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Chapter 1Introdu
tionThis thesis presents the logi
al systems \Interse
tion Logi
" and \Interse
tionSyn
hronous Logi
", abbreviated IL and ISL, respe
tively. The former was proposedby Simona Ron
hi Della Ro

a and Lu
a Roversi [RR01, Ro02℄ and the latter byElaine Pimentel, Ron
hi and Roversi [PR05℄. They both aim to establish a logi
alfoundation for the interse
tion types assignment system, a dedu
tive system whi
hassigns formulas built from the intuitionisti
 impli
ation and the interse
tion as typesto terms of the untyped �-
al
ulus.The interse
tion types assignment system, denoted IT by [RR01, PR05℄ and Dby [Kr93℄, was introdu
ed in the early '80s by Mario Coppo and Mariangiola Dezani[CD78, CD80℄ to enhan
e the typability power of Curry's types assignment system �→that assigns formulas built from the impli
ation as types to the untyped �-
al
ulus.It is very useful as a tool for investigating pure �-
al
ulus, sin
e it has ni
e synta
ti
alproperties. In parti
ular, we 
an prove that IT assigns types to all and only the strongnormalizing terms [Kr93℄. Moreover, if the set of types of IT is extended to in
ludea universal type Ω that 
an be given to all �-terms (system D extended to DΩ in[Kr93℄), we 
an prove that an untyped �-term is typable in the extended system witha non-trivial type if and only if its head redu
tion is �nite [Kr93℄.Due to the pe
uliar nature of the interse
tion, IT 
annot be used as a model for aprogramming language; however, interse
tion types have been parti
ularly useful instudying the semanti
s of various kinds of �-
al
uli. This 
an be done by extendingthe system with suitable sub-typing relations, so that the types assignment a
ts asa �nitary tool to reason about the interpretation of �-terms in topologi
al models of�-
al
ulus, like S
ott domains, DI-domains and 
oheren
e spa
es [Ab91, BC83, HR90,HR92℄.Some types assignment systems à la Curry 
orrespond to a logi
 or, even better,have been designed starting from a logi
. The bridge relating a logi
 to a �-
al
ulusassignment system à la Curry is a de
oration of the logi
's dedu
tions with untyped�-terms. For example, the impli
ative fragment of intuitionisti
 logi
 de
orated withuntyped �-terms that en
ode the impli
ation delivers Curry's types assignment sys-tem �→, while the impli
ative and 
onjun
tive fragment of intuitionisti
 logi
 (LJ)de
orated with untyped �-terms that en
ode the impli
ation and the 
onjun
tiongenerates the simple types assignment system �∧

→
. These de
orations embody all the
onne
tives of the logi
 in question and are 
alled standard.Unlike the systems mentioned above, IT does not originate from a logi
; it is asomewhat ad ho
 system. The �rst attempt to give a logi
al foundation to interse
tion1



2 Chapter 1: Introdu
tiontypes was by Betti Venneri [Ve94℄. The 
loudy relation of LJ to IT was �rst pointedout by Roger Hindley [Hi84℄. To unravel this relation, it suÆ
es to explore therelation of 
onjun
tion to interse
tion. The interse
tion rules of IT, in whi
h premiseand 
on
lusion terms are identi
al,
Γ ⊢ M : � Γ ⊢ M : � (∩IIT )

Γ ⊢ M : � ∩ � Γ ⊢ M : � ∩ �
(∩ElIT )

Γ ⊢ M : �naturally pose the question whether IT-dedu
tions 
ould be obtained through a non-standard de
oration of LJ-dedu
tions that ignores 
onjun
tion and en
odes the im-pli
ation only. This way, the 
onjun
tion rules of LJ
Γ ⊢ � Γ ⊢ � (∧ILJ)

Γ ⊢ � ∧ � Γ ⊢ � ∧ �
(∧ElLJ)

Γ ⊢ �would transform to interse
tion rules of IT. But for this argument to work, thepremises Γ ⊢ � and Γ ⊢ � of a (∧ILJ ) rule would always have to be en
oded bythe same up to �-equivalen
e �-term, i.e. they would have to be isomorphi
. Ob-viously, this is not always the 
ase. In general, di�erent �-terms M and N en
odethe two premises, so the non-standard de
oration (ns) 
annot pro
eed. On the otherhand, the standard de
oration (s) pla
es the pair 〈M;N〉 before the 
onjun
tion1.
Γ ⊢ns M : � Γ ⊢ns N : �

Γ ⊢ns ? : � ∧ � Γ ⊢s M : � Γ ⊢s N : �
Γ ⊢s 〈M;N〉 : � ∧ �Nevertheless, some LJ-dedu
tions in
lude solely (∧I) rules 
ombining isomorphi
subdedu
tions. These 
an 
ertainly be de
orated in the non-standard way to giveIT-dedu
tions. Conjun
tion is 
onverted to interse
tion. Thus, only a proper subset

Γ ⊢ns M : � Γ ⊢ns M : �
Γ ⊢ns M : � ∧ �  

Γ ⊢IT M : � Γ ⊢IT M : �
Γ ⊢IT M : � ∩ �of LJ 
orresponds to IT through a de
oration with untyped �-terms. We would liketo de�ne a logi
 expressing this very subset of LJ; introdu
ing IL (and ISL) su

eedsin this task.The standard and non-standard de
orations of LJ reveal the asyn
hronous andsyn
hronous aspe
ts of intuitionisti
 
onjun
tion, respe
tively. The former is
onjun
tion as already known, denoted ∧, and the latter is interse
tion, denoted

∩. For the logi
al foundation of IT, it is important to separate between the two andde�ne a logi
 on the 
onne
tives of impli
ation and interse
tion.Interse
tion Logi
 works with full binary trees 
alled kits, whose leaves are for-mulas generated by the impli
ation and the interse
tion. It is a natural dedu
tionsystem whi
h proves judgements in sequent style. Judgements in
lude kits of thesame stru
ture (overlapping kits). Sin
e IL aims to realize the part of LJ where (∧I)is applied on isomorphi
 premises, the rule introdu
ing the interse
tion should besu
h that the \sameness" of premises is expli
itly shown. This is a
hieved by binarytrees; the premises be
ome leaves originating from the same parent-node in a kit, so1Even ifM ≡ N , the standard de
oration would still pla
e the pair 〈M;M〉 before the 
onjun
tion.



Chapter 1: Introdu
tion 3that the rule introdu
ing the interse
tion in IL has only one premise. Its 
on
lusiongives a kit where the interse
tion of the two leaves is a leaf on the parent-node. Anon-standard de
oration of kits, en
oding the impli
ation only, is now free to pro
eedin any IL-dedu
tion.
⊢ M : � ⊢ M : �LJ :

⊢ M : � ∧ � ⊢ M : [�; � ]IL :
⊢ M : � ∩ �A similar method is employed in Interse
tion Syn
hronous Logi
. Its main synta
-ti
al stru
tures are sequen
es of formulas 
alled atoms. In [PR05℄, the formulas aregenerated by the impli
ation and both syn
hronous and asyn
hronous 
onjun
tion;however, ISL is restri
ted to impli
ation and interse
tion to provide a logi
al founda-tion for IT. It is a natural dedu
tion system proving multisets 
alled mole
ules, whosemembers are atoms. Isomorphi
 LJ-premises be
ome atoms of the same mole
ule, sothat the rule introdu
ing the interse
tion has again a single premise. Its 
on
lusiongives a mole
ule where the two atoms have merged in one that 
ontains the interse
-tion of the formulas. A non-standard de
oration of mole
ules 
an run through anyISL-dedu
tion.

