�+�� #� .��/& -�* 
 � PA . ��,�� �� .��/&  �  

0:
� 
 �4%2 �-�� #� '�%,28�* 

-�* � < 
, �� ()�� �% #�+���� 6.9.  
9�&   � 2 � ,�* �, � � PA. 7�� �  

0:
� �, �� ()�� �% #. �RDP.  

 E'*'$0%� 03%!�� �'- ��&��- #�+���� -�* 
 2e N => 
  
0:

� �. 

7�� �*� #( x )��0 ,�* a �� 03& � � #(a )  ��� � �#(a )  ���  
 � #(a ). 7�� 
� 

0:
� 
 ,�* �'- 6.7 � < 
 => 
 � PA.           � 

 
�+�� #� .+�%!�� �� $2�� ���� ��+���" ��  �*� ��� 2'��/� ��  ��"�*�  
%�%��$*,"  �'0,����  ���� ��3" �!�%2 �%! ,�4�$��%! . 



 42 

 
� �%"�� 6.11 
K)#� non – std �%��0$% ��  � � PA 03�* �*� ��"�*� ��%*3�*+.� %�%��$*," 
�'0,���� �. 
 
�� !  
5��& ��PA, M n-std. 
�'- �% '��).�*��� ���� ��3" �%! ,�4�$��%! 03& -�* !')�3�* 
 �.'    � < 
 
,�* !')�3�* ��%*3��% c�K\M '%! *,��%'%*�� -�* 
�c < b �*� ,)'%*%  b�M. 
O��1& �% �2�%$% � = {d�K /  
 � d < � �*� ,)'%*% ���}. 
��%4��+  *�32�* � 2cf N ,�* � � �. �� ()�� ��� �'-.�*/� �%! '%� 6.10, 
03%!�� -�* � 

0:
� �. �!��'+ , �'- #�+���� 6.7, '�%,2'��* � � PA.               
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    �������� 7 
             
          ����� ������� 
 
	)� � ����* �*� '$"��  �!��'"  �'0,���� �%! PA �-�� !')�3�* 0�� ‘�$)3*��%’ 
�%��0$% ��  � '%! /�3&��1�* �'- �� !'-$%*'� �%��0$� ��  �, �� ��� 0��%*� -�* 
�'%��� �� #�&��#�� �% �*,�-���% �'- -$�.�% '��-� ,�4)$�*% �4%�) �!�) �� 
�%��0$� ,�* �*� �4���%�", .�$�." �% �'%!.��% #�+���� ��cDowell- 
Specker.  
    
   §7.1   ���
��� 
�������         
 
5��& � � PA   ,�* � 2 �. 5�� ��%*3��% b�M ����* ‘%���*�% ��% � &  '�%  
�’ ��� !')�3�* �*� ��-formula #(x, y ) ,�* �*� �-�.� a �� �.' � � *!x#(x , 
a )
 #(b , a ).  K(M;A) �!�(%$�1�* �% �2�%$% -$&� �&� ��%*3��&� �%! � '%! 
����* %���*�� &  '�%   �. 	)� � ����* ,��- ��)4%!�� 
(�). 
�'%.�*,�2���* -�* !')�3�* !'%.%�" �%! � �� �2�'�� �% 
(�;A) '%! 
�!�(%$�1%!�� �� 
(�, �)  
 
������� 7.1 
	)� � � PA ,�* � 2 � �-�� � 2 
(M;A) < � ,�* 0��* 
(M;A) *,��%'%*�� �% 
PA �'��� . 
 
�� !  
5��& � � PA ,�* � � �. 
��+�� #� �'%.��/& -�* !')�3�* �%��.*," !'%.%�" �%! � �� �2�'�� �% 

(M,A). 
�� .��/& �� ,)�&#*: 

1) � � 
(M,A), 0� � 
(M, A). 
2) c,d � 
(M, A)  => c6�, c +M d, c �M d �  
(M, A). 

 
A� ! 
1)��%4��+  ,)#� ��� ����* %���*�% ��% � �'- ��� formula x = � ,�* �% 0� 
%��1���* �'- �% x = 0. 
2) 5��& c, d � K(M, A). �-�� !')�3�* ��-formula #(x, y ) ,�* �*� n-�.� 

�1,…,�n � � �.' �% c %��1���* ��% � �'- �%� #(x, a ) ,�* !')�3�* ��-formula 
4(x, z ) ,�* �*� m-�.� b1,…..,bm � A �.' �% d o��1���* ��% � �'- �%� #(x, b ).  
�� .��/& -�* �% c +M d %��1���* �'- ��� '���,)�& formula, 8(x, a , b ): 
M � *u,v (#(u, a ) � 4(v, b ) � u+v=x)  
��,�� �� .��/& -�* 
� � 8(c+d, a ,b ) � *!x 8(x, a ,b ) 
A�,�� �� .��/& �� ,)�&#*  
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�) M � *u,v (#(u, a ) � 4(v , b ) � u+v=c+d).�!�- -�&  *�32�* .*-�* % �2'%         
#(x, a ) o��1�* �%��.*,) �� c , u. O�%�&  %  4(y , b ) o��1�* �%��.*,) ,�* �� v, 
d. 7�� c+d=u+v. 
() ��0'�* �� .��/& -�* !')�3�* �%��.*,- x  �.' � � 8(x, a ,b ) . 
5��& -�* �� x, y '$��%2� �%� �.*% �2'%, .�$  
 � � 8(x, a ,b ) � 8(y, a ,b ) .�$  
M � *u,v (#(u, a ) � 4(v , b ) � u+v=x) � *u,v (#(u, a ) � 4(v , b ) � u+v=y) . 
9�&  $-�& ,����,�!"  �&� c,d �'- �%!  �2'%!  4, # 03& -�* c+d = x ,�*       
c+d = y. 7�� x = y ,�* �'%�0�&  !')�3�* �%��.*,- ��%*3��% �%! � '%! 
*,��%'%*�� �%� 8(x, a ,b ). 
  7�� c +M d � 
(M;A). ��%�&   .��3�& c6 �M d � 
(M;A).                             
7�� !')�3�* �%��.*," !'%.%�" �%! � �� �2�'�� �% �2�%$% 
(�; A). 
   �*� �� .��/& -�* 
(M;A) < � �4���-1%!�� �% ,�*�"�*% �%! ��rski .�$            
( 5��& -�* � , � .%�0  �*� ��� �� �.' � 2 � ,�* �*� ,)#� �0,….�n � M  , 