⊢ M : � ⊢ M : �LJ :
⊢ M : � ∧ � M : [( ;�); ( ; � )]ISL : M : [( ;� ∩ � )]Con
lusively, as far as LJ is 
on
erned, IT 
orresponds to this proper subsetobtained by imposing the metatheoreti
al 
ondition of isomorphi
 premises on theuse of 
onjun
tion. In the logi
al systems IL and ISL, there is no longer need forsu
h a 
ondition, sin
e (∩I) rules involve a single premise. In other words, these twosystems 
apture the syn
hronous aspe
t of 
onjun
tion only and for this reason 
anea
h be 
onsidered as a logi
 behind IT. The relation between them is reminis
ent ofthe relation between sequent 
al
ulus and natural dedu
tion in predi
ate logi
.In Chapter 2, we present the impli
ative and 
onjun
tive fragment of intuitionisti
logi
 (LJ) and state its properties (strong normalization theorem for LJ). We thenintrodu
e the simple types assignment system �∧

→
and the types assignment systemLJr|whi
h is �∧

→
supplied with interse
tion rules|and use them to distinguish be-tween syn
hronous and asyn
hronous 
onjun
tion. By restri
ting LJr to impli
ationand interse
tion, we derive the interse
tion types assignment system IT and exploreby examples its typability power 
ompared to Curry's types assignment system �→.We also investigate the relation of LJ to ea
h of the �-
al
ulus assignment systems�∧

→
, LJr and IT.In Chapter 3, we start by de�ning the basi
 stru
tures of Interse
tion Logi
 (kits)and the tools for manipulating them (overlapping of kits, substitution of subkits bynew kits, pruning, impli
ation of overlapping kits et
.). We then present the dedu
tivesystem \pre Interse
tion Logi
" (pIL), whose judgements are in sequent style and
omprise of overlapping kits. Equivalen
e 
lasses of pIL lead to the de�nition of IL.We 
ontinue by showing the transition from a pIL-dedu
tion to a set of LJ-dedu
tionsthat share some stru
tural properties, namely they are all de
oratable non-standardlyby the same �-term, whi
h is also the term that de
orates non-standardly the pIL-dedu
tion. These LJ-dedu
tions are 
alled LJ-proje
tions and we des
ribe a proje
tionalgorithm for 
onstru
ting them, given the pIL-dedu
tion. We use the transition frompIL to LJ to prove the strong normalization property of IL and argue on the relation



4 Chapter 1: Introdu
tionof IL to the subset of LJ that 
an be de
orated non-standardly. On the latter, weo�er new 
ontributions by:1. proving the transition from a set of LJ-dedu
tions that are all de
oratable non-standardly by the same �-term to a pIL-dedu
tion that is de
oratable non-standardly by this very �-term (se
tion 3.6, theorem 3.6.4),2. des
ribing a simulation algorithm for 
onstru
ting the pIL-dedu
tion, given theLJ-dedu
tions (se
tion 3.6, example 3.6.6) and3. proving a one-to-one 
orresponden
e between P -normal, proper IL-dedu
tionsand LJ-dedu
tions de
oratable non-standardly (se
tion 3.6, theorem 3.6.11).We end by giving the relation of IL to IT through a non-standard de
oration of IL,from whi
h we derive a proof that any term typable in IT is strongly normalizable.This relation of IL to IT establishes the appropriatness of IL as a logi
al foundationfor IT.In Chapter 4, we present ISL in
luding the 
onne
tives of impli
ation, interse
tionand 
onjun
tion. We de�ne its main building blo
ks (atoms, mole
ules) and exhibitits dedu
tive rules, whi
h derive mole
ules. We then restri
t ISL to impli
ation andinterse
tion and explore its relation to the part of LJ de
oratable non-standardly. Inparti
ular, we show the transition from an ISL-dedu
tion to a set of LJ-dedu
tionsthat are all de
oratable non-standardly by the same �-term|whi
h also de
oratesnon-standardly the ISL-dedu
tion|and 
ontribute a proof on the transition from aset of LJ-dedu
tions all de
oratable non-standardly by the same �-term to an ISL-dedu
tion de
oratable non-standardly by this very �-term. We 
ontinue to work withISL restri
ted and give its relation to IT through a non-standard de
oration of itsdedu
tions. We �nally prove the strong normalization property of ISL (
onsideredwith all three 
onne
tives) by redu
tion to the strong normalization of LJ. The resultsof this 
hapter are to a great extent similar to the ones shown in 
hapter 3 for IL.In Chapter 5, we make a new 
ontribution by proving the equivalen
e of IL and ISL.We �rst enri
h IL with 
onjun
tion and then show the transition from a pIL-dedu
tionto an ISL-dedu
tion and vi
e versa. These transitions redu
e to eliminating the binarystru
ture from a kit-judgement to form a mole
ule on one hand and representing amole
ule by a sequen
e of overlapping kits on the other.Throughout the thesis, we fo
us on the analogy of IL and ISL, trying to highlightthe similarities of methods despite the di�eren
es of stru
tures.



Chapter 2Intuitionisti
 Logi
 and TypesAssignment Systems2.1 Impli
ative and Conjun
tive Fragment ofIntuitionisti
 Logi
 (LJ)We start by re
alling the natural dedu
tion of the impli
ative and 
onjun
tive fragmentof Intuitionisti
 Logi
 (LJ). This logi
al system proves judgements in sequent style.De�nition 2.1.1 (LJ) (i) The set FLJ of formulas of LJ is generated by the gram-mar: � ::= � | � → � | � ∧ �, where � belongs to a denumerable set of propositionalvariables. The impli
ation is right asso
iative, while the 
onjun
tion is left asso
iativeand the latter takes pre
eden
e over the former. Lower
ase greek letters �; �; 
 willdenote propositional variables, while �; �; � will denote any formula.(ii) A LJ-
ontext is a �nite multiset {�1; : : : ; �n} of formulas of LJ. We willdenote LJ-
ontexts by Γ;∆.(iii) LJ proves statements of the form Γ ⊢LJ �, where Γ is a LJ-
ontext and � isa formula. Its rules are shown in Figure 2.1.(iv) Writing Π : Γ ⊢LJ � means that the LJ-dedu
tion Π 
on
ludes by proving
Γ ⊢LJ �. � ∈ Γ

(ALJ)
Γ ⊢LJ � Γ ⊢LJ � Γ ⊢LJ �

(∧ILJ )
Γ ⊢LJ � ∧ �

Γ ⊢LJ � ∧ �
(∧ElLJ)

Γ ⊢LJ � Γ ⊢LJ � ∧ �
(∧ErLJ )

Γ ⊢LJ �
Γ ∪ {�} ⊢LJ �

(→ILJ)
Γ ⊢LJ � → � Γ ⊢LJ � → � Γ ⊢LJ �

(→ELJ)
Γ ⊢LJ �Figure 2.1: The rules of LJ.5



6 Chapter 2: Intuitionisti
 Logi
 and Types Assignment SystemsExample 2.1.2 Let � denote the formula ((� → �) → � → �) ∧ (� → �). Dedu
-tions Π1 and Π2 
ombine under (→E) to give Π.
{�} ⊢LJ �

(∧El)
{�} ⊢LJ (� → �) → � → � {�} ⊢LJ �

(∧Er)
{�} ⊢LJ � → �

(→E)

{�} ⊢LJ � → �
(→I)

Π1 : ⊢LJ � → � → �
{� → �} ⊢LJ � → �

(→I)
⊢LJ (� → �) → � → � {�} ⊢LJ �

(→I)
⊢LJ � → �

(∧I)
Π2 : ⊢LJ ((� → �) → � → �) ∧ (� → �) ≡ �

Π1 : ⊢LJ � → � → � Π2 : ⊢LJ �
(→E)

Π : ⊢LJ � → �An equivalent version of LJ 
an be obtained by 
onsidering 
ontexts as sequen
esof formulas instead of multisets, 
hanging the axiom and adding rules for 
ontextweakening and ex
hange. The rules of this version of LJ are shown in Figure 2.2.
(ALJ )� ⊢LJ � Γ ⊢LJ �

(WLJ)
Γ; � ⊢LJ � Γ; �; �;∆ ⊢LJ �

(XLJ )
Γ; �; �;∆ ⊢LJ �

Γ ⊢LJ � Γ ⊢LJ �
(∧ILJ )

Γ ⊢LJ � ∧ � Γ ⊢LJ �l ∧ �r (∧EsLJ ; s ∈ {l; r})
Γ ⊢LJ �s

Γ; � ⊢LJ �
(→ILJ)

Γ ⊢LJ � → � Γ ⊢LJ � → � Γ ⊢LJ �
(→ELJ)

Γ ⊢LJ �Figure 2.2: The rules of LJ, when 
ontexts are sequen
es.It is worth noting that the system, as presented in De�nition 2.1.1, has the weak-ening property.Proposition 2.1.3 (Weakening property for LJ) If Π : Γ ⊢LJ �, then, forevery formula � , there exists Π � : Γ ∪ {�} ⊢LJ �.Proof: By easy indu
tion on Π. ⊣We 
ontinue to de�ne impli
ative and 
onjun
tive redexes of a LJ-dedu
tion andto show how to eliminate them. We aim to state the strong normalization propertyof LJ.



2.1 Intuitionisti
 Logi
 (LJ) 7De�nition 2.1.4 Let Π be a LJ-dedu
tion and s ∈ {l; r}.(i) A →-redex of Π is a sequen
e (→ ILJ ); (→ ELJ ) in Π of 
onse
utive rulesintrodu
ing and eliminating the impli
ation.(ii) A ∧-redex of Π is a sequen
e (∧ILJ); (∧EsLJ ) in Π of 
onse
utive rules intro-du
ing and eliminating the 
onjun
tion.
Γ ∪ {�} ⊢LJ �

(→I)
Γ ⊢LJ � → � Γ ⊢LJ �

(→E)
Γ ⊢LJ � Γ ⊢LJ �l Γ ⊢LJ �r

(∧I)
Γ ⊢LJ �l ∧ �r

(∧Es)
Γ ⊢LJ �s(iii) We say that Π is normal, if it is free of redexes.De�nition 2.1.5 Let {�1; : : : ; �n} ⊢LJ � be a statement in position x of a LJ-dedu
tion that 
onsists of k steps (0 6 x 6 k). The 
ontext-formula �i is said tobe open, if it doesn't move to the right of ⊢LJ by a (→I) rule in steps x+1; : : : ; k.The following lemma is used for the elimination of →-redexes from LJ-dedu
tions.Lemma 2.1.6 (Substitution lemma) Let Π0 : Γ ∪ {�} ⊢LJ �; Π1 : Γ ⊢LJ �be LJ-dedu
tions and S(Π1;Π0) be the dedu
tive stru
ture obtained from Π0 by sub-stituting all axioms Γ′ ∪ {�} ⊢LJ � (Γ ⊆ Γ′) with � open by Π′

1 : Γ′ ⊢LJ � . Then,S(Π1;Π0) : Γ ⊢LJ �.Proof: Use double indu
tion, see [Pr65℄. The method is also given in [Gi89℄ for�-
al
ulus normalization. ⊣The next de�nition des
ribes single normalization steps.De�nition 2.1.7 Let Π be a LJ-dedu
tion and s ∈ {l; r}.(i) A →-rewriting step on Π is a normalization step that eliminates a →-redex ofthe dedu
tion.
Π0 : Γ ∪ {�} ⊢LJ �

(→I)
Γ ⊢LJ � → � Π1 : Γ ⊢LJ �

(→E)
Γ ⊢LJ � ,→→ S(Π1;Π0) : Γ ⊢LJ �(ii) A ∧-rewriting step on Π is a normalization step that eliminates a ∧-redex ofthe dedu
tion.

Πl : Γ ⊢LJ �l Πr : Γ ⊢LJ �r
(∧I)

Γ ⊢LJ �l ∧ �r
(∧Es)

Γ ⊢LJ �s ,→∧ Πs : Γ ⊢LJ �sTheorem 2.1.8 LJ is strongly mormalizable, i.e. every LJ-dedu
tion is strongly nor-malizable.Proof: See [Pr65, Gi89℄. ⊣We 
lose this se
tion by mentioning the sub-formula property for LJ.De�nition 2.1.9 Let � be a LJ-formula. Then:(i) � is a sub-formula of � and(ii) if � ⋄� is a sub-formula of �, where ⋄ ∈ {→;∧}, then � and � are sub-formulasof �.



8 Chapter 2: Intuitionisti
 Logi
 and Types Assignment SystemsTheorem 2.1.10 If Π : Γ ⊢LJ � is a normal LJ-dedu
tion, every formula appearingin Π is a sub-formula of one of the formulas o

uring in the judgement Γ ⊢LJ �.Proof: By indu
tion on Π. ⊣2.2 The simple types assignment system �∧

→By de
orating LJ with untyped �-terms that en
ode the introdu
tion and eliminationof logi
al 
onne
tives, we derive the simple types assignment system �∧

→
, a dedu
tivesystem whi
h attributes formulas|built from the impli
ation and the 
onjun
tion|as types to the untyped �-
al
ulus with pairs. Let us 
all this kind of de
orationof LJ standard and denote it by d∧

→
. In this se
tion, we present �∧

→
and un
oil its
orresponden
e with LJ.De�nition 2.2.1 (�∧

→
) (i) The terms of the untyped �-
al
ulus with pairs Λp arede�ned by the grammar: M ::= x | �x:M | (M)M | 〈M;M〉 | �1(M) | �2(M) ,where x belongs to a 
ountable set of variables. Instead of �1(M); �2(M), we 
anequivalently use �l(M); �r(M), respe
tively. Appli
ation1 is left asso
iative. LettersM;N will range over terms in Λp.(ii) The types of �∧

→
or simple types are generated by the grammar:� ::= � | � → � | � ∧ �i.e. they 
oin
ide with LJ-formulas.(iii) A �∧

→
-
ontext, denoted by Γ or ∆, is a �nite set of simple types assignmentsto distin
t variables2. If Γ is the �∧

→
-
ontext {x1 : �1; : : : ; xn : �n}, we de�ne dom(Γ)to be the set {x1; : : : ; xn}.(iv) The system �∧

→
derives judgements of the form Γ ⊢�∧

→
M : �, read \M is oftype � in the 
ontext Γ" or \M may be given type � in the 
ontext Γ". Its rulesare exhibited in Figure 2.3. The expression Π : Γ ⊢�∧

→
M : � a
quires the expe
tedmeaning. x : � ∈ Γ

(A)
Γ ⊢�∧

→
x : � Γ ⊢�∧

→
M : � Γ ⊢�∧

→
N : �

(∧I)
Γ ⊢�∧

→
〈M;N〉 : � ∧ �

Γ ⊢�∧
→
M : � ∧ �

(∧El)
Γ ⊢�∧

→
�1(M) : � Γ ⊢�∧

→
M : � ∧ �

(∧Er)
Γ ⊢�∧

→
�2(M) : �

Γ ∪ {x : �} ⊢�∧
→
M : �

(→I)
Γ ⊢�∧

→
�x:M : � → � Γ ⊢�∧

→
M : � → � Γ ⊢�∧

→
N : �

(→E)
Γ ⊢�∧

→
MN : �Figure 2.3: The rules of �∧

→
.1We follow the Krivine notation on appli
ation.2Note that we 
an assign a simple type � to more than one variables in a �∧

→
-
ontext.