4( x ,xn+1) � T(�A), �� � � *xn+1 4(a ,xn+1) �-�� !')�3�* �n+1 � M �.'                 
� � 4(a ,�n+1) . T-��  � < �) . 
5��& $%*'-� -�* � �
x4(x, c ) �� c � 
(M;A). 
�-�� !')�3%!� �1,….,�n � A ,�* �2'%* �*(x, c ), i = 1,….,n, �.' ,)#� 0�� c* 
%��1���* �'- �%� �*(x, a ). 
T-�� '�%4��+  � � *x, y  ( 1i

n
�;; �i(yi , a ) � 4(x, y )).O��1& #(x , y ) �% 

* y ( 1i
n
�;; �i(yi , a ) � 4(x, y )) %'-�� 03& � � *x #(x, a ) .5��* �'- ��� ��3" 

�%! �$�3���%! ��*#�%2 03& : 
  � � *x (#(x, a ) � �w < x .#(w, a )) (�.+ 3���*�%'%*+ ��� �$)3*��% �% x). 
�*% ���$!�*,) 03& � � *x{* y  [ 1i

n
�;; �i(yi , a ) � 4(x, y )] � �z < x 

�w[( 1i
n
�;; �i(wi, a ) � . 4(z , w)]} . O��1& �%� �2'% '%! ����* ���-  �&� 

)�,*���&� ���  k(x , a ). �-�� !')�3�* �%��.*,- d�M �.' � � k(d , a ). 9�&  
o k(d , a ) �'%��$����* �'- �*� �21�!/� .2% �2'&�. 
���+���  �-�% �%� 
'�+�% 03%!�� � � * y  [ 1i

n
�;; �i(yi , a ) � 4(d, y )]. 

9�&  �� c1,….,cm %��1%���* �%��.*,) �'- �%!  �i(x , a ). 7�� y1 = c1,….,ym = 
cm ,�* �!��'+  � � 4(d, c ), -'&  �'�*�����*.                  � 
 
�*� ,)#� '$"�� �!��'" #�&��� � '%! �'�,�����* �% PA, 0��& � � � 0�� 
�!3��% �%��0$% ��  ,�* 0��& 
� = 
(�). �% �� ,�$����* ���)* �*/)4-* ��  
�.  
� %�*��-  �%! 
� �/���)��* �-�% �'- �% � (�03�* *�%�%�4*��-) ,�* -3* �'- 
��� �'*$%�" �%! �%��0$%! �, -'&  .��3��* �% �'-���% #�+����. 
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������� 7.2     
 
5��& � #�&��� '%! ����* '$"��  �!��'"  �'0,���� �%! PA ,�* 0��& � � �. 
�-�� !')�3�* �*� �%��.*," ��%*3�*+.�   ��42��!�� h: 
� � � �.' h[KT] = 
K(N). 
 
�� !   
�'%#0�%!�� 
� = 
(�) -'%! � � � ,�* � � �. 	4-�%� � � ����* '$"��  #� 
*�32�* � � *!x #(x) " � � . *!x #(x) �*� ,)#� ��- formula #(x) .	'*'$0%� 03& 
-�* $-�& 
� = 
�(�) < � (8.1) . 
�� �'%.��/%!�� -�* �*� ,)#� ��-formula #(x): 
� � *!x #(x)  ��� � � *!x #(x) ��� 
� � *!x #(x) 
��,�� �� .��/& �� ,)�&#* 
�) � � *!x #(x)  => � � *!x #(x) 
() � � *!x #(x)  =>  
� � *!x #(x) 
�) 
� � *!x #(x)  =>  � � *!x #(x).   
 
�'-. �&� �) ,(), �) 
 
�) 5��& -�* *�32�* � � *!x #(x)   
	4-�%� � � �  ,�* � '$"��  #� 03&  � � *!x #(x). 
 
() 5��& -�* *�32�* � � *!x #(x). �4%2 
� �� �-�� 
� � *!x #(x). 
  
�) 9'&  ��% �), .��3�%!�� -�* �� 
� � *!x #(x), �-�� � � *!x #(x). 9�&  � � � 
,�* )�� �� 
� � *!x #(x), �-�� � � *!x #(x).  
7�� %* *�%.!�����  �'�.��3#����. 
 
   �+�� �*� ,)#� � � 
� , 0��& #�(x) � formula '%! %��1�* �% � � �.  
�+�� %��1&  h : KT � N  &  �/"  h(�) = �% �%��.*,- ��%*3��% �%! � '%! 
*,��%'%*�� �%� �2'% #�(x). 
��0'�* '�+�� �� .��/%!�� -�* %��1���* �% h(�) �*� ,)#� � � 
�. 
�'- %�*��- �%! #�(x) 03& � � *!x #�(x) ,�* �'�*."  
� < � �-��                      

� � *!x #�(x). 
-�& ��  *�%.!�����  '%! .��/��� '�*�, *�32�* � � *!x#�(x), 
)�� %��1���* �% h(�).  7�� �'�.��3#� � 2'��/�  . 
�� .��/& �+�� -�* � �!�)����� h ����* ��05)�$"� .  
��,�� �� .��/& -�* h ����* 1-1 ,�* .*������ �� ( 0, 1, +, � ) . 
���3�& '�+�� -�* ����* 1-1. 
	)� �1,�2 � 
� �.' 
� � �1 � �2. 
	4-�%� �1, �2 � 
�, !')�3%!� �2'%* 

1�< (x) ,
2�< (x) '%! �� %��1%!� ��% �. 

5��& �+�� 4 '�-����  
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             �x, y(
1�< (x) 


2�< (y)� x � y). 

E'�*." 
� � 4 ,�* � '$"�� , *�32�* � � 4, )�� h(�1) � h(�2). 
�+�� #� .��/& -�* � h .*������ �% )#�%*���. 
5��& �1, �2, �3 � 
� �.' 
� � �1 + �2 = �3. 
-�& %�*��%2 �%! 
�, !')�3%!� 
�2'%* 

1�< (x) ,
2�< (x), 

3�< (x) '%! %��1%!� �� �1, �2, �3 ��% 
�. �-�� 

              
� � 
1�< (x) 
 

2�< (y) 
 
3�< (z)�x + y = z), )�� (-'&  '�*�)  

              � � 
1�< (x) 
 

2�< (y) 
 
3�< (z)�x + y = z), %'-�� 

              � � h(�1) + h(�2) = h(�3). 
��%�&  �*� �.  
�� .��/& �+�� -�* h(KT) = K(N). 
�'- �� '�%��%2����, ����* )���% -�* h(KT) � K(N), )�� ��,�� �� .��/& -�* 