2.3 Syn
hronous and asyn
hronous 
onjun
tion 9If we de
orate the sequen
e version of LJ by d∧

→
, we obtain a sequen
e versionof �∧

→
, whose rules are shown in Figure 2.4. Contexts are now sequen
es of variableassignments, the variables still being distin
t. If Γ is the 
ontext x1 : �1; : : : ; xn : �n,then dom(Γ) = {x1; : : : ; xn}. In the rule (W ), BV (M) denotes the set of boundvariables of the term M .

(A)x : � ⊢�∧
→
x : �

Γ ⊢�∧
→
M : �; x =∈ dom(Γ) ∪BV (M)

(W )
Γ; x : � ⊢�∧

→
M : �

Γ1; x : �1; y : �2;Γ2 ⊢�∧
→
M : �

(X)
Γ1; y : �2; x : �1;Γ2 ⊢�∧

→
M : �

Γ ⊢�∧
→
M : � Γ ⊢�∧

→
N : �

(∧I)
Γ ⊢�∧

→
〈M;N〉 : � ∧ � Γ ⊢�∧

→
M : �l ∧ �r

(∧Es; s ∈ {l; r})
Γ ⊢�∧

→
�s(M) : �s

Γ; x : � ⊢�∧
→
M : �

(→I)
Γ ⊢�∧

→
�x:M : � → � Γ ⊢�∧

→
M : � → � Γ ⊢�∧

→
N : �

(→E)
Γ ⊢�∧

→
(M)N : �Figure 2.4: The rules of �∧

→
, when 
ontexts are sequen
es.Con
lusively, we 
an say that LJ is the logi
 behind the simple types assignmentsystem �∧

→
or, in other words, that LJ o�ers a logi
al foundation for �∧

→
through d∧

→
.2.3 Syn
hronous and asyn
hronous 
onjun
tionIn the simple types assignment system �∧

→
, the rule

Γ ⊢ M : � Γ ⊢ N : � (∧I)
Γ ⊢ 〈M;N〉 : � ∧ �
on
ludes that the pair 〈M;N〉 is of type � ∧ � from the premises \M of type �" and\N of type �", no matter ifM and N are identi
al3 or not. Thus, the 
on
lusion term

〈M;N〉 
aptures in its syntax the introdu
tion of 
onjun
tion between the premisetypes � and � . A similar remark holds for (∧Es): the 
on
lusion term mirrors the elim-ination of 
onjun
tion from the premise type. This sort of typing re
e
ts the generalaspe
t of 
onjun
tion: the asyn
hronous 
onjun
tion or 
onjun
tion, denoted ∧.Suppose, though, that, when introdu
ing the 
onjun
tion, we distinguish the 
asewhere premise terms are identi
al, say denoted by M , and 
hoose to assign the 
on-jun
tion of the premise types to this term M .3We identify �-terms modulo �-
onversion.
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Γ ⊢ M : � Γ ⊢ M : � (∧I)

Γ ⊢ M : � ∧ �Similarly, when eliminating the 
onjun
tion, suppose we 
hoose to assign the premiseand 
on
lusion types to the same term. This way, the 
on
lusion term gets synta
ti-
ally dis
onne
ted from its type and a spe
ial aspe
t of 
onjun
tion is revealed: thesyn
hronous 
onjun
tion or interse
tion, denoted ∩. In what follows, we 
onsider ∩to be a logi
al 
onne
tive, standing for 
onjun
tion with syn
hronous behaviour.2.3.1 The types assignment system LJrAdding rules to �∧

→
for the introdu
tion and elimination of interse
tion, we get a moreelaborate types assignment system for terms in Λp, denoted LJr in [PR05℄.De�nition 2.3.1 (LJr) (i) The set FLJr of types of LJr is de�ned by the grammar:� ::= � | � → � | � ∧ � | � ∩ �, where � belongs to a 
ountable set of propositionalvariables, impli
ation is right asso
iative and both 
onjun
tion and interse
tion areleft asso
iative. The 
onne
tives ∧ and ∩ are equivalent with respe
t to order ofappli
ation, but they both pre
ede →.(ii) A LJr-
ontext, denoted by Γ or ∆, is a �nite set of LJr-types assignments todistin
t variables. If Γ = {x1 : �1; : : : ; xn : �n}, then dom(Γ) = {x1; : : : ; xn}.(iii) The system LJr derives statements of the form Γ ⊢LJr M : �, where Γ is aLJr-
ontext, M ∈ Λp and � is a LJr-type. Its rules are gathered in Figure 2.5. Theexpression Π : Γ ⊢LJr M : � is interpreted as usual.x : � ∈ Γ

(A)
Γ ⊢LJr x : �

Γ ⊢LJr M : � Γ ⊢LJr N : �
(∧I)

Γ ⊢LJr 〈M;N〉 : � ∧ � Γ ⊢LJr M : �l ∧ �r (∧Es; s ∈ {l; r})
Γ ⊢LJr �s(M) : �s

Γ ⊢LJr M : � Γ ⊢LJr M : �
(∩I)

Γ ⊢LJr M : � ∩ � Γ ⊢LJr M : �l ∩ �r
(∩Es; s ∈ {l; r})

Γ ⊢LJr M : �s
Γ ∪ {x : �} ⊢LJr M : �

(→I)
Γ ⊢LJr �x:M : � → � Γ ⊢LJr M : � → � Γ ⊢LJr N : �

(→E)
Γ ⊢LJr MN : �Figure 2.5: The rules of LJr.As in the 
ase of �∧

→
, a sequen
e version of LJr 
an be formed.2.4 Relation of LJ to LJrAs already mentioned in se
tion 2.2, if we de
orate any LJ-dedu
tion by d∧

→
, we obtaina �∧

→
-dedu
tion, whi
h is also a LJr-dedu
tion, sin
e �∧

→
is a subsystem of LJr. Inthis se
tion, we follow [RR01℄ in de�ning a non-standard de
oration of LJ, denoted



2.4 Relation of LJ to LJr 11d→ in this thesis, whi
h en
odes the impli
ative rules only. We show that some LJ-dedu
tions 
an be de
orated by d→ and have ∧ altered to ∩ to give LJr-dedu
tions.On the other hand, any LJr-dedu
tion gives uniquely a LJ-dedu
tion, when �red byan erasing fun
tion E that 
onverts LJr-
ontexts to LJ-
ontexts, LJr-types to LJ-formulas and erases the typable terms. The pi
ture is this: some LJ-dedu
tions 
anbe de
orated by both d∧

→
and d→ to give two distin
t LJr-dedu
tions, whi
h will bothreturn the initial LJ-dedu
tion, when �red by E. Whi
h LJ-dedu
tions are these?The ones that 
an be de
orated by d→, sin
e all 
an be de
orated by d∧

→
. And whi
hare these? We examine this 
ru
ial question in what follows.De�nition 2.4.1 (d→: non-standard de
oration of LJ) (i) Consider a LJ-
ontext ∆ ≡ {�1; : : : ; �n}. A de
oration ∆∗ of ∆ is a set {x1 : �1; : : : ; xn : �n},where the xi's are distin
t �-variables. Then, dom(∆∗) is the sequen
e x1; : : : ; xn.(ii) Every Π : ∆ ⊢LJ � 
an be asso
iated through an indu
tive algorithm to ade
orated dedu
tion

Π∗ : ∆∗ ⊢∗LJ Tdom(∆∗)(Π) : �where ∆∗ is a de
oration of ∆, ⊢∗LJ denotes the de
oration of ⊢LJ and Tdom(∆∗)(Π)is in Λ.
•

� ∈ ∆
(A)

Π : ∆ ⊢LJ � ⇒
x : � ∈ ∆∗

(A∗)
Π∗ : ∆∗ ⊢∗LJ x : �and Tdom(∆∗)(Π) ≡ x.