(�)� h(KT).5��& $%*'-� b � K(N) ,�* 4(x) �2'%  '%! %��1�* �% b ��% � ,�* 
��% 
(�). 
�-�� � � *!x 4(x), )�� ($-�& �&� *�%.!���*+�) 
� � *!x4(x). 
5��& �+�� � �% ��%*3��% �%! 
� '%! %��1�* % �2'%  4(x). 
A'- �%� %�*��- ��  h 0'���* -�* h(�) = b, .�$�." b � h(
�), -'&  �'�*�����*.   
7�� h ����* ��05)�$"�. 
9�&   h(KT) = K(N) < N $-�& 7.1. 7�� 
� � #�(�) => � � #�(h(�)), .�$�." � 
��42��!�� ����* ")*%#�%�!�& . 
�� .��/& -�* � h ����* �*/�!%3' ��42��!�� ��  
� ��� �. 
5��& -�* !')�3�* ,�* )$$� ��%*3�*+.�  ��42��!�� k : KT � N. �-�� �*� ,)#� 
� � 
�  

� � #�(�) => � � #�(k(�)) (1) 

� � #�(�) => � � #�(h(�)) (2)  
,�* � � *!x #�(x) (3) �'- *�%.!����� .
-�& �&� (1) ,(2) ,(3) 03& -�* k(�) = 
h(�) ��. 7�� � h ����* �*/�!%3'.                  � 
   
To #�+���� 7.2 ��  $0�* -�* % %�*��-  �%! 
� .�� �/���)��* �'- ��� �'*$%�" 
�%! �%��0$%! � �$$) !')�3�* 0��  ,��%�*,-  *�%�%�4*��-  
(�) = 
(�) �*� 
-$� �� �%��0$� �,� � � ,-'%! � ����* �*� '$"��  �!��'"  �'0,���� �%! PA . 
  	���* 4����- -�* �% 
� '�0'�* �� #�&�����* ��� �%3� . �� �'-���� ���� 
#�&�"���� ��  �/��%2� �*���. 
 
� �%"�� 7.3 
5��& � �*� '$"��  �!��'"  �'0,���� �%! PA.�-�� �% 
� ����* �$�3*��*,-  
.�$ !�/ 03�* ��"�*�  ��%*3�*+.�*  !'%.%�0  . 
 
�� !  
��&�+ #�&��� � -'&  '���')�& , ,�* �*� ,)#� � � 
� 0��& #�(x) �*� �� 
formula '%! ��  %��1�* �% �  ��% 
� . 
�'%#0�& -�* � < 
� (1). �'- +������ 7.2 !')�3�* ,��%�*," ��42��!��          
h : KT � N '%! %��1���* &  h(�) = �% �%��.*,- ��%*3��% �%! � '%! *,��%'%*�� 
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�% #�(x). 5��& �!3-� � � 
�. �-�� � � *!x #�(x), .�$�." !')�3�* b � N �.' � 
� #�(b). �-�� -�&  
� � #�(b), $-�& ��  (1). 7�� � = b, %'-�� � h ����* � 
��!�%�*," �!�)����� ,�* � = 
�.         �
    
� �%"�� 7.4 
5��& � '$"��  �!��'"  �'0,���� �%! PA . �-�� 
� ����* �$")��  (rigid ) 
.�$ !�/ 03�* �� ����*�0�%!  (��!�%�*,%2 ) �$)*�*�0%"�*5&. 
 
6� ! 
	)� h ����* �!�%�%�4*��-  �%! 
� (.�$ h  ����* �*� ��42��!�� 
� � 
� '%! 
����* �'���   ��1) �-��  � h ����* � �%��.*," ��%*3�*+.�  ��42��!�� �%! 
#�&�"���%  7.2, .�$�." � ��!�%�*,".                           � 
 
   ��0'�* �� ����*+�%!�� �'���  -�* �)� � = �h(�) , �-�� 
� ����* �% 
%�#-.%/% �%��0$% � , �4-�%� � � � ,�* !�/ 03�* ��"�*�  !'%.%�0  . 
   �% ��$�!���% � �%"�� '%! �,%$%!#�� ���) �� #�&�"���� 7.1 ,�* 7.2 ����* 
�*� 0,.%�� �%! '%$2 ��&��%2 #�&�"���%   '��)$�*8�  �2'&� , ,�* .��3��*  
'-�% ‘�%3� ’ ����* �% 
� ,�* �% �3��*,- �� �!�- 
(�;A). �*� �� 
'��*��)8%!�� �% '-�*��� '�0'�* '�+�� �� �*���)�%!�� ,)'%*%!  '%$2 
�'%!.��%!  %�*��%2 . 
	)� � ����* �*� #�&��� , 0��   type ��% � ����* 0�� �2�%$%  p(x) �'- formulas 
4(x)  '%! '��*03%!� '�'�����0�� '%$$0  �$�2#���  ����($��0  x , �.'             
� + {4( x ) / 4( x ) � p( x ) } ����* �!��'0 . �% '���')�& #� �% ��)4%!�� '*% 
�'$) &  ‘� + p( x ) "$/��4&’.  
� p( x ) ����* 0��  '$"��  type ��% � �// �+ p( x ) ����* �*� '$"��  #�&��� 
.�$ �*� -$%!  #( x ) , ���� � + p( x )  � #( x ) " � + p( x )  � . #( x ). 
� type p( x ) ����* 35�%*& (principal) ��� !')�3�* �*� formula 8( x ) �.'             
� + p( x )  � 8( x ) ,�*  � � � x (8( x ) � 4( x )) �*� -$%!  �%!  4( x ) � p( x ). 
��$*,) , �)� � � � #� $0�� -�* % type p( x ) �'� ��  #�&���  �  *,��%'%*����* 
��% � ��� !')�3�* a � � �.' � � 4(a ) �*� -$%!  �%!  4( x ) � p( x ), �$$*+  
$0�� -�* ‘�% �%��0$% � '���$��'�* �% p( x )’. 
     �'- �% # '$��-����  '�%,2'��*, �)� p( x ) ����* type ��  #�&���  � , �-�� � 
03�* 0�� �%��0$% '%! *,��%'%*�� �% p( x ). 
��%�&   �)� p1( x ) , p2( x ) , p3( x ) ,…… ����* types ��  #�&���  �h(M) �%! 
�%��0$%! � ,�-�� !')�3�* �*� ��%*3�*+.�  �'0,���� � > � '%! *,��%'%*�� 
-$%!  �%!  types pi( x ). 
 
� �%"�� 7.5 (���)$�*8� �2'&�) 
5��& �C �*� �'0,���� ��  �$+���  �� ��  ��*#���*,"  '%! $��()����* �� 
��� '�-�#��� ��-  �0%! (�� ����,��� ��*#�"�*�%! ) �!�-$%! �'- ���#��0  
C.  
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5��& � �*� '$"��  �!��'"  �C #�&��� '%! '��*03�* �% PA .�-�� !')�3�* 0�� 
�%��0$% 
 �%! � �.' , �*� ,)#� '$"�� type  p( x ) ��% � ,�% 
 *,��%'%*�� �% 
p( x ) ���  p( x ) ����* ,2�*% . 
  