•
Π1 : ∆ ⊢LJ � Π2 : ∆ ⊢LJ �

(∧I)
Π : ∆ ⊢LJ � ∧ � ⇒

Π∗
1 : ∆∗ ⊢∗LJ Tdom(∆∗)(Π1) : � Π∗

2 : ∆∗ ⊢∗LJ Tdom(∆∗)(Π2) : �
(∧I∗)

Π∗ : ∆∗ ⊢∗LJ Tdom(∆∗)(Π) : � ∧ �where Tdom(∆∗)(Π) =� Tdom(∆∗)(Π1), if Tdom(∆∗)(Π1) =� Tdom(∆∗)(Π2)and is unde�ned otherwise.
•

Π1 : ∆ ⊢LJ �l ∧ �r (∧Es)
Π : ∆ ⊢LJ �s ⇒

Π∗
1 : ∆∗ ⊢∗LJ Tdom(∆∗)(Π1) : �l ∧ �r

(∧Es)∗
Π∗ : ∆∗ ⊢∗LJ Tdom(∆∗)(Π) : �swhere Tdom(∆∗)(Π) ≡ Tdom(∆∗)(Π1).

•
Π1 : ∆ ∪ {�} ⊢LJ �

(→I)
Π : ∆ ⊢LJ � → � ⇒

Π∗
1 : ∆∗ ∪ {x : �} ⊢∗LJ Tdom(∆∗);x(Π1) : �

(→I∗)
Π∗ : ∆∗ ⊢∗LJ Tdom(∆∗)(Π) : � → �
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 and Types Assignment Systemswhere x is not in dom(∆∗) and Tdom(∆∗)(Π) ≡ �x:Tdom(∆∗);x(Π1).
•

Π1 : ∆ ⊢LJ � → � Π2 : ∆ ⊢LJ �
(→E)

Π : ∆ ⊢LJ � ⇒

Π∗
1 : ∆∗ ⊢∗LJ Tdom(∆∗)(Π1) : � → � Π∗

2 : ∆∗ ⊢∗LJ Tdom(∆∗)(Π2) : �
(→E∗)

Π∗ : ∆∗ ⊢∗LJ Tdom(∆∗)(Π) : �where Tdom(∆∗)(Π) ≡ Tdom(∆∗)(Π1)Tdom(∆∗)(Π2).(iii) If Π : ∆ ⊢LJ � is de
oratable by d→, thenU(Π)
def
= {Tdom(∆∗)(Π) | dom(∆∗) is a sequen
e of |∆| distin
t variables}The set U(Π) is 
alled the form of Π.Remark 2.4.2 (i) The set FV (Tdom(∆∗)(Π)) of free variables of Tdom(∆∗)(Π) is a sub-set of {dom(∆∗)}. (ii) The set BV (Tdom(∆∗)(Π)) of bound variables of Tdom(∆∗)(Π)is disjoint from {dom(∆∗)}. (iii) If BV (Tdom(∆∗)(Π)) is non-empty and x; y belong toit, then x 6≡ y. (iv) For every sequen
e dom(∆∗), Tdom(∆∗)(Π) is a
tually a set of �-equivalent terms, sin
e every possible 
hoi
e of bound variables should be 
onsidered;hen
e, it is a
tually U(Π) =

⋃dom(∆∗)

Tdom(∆∗)(Π)(v) If M 6≡ N and M;N ∈ U(Π), then M and N have the same term-stru
ture, sin
ethey both tra
e the impli
ative rules of Π, but there is at least one variable position(free or bound) on whi
h they di�er.De�nition 2.4.3 (Erasing fun
tion e) (i) Let e : FLJr → FLJ be de�ned as:e(�) = �; e(� → �) = e(�) → e(�) and e(� ∧ �) = e(� ∩ �) = e(�) ∧ e(�).(ii) The fun
tion e 
an be extended to 
ontexts to 
onvert LJr-
ontexts to LJ-
ontexts in the obvious way: e({x1 : �1; : : : ; xn : �n}) = {e(�1); : : : ; e(�n)}.A theorem relating LJ and LJr is now in order.Theorem 2.4.4 Let E be a fun
tion from LJr-dedu
tions to LJ-dedu
tions thaterases all term information and 
ollapses ∩ to ∧.(i) If Π : Γ ⊢LJr M : �, then E(Π) : e(Γ) ⊢LJ e(�).(ii) If Π : Γ ⊢LJ �, then there is a LJr-dedu
tion Π′ : Γ′ ⊢LJr M : �′, su
h thatE(Π′) ≡ Π, e(Γ′) ≡ Γ and e(�′) ≡ �.Proof: (i) By indu
tion on Π.Indu
tive step: The 
ase of (∩I) is shown.
•

Π1 : Γ ⊢LJr M : � Π2 : Γ ⊢LJr M : �
(∩I)

Π : Γ ⊢LJr M : � ∩ �By the Ind. Hyp., we have E(Π1) : e(Γ) ⊢LJ e(�) and E(Π2) : e(Γ) ⊢LJ e(�).Applying (∧ILJ ) on E(Π1) and E(Π2), we get E(Π) : e(Γ) ⊢LJ e(�)∧e(�) ≡ e(�∩ �).(ii) De
orate Π by d∧

→
to take Π′. ⊣



2.4 Relation of LJ to LJr 13It is obvious that if Π is de
oratable by d→, we 
an �nd two distin
t LJr-dedu
tionswith the property stated in Theorem 2.4.4(ii). One formed by de
orating Π by d∧

→and another one by de
orating it by d→ and 
hanging ∧ to ∩. This point is illustratedin the following example.Example 2.4.5 We present two LJr-dedu
tions Π1 and Π2. Let� ≡ ((� → �) → � → �) ∧ (� → �); � ≡ ((� → �) → � → �) ∩ (� → �)Dedu
tion Π1 
onsists of subdedu
tions Π′
1 and Π′′

1 , while Π2 in
ludes Π′
2 and Π′′

2 .
{x : �} ⊢LJr x : �

(∧El)
{x : �} ⊢LJr �1(x) : (� → �) → � → � {x : �} ⊢LJr x : �

(∧Er)
{x : �} ⊢LJr �2(x) : � → �

(→E)

{x : �} ⊢LJr �1(x)�2(x) : � → �
(→I)

Π′
1 : ⊢LJr �x:�1(x)�2(x) : � → � → �

{x : � → �} ⊢LJr x : � → �
(→I)

⊢LJr �x:x : (� → �) → � → � {x : �} ⊢LJr x : �
(→I)

⊢LJr �x:x : � → �
(∧I)

Π′′
1 : ⊢LJr 〈�x:x; �x:x〉 : �

Π′
1 : ⊢LJr �x:�1(x)�2(x) : � → � → � Π′′

1 : ⊢LJr 〈�x:x; �x:x〉 : �
(→E)

Π1 : ⊢LJr (�x:�1(x)�2(x))〈�x:x;�x:x〉 : � → �
{x : �} ⊢LJr x : �

(∩El)
{x : �} ⊢LJr x : (� → �) → � → � {x : �} ⊢LJr x : �

(∩Er)
{x : �} ⊢LJr x : � → �

(→E)

{x : �} ⊢LJr xx : � → �
(→I)

Π′
2 : ⊢LJr �x:xx : � → � → �

{x : � → �} ⊢LJr x : � → �
(→I)

⊢LJr �x:x : (� → �) → � → � {x : �} ⊢LJr x : �
(→I)

⊢LJr �x:x : � → �
(∩I)

Π′′
2 : ⊢LJr �x:x : �

Π′
2 : ⊢LJr �x:xx : � → � → � Π′′

2 : ⊢LJr �x:x : �
(→E)

Π2 : ⊢LJr (�x:xx)�x:x : � → �The erasing fun
tion E applied on both Π1 and Π2 returns the LJ-dedu
tion Πof example 2.1.2. In fa
t, de
orating Π by d∧