�� !    
5��& � � � ,�* 0��& � 2 � �% �2�%$% �&� ��%*3��&� �%! � '%! ����* 
��������  �&� ���#��+� ��% C.  
5��& 
 � .%�" 
(�; A). A'- # 7.1 03%!�� -�* � � 
(�; A) < �. 5��& �+�� 
p( x ) 0��  '$"��  type ��% �. �� .��/%!�� -�* �% 
 *,��%'%*�� �%� p( x ) ��� % 
p( x ) ����* ,2�*% .   
(=>)�'%#0�& '�+�� -�* p( x ) *,��%'%*����* �'- a = �1,….,�n � K. 
�-�� !')�3%!� c1,……,cn � A ,�* �1(x, y ),……, �n(x, y ) �.' �% �* %��1���* 
�'- �%� �*(x, y ) ��% � (,�* ��% 
). 
(�'%�%2�� �� !'%#0�%!�� -�* 3���*�%'%*%2�� �% �.*% �2�%$% '����0��&� 
�*� -$%!  �%!  �*.)  
�-�� K � * x  1i

n
�;; �i(xi , c ). 

�4%2 K � * x  ( 1i
n
�;; �i(xi , c ) � 4( x )) ,�* 
 � 
!xi �i(xi , c ), *�32�*   

K � � x  ( 1i
n
�;; ni(xi , c ) � 4( x )) (1) �*� ,)#� 4( x ) � p( x ) . 

T+�� �'�*." � #�&��� � + p( x ) ����* '$"�� , #� 03& � + p( x ) � 1i
n
�;;         

�i(xi , c )  " � + p( x ) � . 1i
n
�;;   �i(xi , c ) . 

5��& -�* *�32�* : � + p( x ) � . 1i
n
�;;   ni(xi , c ) . 

T-�� !')�3%!� 41,…..,4m � p( x ) �.'  
� + { 41( x ),…..,4m ( x )} � . 1i

n
�;;   �i(xi , c ) .�'- �% # �� )�%'% �'��&�"   

03&  
� � 41( x ) 
…..
4m ( x ) � . 1i

n
�;;   �i(xi , c ) " �'- ���*#��%������%4" ,�* 

�% '�%��%2���% #�+���� 03& � � 1i
n
�;;   �i(xi , c ) � � 1

m
i�;; 4i -'%! 4i � 

p( x ).  
�-�� -�&  
 � 1i

n
�;;   �i(xi , c ) � � 1

m
i�;; 4i, '%! ����* )�%'%, $-�& ��  (1). 

7��  
� + p( x ) � 1i

n
�;;   �i(xi , c )  (2) 

�+�� ,���$"�%!�� ��% 1��%2���% -�* �% p( x ) ����* 35�%* $-�& �&� (1) ,�* 
(2). 
(<=)    
Y'%#0�& -�* p( x ) ����* 35�%* ,�'- %�*��- 03& -�* !')�3�* #( x ) �2'%  �.'        
� + p( x ) � #( x ) (1),�* � � � x (#( x ) � 4( x )) (2) �*� ,)#� 4( x ) � p( x ). 
E'�*." � �-'��&, �-�� *�32�* � � 
 x #( x ) " � � .
 x #( x ) �*� ,)#� #( x ). 
�� ��3!� � � . 
 x #( x ) �-�� #� ��3��� �+ p( x ) � .
 x #( x ).  
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9�&  �'- ��� (1) 03%!�� �+ p( x ) � 
 x #( x ), )�� �+ p( x ) ����* ���*4��*,- 
'%! ����* )�%'%. 
7�� � � * x #( x ) ,�* �!��'+   
 � * x #( x ) . 7�� p( x ) *,��%'%*����* ��% 
.  
   �������+ -�* , �)� p( x ) ����* 0��  ,2�*%  type ���� '$"�� #�&��� �, �-��  
p( x ) *,��%'%*����* �� -$� �� �%��0$� � � � . �% �!�'0����� '%! �/)����* 
�'- �% '-�*��� 7.5 ����* -�* �� �%��0$� 
(�;A) �%! PA *,��%'%*%2� �% 
�*,�-���% .!���-  �2�%$% types . 
    To #�+���� ���.-�%7�& �5�,/ ����* �!�2���� ��&��- �� ��� �/"  
�%�4": �)� � ����* '$"��  #�&��� �� �*� ��*#�"�*�� �$+��� � ,�* p1( x ) , 
p2( x ) , p3( x ) ,…..����* ��*#�"�*�� '%$$%� �� ,2�*%* types ��% �,   �-�� �% � 
03�* 0�� �%��0$% '%! '���$��'�* ,)#� 0�� �'- �%!   p1( x ) , p2( x ) , p3( x ) ,….. 
(($0'� Chang ,�* Keisler 1973) . �  ���*'���()$$%!�� �% #�+���� �!�- �� 
�% '-�*��� 7.5 . � ,2�*� .*�4%�) ����* -�* ��% 7.5 �'%�%2�� �� '���$��8%!�� 
�� ��%+�'"%�� '%$$%2  �2'%!  ��+ ��% ���*,- #�+���� '��)$�*8�  �2'&� 
� /* ��*#�"�*�� '%$$%2  �2'%! . � �'*'$0%� .2���� �%! '%������%  7.5 
(�����* �'- �% PA ,�* �% %!%�1)��* 3���,���*��*,- �%! �� 03�* ‘,��) �����% 
*�1"%��’ �%��0$� (.�$�." �� �%��0$� ��  �%�4"  
(�; A)). 
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                                   §7.2 ������
  ������
��
  
 
� �!�" ��� '��)���4% #� �'%.��/%!�� �% �,-$%!#%. 
 
������� 7.6 (��cDowell ,�* Specker 1961) 

)#� �%��0$% � � PA 03�* �*� ��"�*� ��%*3�*+.� ��$*," �'0,���� . 
 