→
gives Π1, while de
orating it by d→and having ∧ 
onverted to ∩ gives Π2. So, Π belongs to the 
lass of LJ-dedu
tionsthat 
an be de
orated by d→ ; let us 
all it D→LJ . For a LJ-dedu
tion to belong toD→LJ , the following must hold: wherever ∧ is introdu
ed, it must be done betweentwo subdedu
tions whi
h belong to D→LJ and are en
oded by the same �-term, i.e. bysubdedu
tions isomorphi
 with respe
t to d→. We 
larify this point with yet anotherexample of a LJ-dedu
tion in D→LJ .
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 and Types Assignment SystemsExample 2.4.6 Let � ≡ (� → � ∧ 
) ∧ (� → � ∧ 
) ∧ (
 → �), with �; � and 
propositional variables. The LJ-dedu
tions
Π1 :{�} ⊢LJ � → �; Π2 :{�} ⊢LJ � → 
; Π3 :{�} ⊢LJ � → �; Π4 :{�} ⊢LJ 
 → �
ombine to 
reate Π

(12)3
4 ∈ D→LJ in the following way:

{�; �} ⊢LJ �
(∧El)×2

{�; �} ⊢LJ � → � ∧ 
 {�; �} ⊢LJ �
(→E)

{�; �} ⊢LJ � ∧ 

(∧El)

{�; �} ⊢LJ �
(→I)

Π1 : {�} ⊢LJ � → �
{�; �} ⊢LJ �

(∧El)×2

{�; �} ⊢LJ � → � ∧ 
 {�; �} ⊢LJ �
(→E)

{�; �} ⊢LJ � ∧ 

(∧Er)

{�; �} ⊢LJ 

(→I)

Π2 : {�} ⊢LJ � → 

{�; �} ⊢LJ �

(∧El);(∧Er)
{�; �} ⊢LJ � → � ∧ 
 {�; �} ⊢LJ �

(→E)

{�; �} ⊢LJ � ∧ 

(∧El)

{�; �} ⊢LJ �
(→I)

Π3 : {�} ⊢LJ � → �
{
; �} ⊢LJ �

(∧Er)
{
; �} ⊢LJ 
 → � {
; �} ⊢LJ 


(→E)

{
; �} ⊢LJ �
(→I)

Π4 : {�} ⊢LJ 
 → �
Π1 : {�} ⊢LJ � → � Π2 : {�} ⊢LJ � → 


(∧I)
Π1

2 : {�} ⊢LJ (� → �) ∧ (� → 
) Π3 : {�} ⊢LJ � → �
(∧I)

Π12
3 : {�} ⊢LJ (� → �) ∧ (� → 
) ∧ (� → �)

Π12
3 : {�} ⊢LJ (� → �) ∧ (� → 
) ∧ (� → �) Π4 : {�} ⊢LJ 
 → �

(∧I)
Π

(12)3
4 : {�} ⊢LJ (� → �) ∧ (� → 
) ∧ (� → �) ∧ (
 → �)



2.5 The interse
tion types assignment system IT 15We shall brie
y explain how Π
(12)3
4 is de
orated by d→, showing the isomorphismwith respe
t to d→ of (Π1;Π2); (Π1
2;Π3) and (Π12

3 ;Π4). Suppose we de
orate {�}of the judgement proved by Π
(12)3
4 by x. The de
oration moves 
ontextwise up-wards and then to the right in axiom level. Thus, we get the de
orated axioms

{y : �; x : �} ⊢∗LJ x : �; {y : �; x : �} ⊢∗LJ y : � of Π1 and Π2; {y : �; x : �} ⊢∗LJ x : �and {y : �; x : �} ⊢∗LJ y : � of Π3 and {y : 
; x : �} ⊢∗LJ x : �; {y : 
; x : �} ⊢∗LJ y : 
of Π4. Applying the non-standard de
oration rules of de�nition 2.4.1 to Π1;Π2;Π3and Π4, we get the de
orated dedu
tions
Π∗

1 : {x : �} ⊢∗LJ �y:xy : � → �; Π∗

2 : {x : �} ⊢∗LJ �y:xy : � → 

Π∗

3 : {x : �} ⊢∗LJ �y:xy : � → �; Π∗

4 : {x : �} ⊢∗LJ �y:xy : 
 → �Dedu
tions Π∗
1 and Π∗

2 give (Π1
2)

∗ : {x : �} ⊢∗LJ �y:xy : (� → �) ∧ (� → 
) and then
(Π1

2)
∗ and Π∗

3 give (Π12
3 )∗ : {x : �} ⊢∗LJ �y:xy : (� → �)∧ (� → 
)∧ (� → �). Finally,

(Π12
3 )∗ and Π∗

4 give
(Π

(12)3
4 )∗ : {x : �} ⊢∗LJ �y:xy : (� → �) ∧ (� → 
) ∧ (� → �) ∧ (
 → �)2.5 The interse
tion types assignment system ITSo far, we have presented the logi
al system LJ and the types assignment systems �∧

→and LJr. LJ 
orresponds to �∧

→
in the following manner: any LJ-dedu
tion 
an bede
orated by d∧

→
to produ
e a �∧

→
-dedu
tion whi
h, when �red by the erasing fun
tionE, gives ba
k the LJ-dedu
tion and any �∧

→
-dedu
tion 
an de
ompose through Eto a LJ-dedu
tion whi
h, when de
orated by d∧

→
, returns the �∧

→
-dedu
tion modulosequen
es of distin
t variables de
orating 
ontexts. In other words, for every LJ-dedu
tion there is a unique|modulo sequen
es of variables|�∧

→
-dedu
tion whi
h
ollapses to it, if �red by E and for every �∧

→
-dedu
tion there is a unique LJ-dedu
tionwhi
h produ
es it, if de
orated by d∧

→
. Sin
e the de
oration involved en
odes allthe 
onne
tives of the logi
, the 
orresponden
e des
ribed follows the manner of theCurry-Howard isomorphism4.The interse
tion types assignment system IT is the subsystem of LJr where onlysyn
hronous 
onjun
tion is used. Whi
h logi
al system, if any, 
orresponds to ITand whi
h is the mode of 
orresponden
e in this 
ase? These are the main issuesthis thesis attempts to examine. In this se
tion, we present IT and state its mainproperties.De�nition 2.5.1 (IT) (i) Terms of the untyped �-
al
ulus Λ are de�ned by the gram-mar: M ::= x | �x:M | MM . We have that Λ  Λp.(ii) The set FIT of types of IT or interse
tion types is generated by the grammar:� ::= � | � → � | � ∩ � . We have that FIT  FLJr.(iii) An IT-
ontext is a �nite set {x1 : �1; : : : ; xn : �n} of interse
tion typesassignments to distin
t variables. IT-
ontexts will be denoted by Γ;∆ and 
ontextdomains are de�ned as usual.4A

ording to the Curry-Howard isomorphism, a logi
al proof is related to a typed �-term M�that 
aptures in its syntax the stru
ture of the proof. This is done by de
orating the proof withtyped �-terms en
oding all logi
al 
onne
tives and thus obtaining a dedu
tion of a Chur
h assignmentsystem 
on
luding by assigning � toM�. The assignment system �∧

→
is a Curry system, i.e. it involvestypable �-terms, not typed ones. For this reason, we 
ite a manner of Curry-Howard isomorphisminstead of Curry-Howard isomorphism itself between LJ and �∧

→
.
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(AIT )

Γ ⊢IT x : � Γ ⊢IT M : � Γ ⊢IT M : �
(∩IIT )

Γ ⊢IT M : � ∩ �
Γ ⊢IT M : � ∩ �

(∩ElIT )
Γ ⊢IT M : � Γ ⊢IT M : � ∩ �

(∩ErIT )
Γ ⊢IT M : �

Γ ∪ {x : �} ⊢IT M : �
(→IIT )

Γ ⊢IT �x:M : � → � Γ ⊢IT M : � → � Γ ⊢IT N : �
(→EIT )

Γ ⊢IT MN : �Figure 2.6: The rules of IT.(iv) The system IT proves statements of the form Γ ⊢IT M : �, where Γ is anIT-
ontext, M ∈ Λ and � is an interse
tion type. Its rules are shown in Figure 2.6.The expression Π : Γ ⊢IT M : � 
arries the usual meaning.Note that in a typing dedu
tion of IT the �-term to the right of ⊢IT undergoessynta
ti
al 
hange by the impli
ative rules only.Example 2.5.2 Let � ≡ � → � and � ≡ � → �. Dedu
tion Π in
ludes Π2 and Π4as subdedu
tions, whi
h in turn in
lude Π1 and Π3, respe
tively.
{x : �; y : � ∩ �; z : �} ⊢IT x : �

(→IIT )

{y : � ∩ �; z : �} ⊢IT �x:x : � → � {y : � ∩ �; z : �} ⊢IT y : � ∩ �
(∩ElIT )

{y : � ∩ �; z : �} ⊢IT y : �
(→EIT )

Π1 : {y : � ∩ �; z : �} ⊢IT (�x:x)y : �
Π1 : {y : � ∩ �; z : �} ⊢IT (�x:x)y : � {y : � ∩ �; z : �} ⊢IT z : �

(→EIT )

Π2 : {y : � ∩ �; z : �} ⊢IT (�x:x)yz : �
{x : �; y : � ∩ �; z : �} ⊢IT x : �

(→IIT )

{y : � ∩ �; z : �} ⊢IT �x:x : � → � {y : � ∩ �; z : �} ⊢IT y : � ∩ �
(∩ErIT )

{y : � ∩ �; z : �} ⊢IT y : �
(→EIT )

Π3 : {y : � ∩ �; z : �} ⊢IT (�x:x)y : �
Π3 : {y : � ∩ �; z : �} ⊢IT (�x:x)y : � {y : � ∩ �; z : �} ⊢IT z : �

(→EIT )

Π4 : {y : � ∩ �; z : �} ⊢IT (�x:x)yz : �
Π2 : {y : � ∩ �; z : �} ⊢IT (�x:x)yz : � Π4 : {y : � ∩ �; z : �} ⊢IT (�x:x)yz : �

(∩IIT )

Π : {y : � ∩ �; z : �} ⊢IT (�x:x)yz : � ∩ �Proposition 2.5.3 (Weakening property for IT) If Π : Γ ⊢IT M : �, then, forevery variable x =∈ dom(Γ) ∪BV (M) and every � ∈ FIT , there exists
Π� : Γ ∪ {x : �} ⊢IT M : �Proof: By indu
tion on Π. ⊣



2.5 The interse
tion types assignment system IT 17An equivalent version of IT 
an be obtained by 
onsidering 
ontexts as sequen
esof variable assignments, 
hanging the axiom and adding rules for 
ontext weakeningand ex
hange. If Γ is the 
ontext x1 : �1; : : : ; xn : �n, then dom(Γ) = {x1; : : : ; xn}.The rules for this version are shown in Figure 2.7.
(A)x : � ⊢ITs x : � Γ ⊢ITs M : �; x =∈ dom(Γ) ∪BV (M)

(W )
Γ; x : � ⊢ITs M : �

Γ1; x : �1; y : �2;Γ2 ⊢ITs M : �
(X)

Γ1; y : �2; x : �1;Γ2 ⊢ITs M : � Γ ⊢ITs M : � Γ ⊢ITs M : �
(∩I)

Γ ⊢ITs M : � ∩ �
Γ ⊢ITs M : � ∩ �

(∩El)
Γ ⊢ITs M : � Γ ⊢ITs M : � ∩ �

(∩Er)
Γ ⊢ITs M : �

Γ; x : � ⊢ITs M : �
(→I)

Γ ⊢ITs �x:M : � → � Γ ⊢ITs M : � → � Γ ⊢ITs N : �
(→E)

Γ ⊢ITs MN : �Figure 2.7: The rules of IT, when 
ontexts are sequen
es.For the rest of this se
tion, 
onsider IT as presented in Figure 2.6. Putting asidethe interse
tion rules, we retrieve Curry's types assignment system �→ for terms in
Λ. For both IT and �→, the following theorem holds.Theorem 2.5.4 Let ? ∈ {IT; �→}, M ∈ Λ and Fv(M) denote the set of free vari-ables of M . Then:(i) If Γ ⊢? M : �, then Fv(M) ⊆ dom(Γ).(ii) If Γ ⊢? M : � and Γ ⊆ Γ′, then Γ′ ⊢? M : �.(iii) If Γ ⊢? M : � and Γ′ ⊆ Γ is the set of those assignments in Γ whi
h 
on
ernvariables o

uring free in M , then Γ′ ⊢? M : �.Proof: By indu
tion on Γ ⊢? M : � for all 
ases. ⊣IT possesses greater typability power than �→, whi
h was the main reason for its
reation. The introdu
tion of interse
tion types allows the typing in IT of terms whi
hare not typable in �→. In parti
ular, IT assigns types to all and only the stronglynormalizable terms. As not every term is strongly normalizable, it is obvious thatthere exist terms not typable in IT.Example 2.5.5 The term �x:xx is typable in IT, but not in �→.Proof : Suppose �x:xx is typable in �→, i.e. Γ ⊢�→

�x:xx : �, for some Γ and �.Then, by 2.5.5(iii), we have that ⊢�→
�x:xx : �. By the Generation lemma for �→(see [Ba92℄, p. 40), there exist types �1 and �2, su
h that {x : �1} ⊢�→

xx : �2 and� ≡ �1 → �2. By the Generation lemma again, {x : �1} ⊢�→
xx : �2 implies thatthere is a type � , su
h that {x : �1} ⊢�→

x : � → �2 and {x : �1} ⊢�→
x : � . Butthen, the Generation lemma gives that x : � → �2 ∈ {x : �1}, so that �1 ≡ � → �2and x : � ∈ {x : �1}, so that �1 ≡ � , whi
h is absurd. On the other hand, �x:xx istypable in IT, as the following dedu
tion shows. Context-bra
es are omitted.



18 Chapter 2: Intuitionisti
 Logi
 and Types Assignment Systemsx : (� → � ) ∩ � ⊢IT x : (� → � ) ∩ �
(∩El)x : (� → � ) ∩ � ⊢IT x : � → � x : (� → � ) ∩ � ⊢IT x : (� → � ) ∩ �

(∩Er)x : (� → � ) ∩ � ⊢IT x : �
(→E)x : (� → � ) ∩ � ⊢IT xx : �

(→I)
⊢IT �x:xx : (� → � ) ∩ � → �De�nition 2.5.6 (i) A type � in FIT is prime, if it is not an interse
tion. So, aprime type is either a type variable or an impli
ation.(ii) If � and � are prime, then � and � are prime fa
tors of � ∩ � . A type � is aprime fa
tor of a type �1 ∩ �2, if it is either a prime fa
tor of �1 or a prime fa
torof �2.By inferen
e, the main building blo
ks of any type � in FIT are prime fa
tors andthe 
onne
tive ∩.Example 2.5.7 The term (�x:xx)�x:xx is not typable in IT.Proof : Suppose (�x:xx)�x:xx is typable in IT, i.e. Γ ⊢IT (�x:xx)�x:xx : �, for some Γand �. Then, by 2.5.5(iii), we have that ⊢IT (�x:xx)�x:xx : �. If � is an interse
tion,then ⊢IT (�x:xx)�x:xx : �, for every prime fa
tor � of �. If � is not an interse
tion,it is prime. In any 
ase, we have that ⊢IT (�x:xx)�x:xx : �, where � is a prime type.By the Generation lemma for IT (see [Kr93℄, p. 50), we have that ⊢IT �x:xx : � ′ → �′and ⊢IT �x:xx : � ′, where � is a prime fa
tor of �′. Sin
e � ′ → �′ is prime, thetyping of example 2.5.6 reveals that � ′ is an interse
tion of the form (�1 → �2) ∩ �1.But then, it should be ⊢IT �x:xx : �1 → �2 and ⊢IT �x:xx : �1. Sin
e �1 → �2 isprime, the typing of example 2.5.6 reveals again that �1 is an interse
tion of the form