    �% �'*3������ '%! #� 3���*�%'%*"�%!�� �*� �� �'%.��/%!�� �!�- �% 
#�+���� %4��$���* ��%� Gaifman (1976) ,�* .�.�* �'*'$0%� '$��%4%���  . 
  ��*� '�%3&�"�%!�� ���� ���$!�*," �'-.�*/�, #� �,*����4"�%!�� �*  
(��*,0  *.0�  ��  �'-.�*/� . �������%2�� ,����3"� -�* �� � < 
 ,�*           
� �e K, b � K-M, �-�� � 
 #� "��� �%��0$% ��  #�&���   
             � = {4( ac )/ <�, ���> � 4( ac )}�{c > c�/ � � �} ��� �$+���  

                  ��(�) = �� � {c�/ � � �} � {c}, -'%! c �0% �2�(%$% ���#��) . 
	'���  �% 
 #� '��0$�*'� -$%!  �%!  �2'%!  ��  �%�4"  
                   ��(x) = {x < c�} � {x � cb/ M � b � �} 
(����*+�%!�� -�* !')�3�* �� ��*#�"�*�% '$"#%  �0�%*&� �2'&�, -��� �% � 
.�� ����* ��*#�"�*�%). �% �%��0$% 
 '%! 1��)�� #� %�*���� &  
(�;M�{d}), 
-'%! � ����* ,��)$$�$� ��%*3�*+.�  �'0,���� �%! � ,�* d ,��)$$�$% 
��%*3��% �%! �.                 
     
�"#$�%"� &     
5��& � < 
, � �e K, b � K \M, 4(x, y ) �2'%   ,�* b� �. �� *�32�* 
 � 4(b, 
b ), �-��  � � �z
x(x > z 
 4(x, b ). 
A� ! 
��,�� �� .��/& �*�  �!3-� � � � *�32�* � � 
x(x > � 
 4(x, b )). 
�4%2 *�32�* 
 � 4(b, b ), �-�� 
 � 
x(x > � 
 4(x, b )), �*� �!3-� � � �. 
9�&  � < 
, )�� *�32�* � � 
x(x > � 
 4(x, b )).                  
 �!�" � 0��%*� ����* '%$2 �'%!.��� ,�* #�  �!��%��2�%!�� ���                     
�z
x (x > z 
 4(x , b )) &  Qx4(x , b ). 9'&  �!�"#& , #� ��)4%!�� �'$) � 
���� �*� �� .%�" <�, ���> �*� ��� ��(�). 
 
�'��� 7.7 
  5��& 4(x) �*�  ��(�)- formula �.' � � Qx4(x) , ,�* 0��& #(x, y ) �*� �!3��� 

��(�)-formula. T-�� !')�3�* �*� ��(�)-formula 8(x) �.' :  
(�)   � � Qx8(x) ; 
(b)   M � �x(8(x) � 4(x)) ; 
(c)   �*� -$� �� a � � , 
        ����:  � � 
y�x(x > y 
 8(x) � #(x , a )) 
          "     � � 
y�x(x > y 
 8(x) � �#(x , a ))  
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�� !  
�*� �� �'$%'%*"�%!�� �� '�)����� !'%#0�%!�� -�* � �-�.� y  ���� #(x, y ) 
����* �*� �-�% ����($��". (�!�- ������* 3���*�%'%*+���  ��� �!�)����� 
1�!���+���% ).     
    � *.0� ����* �� ‘ %���%!��’ formulas 80(x), 81(x), 82(x),…..,8y(x),… �.' 
    �) 80(x) = 4(x) 
    ()  �*� ,)#� y � M 03%���  (���  8y(x) �.' � � Qx8y(x),  %��1%!�� 8y + 1(x) 
�� ����*  �2'%  �.'  
   � � Qx[8y(x) 
 #(x , y)] "  
   � � Qx[8y(x) 
 �#(x , y)] . 
��$*,) #� %���& ��� formula 8(x) '%! �,4�)1�*  
             
y  ‘x ����* �% (y + 1) ��%*3��% '%! *,��%'%*�� ��� 8y’. 
�� .��/%!�� -�* 8(x)  ����* �*� ��"�*�  ��(�)-formula  �� �*  ���*  
�'�*�%2����  *.*-����  ; -�&  % .*�*�#��*,-  $-�%  �*��� � 8(x) .%!$�2�* ����*  
% �/" : 
�) 
-�& ��  ,����,�!"  �&� 80(x), 81(x),…….., �*� ,)#� y *�32�* � � 
Qx8y(x) ,�* � � �x(8y(x)� 8y + 1(x)). 7��, �*� ,)#� y, �% (y + 2)- o��% 
��%*3��% '%! *,��%'%*�� ��� 8y + 1 ����* ����$2���% �'- �% (y + 1)-%��% 
��%*3��% '%! *,��%'%*�� ��� 8y, -'%�� � � Qx8(x). 
b) ��%4��0 . 
c) �*� ,)#� � � �, �4%2 ���� � � �x(8y(x) � #(x, �)) " � � �x(8y(x) �    
�#(x, �)), �*� ,)#� y > �, �-�� �*� ,)#� x ����$2���% �'- �% (� +2)- %��% 
��%*3��% '%! *,��%'%*�� ��� 8� + 1 ,�* ��� 8 ���� � � #(x, �) �!�03�*� " � � 
�#(x, �) �!�03�*�. 
  �  '�%3&�"�%!�� �+�� �� $�'�%�0��*� , !'��#!��1%���  '�+�� -�* ,)#�      
s � M �'%��� �� #�&��#�� &  ,&.*,-  ��  �,%$%!#��  (s)0, (s)1,…. ��&�%2�� 
��� ��(�)- formula 3(x, y, s) '%! %��1���* &  �/" :     
                4(x) 
 �u < y[((s)u = 0 � #(x , u)) 
  
        [((s)u � 0 � �#(x , u))] . 
�*�*�#��*,) � 3(x , y , s)  �,4�)1�* ��� �$"#�*� ��  4(x) 
  

u < y ( )us. #(x , 
u) -'%! ( )us. ����* ,��- �)� (s)u = 0 ,�* �, �$$*+ . 
��� �!�03�*�, #�&�%2�� ��� formula !(x , y) '%! %��1���* &   
           
s[�u < y[Qz(3(z , u , s) 
 #(z , u)) � (s)u = 0] 
 3(x, y, s)]  
,�* �,4�)1�* 68y(x) ����* �$�#" ’.  
��*� �� %���& ��� 8(x) #� �'%.��/& ,)'%*�  *.*-����  �&� 3 ,�* . . 
    �� �'��&�" ��% y �'%�%2�� �� .��/%!�� -�* 
   � � �y�s�t[�i < y((s)i = (t)i)� (3(x , y , s)� 3(x, y, t)], 
.�$�." -�* � �*�" �$"#�*�  ��  3(x , y , s) �/���)��* �-�% �'- �*  �*�0  �&� x, 
y, (s)0, (s)1,….,(s)y – 1. 
 
�"#$�%"� &  
      � � �x , y 
s�u < y[(s)u = 0 � Qz(3(z , u , s) 
 #(z , u))]. 
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A� ! 
� �'-.�*/� #� ����* �'��&�*,) ��% y, #�&�+���  �!3-� x. 
�*� y = 0 03& � � 
s �u < 0[(s)u = 0 � Qz(3(z , u , s) 
 #(z , u))] '%! *�32�* 
$-�& �%! -�* .�� !')�3%!� u < 0. 
5��& -�* *�32�* � �'��&�*," !'-#���, .�$�." !')�3�* s � M �.'  
               � � �u < y[(s)u = 0 � Qz(3(z , u , s) 
 #(z , u))] (E.Y). 
�0$& �� .��/& -�* !')�3�* s*� M �.' 
              � � �u < y +1[(s*)u = 0 � Qz(3(z , u , s*) 
 #(z , u))] (+). 
�+�� �&�)�� ��  
                         Qz(3(z, y, s) 
 #(z, y)). 
�� ‘��*’, �-�� '����%!�� s* ,&.*,- ��  �,%$%!#��    
(s)0, (s)1,….,(s)y – 1, 0.      
A� ‘-3*’ �-��  '����%!�� s* ,&.*,- ��  �,%$%!#��    
(s)0, (s)1,….,(s)y – 1, 1. 
(��$�." �4���-1& �% $"��� 4.8 (b)). 
�+�� '�0'�* �� �'�$�#�2�& ��� (+) 
7'- �'��&�*," !'-#��� 03& -�*  
    � � �u < y[(s)u = 0 � Qz(3(z, u, s) 
 #(z, u))].  

-�& �%! %�*��%2 �%! s*, #� *�32�* $%*'-� -�*  
         � � �u < y[(s*)u = 0 � Qz(3(z, u, s*) 
 #(z, u))]. 
   9�&  �'- �%� %�*��- �%! s*, 03%!�� -�*   
      � � (s*)y = 0 � Qz(3(z, y, s) 
 #(z, y)). 
	'�*." (s)i = (s*)i �*� i = 0,….,y-1, 03%!�� 
   � � �z((3(z, y, s)� 3(z, y, s*)). 
7�� � � (s*)y = 0 � Qz(3(z, y, s*) 
 #(z, y)), �!��'+  *�32�* � (+). 
�)$* �� �'��&�" ��% y, �'%�%2�� �’ �'%.��/%!�� -�* 
  � � �y�s�t[�u<y(Qz(3(z, u, s) 
 #(z, u))� (s)u = 0) 
 �u<y(Qz(3(z, u, t) 
    
#(z, u))� (t)u = 0)]. 
A� s, t �.' 
    � � �u<y(Qz(3(z, u, s) 
 #(z, u))� (s)u = 0) 
 �u<y(Qz(3(z, u, t) 
              
#(z, u))� (t)u = 0), 
�-�� �� �'��&�" �'%.�*,�2%!�� -�* 
       � � �u < y((s)u = 0 � (t)u = 0), �'- -'%! 0'���* -�*  
    � � �u � y(3(x, u, s)� 3(x, u, t)).   
 
�+�� #� .��/& -�* �*� ,)#� y � � , � � Qx.(x , y) . H �'-.�*/� #� ����* �� 
�'��&�" ��% y . 
�*� y = 0  

-�& �%! %�*��%2 �%! �2'%! 3, �*� �!3-� s *�32�* � � 3(x, 0, s) � 4(x). 
E'��� , �'�*." .�� !')�3%!� u < 0, �*� �!3-� s *�32�*  
� � �u<y(Qz(3(z, u, s) 
 #(z, u))� (s)u = 0). 
7��, �*� �� *�32�* � � Qx.(x, 0), ��,�� �� *�32�* � � Qx4(x), '%! ����* 
��3*," ��  !'-#���. 
5��& -�* *�32�* �*� y .�$�."  
        � � Qx.(x, y) (�) (E.Y) 
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�� .��/& -�* *�32�* �*� y + 1 .�$�." 
        � � Qx.(x, y + 1). 
	4-�%� *�32�* � (	.�) �-��  
       � � Qx(.(x, y) 
 #(x, y)) " 
       � � Qx(.(x, y) 
 �#(x, y)). 
��)����* �)� ,�* �� .2% .�� ����* �$�#", #� ��3���  
      � � 
w�x(.(x, y) 
 #(x, y) � x < w) ,�* 
      � � 
w*�x(.(x, y) 
 �#(x, y) �x < w*),  �  '%2�� -�* c, d �M �.'  
     � � �x(.(x, y) 
 #(x, y) � x < c) ,�*  
     � � �x(.(x, y) 
 �#(x, y) � x < d). �-�� #� ��3!� 
     � � �x(.(x, y) � x < max(c, d)), '%! ���*4)�,�* �� ��� (�). 
       
���1�),"� 1)  
       � � Qx(.(x , y) 
 #(x , y)) (1) 
��&�+ �!3-� t � M. 
�'- (	.�) (�) !')�3�*  s � M �.' 
   � � �u < y[Qz(3(z, u, s) 
 #(z, u)) � (s)u = 0] 
 
x > t(3(x, y, s) 
 #(x, 
y))(2). 
�� ()��* �% 4.8 !')�3�* s* � M '%! *,��%'%*�� �% 
      � � �u < y((s)u = (s*)u) 
 (s*)y = 0 (3). 
��3!�*1-����� -�* *�32�* 
     � � �u < y + 1[Qz(3(z, u, s*) 
 #(z, u)) � (s*)u = 0](4). 
��)����*, �'- �*  (2) ,�* (3) 03%!�� -�* 
     � � �u < y[Qz(3(z, u, s*) 
 #(z, u)) � (s*)u = 0]. 
 5'���    � � Qz(3(z, y, s*) 
 #(z , y)) 
 (s)u = 0, $-�& ��  (2) ,�* ��   
� � 3(z, y, s*)� 3(z, !, s). 
7�� *�32�* � (4). 
�0$% , *�32�* � � 3(x, y +1, s*)� 3(x, y, s*) 
 #(x, y) 
    � � 3(x, y +1, s)� 3(x, y, s) 
 #(x, y), 
%'-��, $-�& ��  (2), *�32�* � � 
x > t 3(x, y +1, s*). 
7�� � � �u < y + 1(Qz(3(z, u, s*) 
 #(z, u)) � (s*)u = 0) 
 
x > t(3(x, y +1, 
s*) 
 #(x, y)), 
��$�." � � Qx.(x , y +1).   
 ���1�),"� 2) 
  � � Qx(.(x , y) 
 �#(x , y)). 
�%!$�2%!�� -'&  '�*�, #0�%���  (s*)y = 1. 
 
  �� %���& �+�� �% 2(x, y) �� ����*  
       
w[.((w)0 , y) 
 �v < (w)0 �.(v , y) 
  
             �u < y[.((w)u + 1 , y) 
 �v < (w)u + 1(.(v , y) � v � (w)u)] 
 x = (w)y] 
	.+ %��1���* �*� �,%$%!#�� w : (w)0 , (w)1 , …..,(w)y, '%! �,4�)1�* ‘x ����* �% 
(y + 1)-%��% ��%*3��% '%! *,��%'%*�� �% .(x , y)’. 
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�"#$�%"� & 
     � � �y
!x�(x , y). 
�� ! 
�� ����* �� �'��&�" ��% y . 
y = 0 
�4%2 � � 
x.(x, 0), )�� !')�3�* �$)3*��% �0�%*% x, �  '%2�� �% �. ��&�%2�� 
,&.*,- c ��  �,%$%!#��  �� �%��.*,- -�% �% � ,�* �-�� 03%!�� 
� � .((w)0 , 0) 
 �v < (w)0 �.(v , 0) 
  
             �u < 0[.((w)u + 1 , 0) 
 �v < (w)u + 1(.(v , 0) � v � (w)u)] 
 � = (w)0,  
.�$�." -�* � � �(�, 0) (�% � ����* '�%4��+  �%��.*,-). 
  
5��& -�* *�32�* � �'��&�*," !'-#��� .�$�." 
            � � 
!x �(x , y) (	.�),�* #� .��/& 
            � � 
!x �(x , y + 1) 

-�& ��  (	.�), !')�3%!� x, w �M �.' 
     � � .((w)0 , y) 
 �v < (w)0 �.(v , y) 
  
             �u < y[.((w)u + 1 , y) 
 �v < (w)u + 1(.(v , y) � v � (w)u)] 
 x = (w)y. 
�� .��/& 
    � � 
! x
w[.((w)0 , y + 1) 
 �v < (w)0 �.(v , y + 1) 
  
             �u < y + 1[.((w)u + 1 , y + 1) 
 �v < (w)u + 1(.(v , y + 1) � v � (w)u)] 
       
x = (w)y +1] . 
�'- �� '�%��%2����, 03%!�� -�* 
      � � Qx.(x , y + 1) .�$�." 
      � � �t
x > t.(x , y + 1) ,�* #0�& -'%! t = (w)y 
     M � 
x > (w)y.(x , y + 1) 
�����%!�� �% �$)3*��% �0�%*% x 0��& �% x*. 
T+�� �'- $"��� 4.8 !')�3�* w* �.' 
     � � (w)u = (w*)u 
 (w*)y + 1 = x* �*� u � y ,�* �-�� 0'���*  � �                
�(x* , y + 1), .�$�." �% 1��%2���%.  
 
�0�%!�� 7(x) �� ����* � formula �y2(x , y) ,�* #� .��/%!�� -�* � 8 *,��%'%*�� 
�� (�)-(c) �%! $"����% .  
(�) A'- %�*��- �%! .(x , y) *�32�*  
            � � �x , y(.(x , y + 1) � .(x , y)) (�) 

-�& ��  (�) �� � � �(x , y) �-�� !')�3%!� �% '%$2 y + 1 ��%*3��� w � x �.' 
    � � .(w , y + 1) 
7��   � � �x , y , z(�(x , y) 
 �(z , y + 1) � z > x) (� �) 
�+�� #� .��/& � �Qx8(x) " � � �u
x > u
y�(x , y) (+)   
�0�& � � �yQx.(x , y) .�$�."  
         � � �y�u
x > u.(x , y) 
��&�+ �!3-� u � M  ,�* #0�& y = u + 1. �-�� 03&  
        � � 
!x�(x, u + 1) . 
 7�� !')�3�* x �.' � � �(x, u + 1). 
9�&  x > u �'- ��� (��), )�� *�32�* �% 1��%2���%. 
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(b) �+�� #� .��/& -�* � � �x(8(x)� 4(x)).  

-�& �%! %�*��%2 ��  � *�32�* � � �x�y(�(x, y)� .(x, y)) ,�* $-�& �%! 
%�*��%2 ��  . *�32�* � � �x�y(.(x, y)� 4(x, y)). 
7�� 03%!�� -�* � � �x�y(�(x, y)� 4(x, y)), %'-�� � � �x(
y�(x, y)�    
.(x, y)), .�$�." � � �x(8(x)� 4(x)). 
 
(c)A�,�� �� .��/%!�� -�* �*� � � � 
             � � 
y�x(x > y 
 8(x) � #(x , �)) " 
            � � 
y�x(x > y 
 8(x) � �#(x , �)) . 
5��& $%*'-� �!3-� � � � ,�* b � M �.' � � �(b, �). 
��3!�*1-����� -�* � �$�#%�*�" ��  x > b 
 8(x) � #(x , �) ����* ���#��", 
.�$�." ���/)����� �'- ��� �*�" �%! x. ��)����*, �� �'��&�" �'%�%2�� �� 
.��/%!�� -�* � � �x(x > b 
 8(x) �
w > � �(x, w)), 3���*�%'%*+���  �� 
�30�� (��). 7��  
    � � �x(x > b 
 8(x) �
w > � .(x, w)). 
5��& c � M �.' � � c > b 
 8(c). �-�� !')�3�* d > � �.' � � .(c, d), .�$�."  
     � � 
s[�u < d(Qz(3(z, u, s) 
 #(z, u)) � (s)u = 0) 
 3(x, y, s)]. 
E'�*." -�&  d > �, � �*�" ��  #(b, �) �/���)��* �-�% �'- ��� �*�" (s)�, %'-�� 
����* ���#��".                     � 
 
53%���  .��/�* �% $"��� 7.7 �'*���04%!�� ���� �'-.�*/� �%! #�&�"���%  7.6. 
�� 3���*�%'%*"�%!�� �% $"��� 7.7 �*� �� (�%2�� -$�  �*  '�&�%()#�*�  
*.*-����  '%! *,��%'%*�� �% c � K\M. �*� �� �% ,)�& �!�- , �'��*#�+ -$�  �*  
formulas ��� �$+��� �c = �A � {c} (-'%! c ����* �% �0% �2�(%$% ���#��) ) 
�'- #0(c, y ) , #1(c, y ) ,……..,#i(c, y ),…….,(i � �).  

�� ,����,�!)�%!�� �*� .�2���� �,%$%!#�� �'- ��-formulas 40(x), 41(x), 
42(x),……., �.' � � Qx 4i(x) �*� -$� �� i � �. 
    � �,%$%!#�� �!�" %��1���* &  �/" : (�) 40(x) ����* ‘x = x’.  
(() 5��& -�* 03& 4i(x) �.' � � Qx 4i(x) ,�* #0$& �� (�+ 4i + 1(x). �'- $"��� 
7.7 �*� 4 = 4i ,�* # = #i !')�3�* 8 �.'  �� *,��%'%*�� �� (�)-(c) �%! 
"����% . 
�0�&  4i + 1 = 8.  
    � *.0� �+�� ����* �� #�&�"�%!�� ��� #�&��� (��)4%���  � ���� c�) 
                 � = {#(a )� � � #(a ) ,�* #(a ) ����* �*� ��(�)-'�-����}� 

   �{c > �� � � �}�{4i(c)� i � �} ���� �$+��� ��(�) � {c}. 
 
I"#$�%"� &  
�% � ����* �!��'0 . 
 
�� ! 
�'- # �!�')��*�  ��,�� ,)#� '�'�����0�% !'%�2�%$% �%! � �� ����* �!��'0 . 
5��& '�'�����0�% �6� �, �  '%2�� -�*  
       �6= {#1(a ),…..,#,(a )}�{c > �1,……,c > �n}�{

1i
> (c),……, 

mi
> (c)}. 



 56 

��&�%2�� �% i = max1 � j � m(ij) ,�* 0�� ��%*3��% � � � �.' � � 4i(�) 
 � > �1 
 
…
 � > �n. 
�-�� � .%�" < �, ���, � >  �*� ��� �$+��� ��(�) � {c}  ����* �%��0$% ��  �6. 
7�� �6 03�* �%��0$% ,�* �'- #�+���� �!�')��*�  !')�3�* �%��0$% �*� �% �.  
5��& � � �. 
	4���-1%���  ��&��0  ��#-.%!  �'- ��� #�&��� �%��0$&� 03%!�� -�* � 
�!�)����� g:M � N ��  g( M

ac ) = N
ac ����* �*� ��%*3�*+.�  ��42��!�� ��  

� ���� �. �)$*��� �'%�%2�� �� #�&�"�%!�� ��� � &  ��%*3�*+.� !'%.%�" 
��  �.  
�+�� %��1%!��  
 = 
(�;M�{c}). 
�'- '�%��%2���� ��&��1%!�� -�* 
 < �, �'- -'%! �'%�%2�� �� 
�!�'��)�%!�� -�* � < 
.  
�*� �� %$%,$��+�%!�� ��� �'-.�*/� �%! #�&�"���%  7.6 '�0'�* �� .��/%!�� 
-�* 
 ����* ��$*," �'0,���� �%! �. 
���� '������*,-���� *�32�* ,)�* '��*��-���%: 
 
    ��)����*, 
 ����* �*� "$/)���)%3' �'0,���� �%! �, .�$�."  �*� ,)#�    
b � 
 ,�* ,)#� ��-formula #(u, v ) !')�3�* a  � � ,�* 8(u, w ) �.' 
                 {u � K/K � #(u, b )}� M = {u � M / M � 8(u, a )}. 
�� ! 
5��&  b1,….,bn � K ,�* #(u, v ).  
�-�� (�'- %�*��- 
) !')�3%!� �2'%* �j(v, x1,…..,x,, c) ,�* �1,….,�, �M �.' �% 
bi %��1���*  �'- �%� �j(v,�1,…..,�,,c), �*� j = 1,….,n. 
��&�%2�� ��� formula  
      
v1…..vn( 1j

n
�� �j(vj, y1,…..,y,, x) 
 #(y0,v )) ��  �$+���  ���{c}. 

�-�� !')�3�* i � � �.' �!�" � formula �� ����* � #i(x,y0, y1,…..,y,). 
 ��3!�*1-����� -�* �*� ,)#� d � M 
   
 � #(d, b1,….,bn) ��� 
                     � � 
w�x > w(4i +1(x) � #i(x, d, �1,….,�,))(1). 
 (<=) 
5��& �*� e �� � �x > e(4i +1(x) � #i(x, d, a )). 
	'�*." � < 
 #� *�32�*  
                     
 � �x > e(4i +1(x) � #i(x, d, a )). 
7�� �*� x = c �'�*." 
 � c > e 
 4i +1(c), '�%,2'��* 
                     
 � #i(x, d, a ) 
     ,�* )�� 
 � #(d, b ), $-�& �%! %�*��%2 ��  #i ,�* -�* �� b1,….,bn %��1%���* 
�'- �%!  �j. 
 (=>) 
5��& -�*  
 � #(d, b1,….,bn). 

-�& ,����,�!"  �%! 4i +1 03& ���� 
       � � 
w�x > w[4i +1(x) � #i(x, d, a )] " 
       � � 
w�x > w[4i +1(x) � �#i(x, d, a )]. 
�� .��/& -�* .�� *�32�* � .�2���� .!���-����. 
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5��& -�* *�32�*.  
�-�� �*� ,)'%*% e � M *�32�* 
     � � �x > e[4i +1(x) � �#i(x, d, a )]. 
 A4%2 � < 
 '�0'�* 
    
 � �x > e[4i +1(x) � �#i(x, d, a )]. 
�-�� �*� x = c '�0'�* 
    
 � �#i(c, d, a )] .�$�."  
    
 � � #(d, b ) )�%'% �'- !'-#���. 
 	�.��� $%*'-� -�* 
 ����* �!������*," �'0,���� �%! �.                                � 
 
�� .��/%!�� -�* � �e K. 
5��& $%*'-� � � � ,�* b � K �.' 
 �  b < 

�. 
�� .��/& -�* b � M. 
	'�*." 
 ����*  �!������*," �'0,���� �%! �, !')�3�* a  � � ,�* 8(u, w ) �.' 
                 {u � K/K � u � b}� M = {u � M / M � 8(u, a )} (�). 
�-�� �% S = {u � M � M � 8(u, a )} ����* 4����0�% � �. 7�� 03�* �0�*��% 
��%*3��% (�4%2 � � 
u� 8(u, a ), �'- ��3" �$�3���%! !')�3�* �$)3*��% d � M 
�.' �� *,��%'%*�� � � � 8(u, a ) .�$�."  
             � � � 8(d, a ) 
 �u < d 8(u, a )). 
�-�� �% d – 1 ����* �% �0�*��% ��%*3��%  �%! S).        
 T-�� �'- (�) 03& d -1� b. �� ��3!� d -1 < b, �-�� d � b, )�� d � S, '%! ����* 
)�%'%. 
   7�� �'%.��/��� �� �,-$%!#� (�$��&�� �%! #�&�"���%  7.6. 
 
������� 7.8 

)#� �%��0$% �%! PA 03�* �*� �!������*," �'0,����. 
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