(�3 → �4) ∩ �3. It is ⊢IT �x:xx : �3 → �4 and ⊢IT �x:xx : �3, type �3 should be aninterse
tion and the argument is in�nitely reprodu
ted. This is a 
ontradi
tion, sin
e� ′ is a �nite 
hain of sub-types and 
onne
tives.The extension of Curry's types assignment system with interse
tion types enlargedthe 
lass of typable terms and resulted to a very useful tool for investigating pure�-
al
ulus. Indeed, IT has su
h ni
e synta
ti
al properties that a very important
hara
terization of the 
lass of typable terms 
an be proved.Theorem 2.5.8 (Strong normalization theorem) Let M ∈ Λ. ThenM is typable in IT ⇔ M is strongly normalizableProof: See [Kr93℄. ⊣We saw in example 2.5.6 that the normal term �x:xx is typable in IT, whilethe non-normalizable (�x:xx)�x:xx is not. We also note that, in example 2.4.5, theLJr-dedu
tion Π2 uses only impli
ation and interse
tion, thus being a
tually an IT-dedu
tion. It shows a typing of the strongly normalizable term (�x:xx)�x:x. On theother hand, the normalizable, but not strongly normalizable term
(�x:y)(�x:xx)�x:xxis not typable in IT. For if it were, then (�x:xx)�x:xx would be typable|a 
ontra-di
tion.



2.6 Relation of LJ to IT 192.6 Relation of LJ to ITNot all LJ-dedu
tions are de
oratable by d→. However, the part of LJ de
oratable byd→ 
orresponds to the interse
tion types assignment system IT via d→, as the wholeof LJ 
orresponds to the simple types assignment system �∧

→
via d∧

→
. In parti
ular,any LJ-dedu
tion in D→LJ 
an be de
orated5 by d→ to produ
e an IT-dedu
tion whi
h,when �red by E, returns the LJ-dedu
tion and any IT-dedu
tion 
an 
ollapse throughE to a LJ-dedu
tion inD→LJ whi
h, when de
orated by d→, gives ba
k the IT-dedu
tionmodulo sequen
es of distin
t variables de
orating 
ontexts. This is to say that forevery LJ-dedu
tion in D→LJ there is a unique|modulo sequen
es of variables|IT-dedu
tion whi
h de
omposes to it through E and for every IT-dedu
tion there isa unique LJ-dedu
tion in D→LJ whi
h generates it through d→. In this se
tion, weformalize the relation just des
ribed.De�nition 2.6.1 Let f be a fun
tion from FLJ to FIT de�ned as: f(�) = �;f(� → �) = f(�) → f(�); f(� ∧ �) = f(�) ∩ f(�). Then (e ↾ FIT ) ◦ f = idFLJand f ◦ (e ↾ FIT ) = idFIT .Theorem 2.6.2 (From D→LJ to IT) If Π : {�1; : : : ; �m} ⊢LJ � is in D→LJ , then

{x1 : f(�1); : : : ; xm : f(�m)} ⊢IT Tx1;:::;xm(Π) : f(�), for every sequen
e x1; : : : ; xmof distin
t variables .Proof: By indu
tion on Π. Suppose x1; : : : ; xm is �xed, but arbitrary.Base: If Π : {�1; : : : ; �m} ⊢LJ �1 is an axiom, then
{x1 : f(�1); : : : ; xm : f(�m)} ⊢IT Tx1;:::;xm(Π) ≡ x1 : f(�1)is an axiom, as well.Indu
tive step: We go through the LJ-rules one by one.

•
Π1 : {�1; : : : ; �m} ⊢LJ �1 Π2 : {�1; : : : ; �m} ⊢LJ �2

(∧I)
Π : {�1; : : : ; �m} ⊢LJ �1 ∧ �2 ≡ �Sin
e Π is inD→LJ , both Π1 and Π2 are inD→LJ and Tx1;:::;xm(Π1) ≡ Tx1;:::;xm(Π2) ≡Tx1;:::;xm(Π) ≡ M . By the Indu
tive Hypothesis (IH), we have that

{x1 : f(�1); : : : ; xm : f(�m)} ⊢IT M : f(�1)
{x1 : f(�1); : : : ; xm : f(�m)} ⊢IT M : f(�2)By (∩IIT ), we get {x1 : f(�1); : : : ; xm : f(�m)} ⊢IT M : f(�1) ∩ f(�2) ≡ f(�1 ∧ �2) ≡ f(� ).

•
Π′ : {�1; : : : ; �m} ⊢LJ � ∧ � ′

(∧El)
Π : {�1; : : : ; �m} ⊢LJ �Sin
e Π is in D→LJ , Π′ is in D→LJ and Tx1;:::;xm(Π) ≡ Tx1;:::;xm(Π′) ≡ M . By theIH, we have that {x1 : f(�1); : : : ; xm : f(�m)} ⊢IT M : f(� ∧ � ′) ≡ f(� )∩ f(� ′). Applying

(∩ElIT ), we get {x1 : f(�1); : : : ; xm : f(�m)} ⊢IT M : f(� ).The 
ase of (∧Er) is similar.5The de
oration by d→ goes along with the 
onversion of 
onjun
tion to interse
tion.
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•

Π′ : {�1; : : : ; �m; �1} ⊢LJ �2
(→I)

Π : {�1; : : : ; �m} ⊢LJ �1 → �2 ≡ �Sin
e Π is in D→LJ , Π′ is in D→LJ and Tx1;:::;xm(Π) ≡ �x:Tx1;:::;xm;x(Π′), for some xdistin
t from the xi (1 6 i 6 m). By the IH, we have that
{x1 : f(�1); : : : ; xm : f(�m); x : f(�1)} ⊢IT Tx1;:::;xm;x(Π′) : f(�2)Applying (→IIT ), we get

{x1 : f(�1); : : : ; xm : f(�m)} ⊢IT �x:Tx1;:::;xm;x(Π′) : f(�1) → f(�2) ≡ f(�1 → �2) ≡ f(� )
•

Π1 : {�1; : : : ; �m} ⊢LJ � → � Π2 : {�1; : : : ; �m} ⊢LJ �
(→E)

Π : {�1; : : : ; �m} ⊢LJ �Sin
e Π is in D→LJ , both Π1 and Π2 are in D→LJ andTx1;:::;xm(Π) ≡ Tx1;:::;xm(Π1)Tx1;:::;xm(Π2)By the IH, it is
{x1 : f(�1); : : : ; xm : f(�m)} ⊢IT Tx1;:::;xm(Π1) : f(� → � ) ≡ f(�) → f(� )

{x1 : f(�1); : : : ; xm : f(�m)} ⊢IT Tx1;:::;xm(Π2) : f(�)Applying (→EIT ), we get {x1 : f(�1); : : : ; xm : f(�m)} ⊢IT Tx1;:::;xm(Π) : f(� ). ⊣Theorem 2.6.3 (From IT to D→LJ) Suppose that x1; : : : ; xm is a �xed, but arbi-trary sequen
e of distin
t variables. If Π : {x1 : �1; : : : ; xm : �m} ⊢IT M : � , thenE(Π) : {e(�1); : : : ; e(�m)} ⊢LJ e(�) is in D→LJ and Tx1;:::;xm(E(Π)) ≡ M .Proof: By indu
tion on Π.Base: If Π : {x1 : �1; : : : ; xm : �m} ⊢IT x1 : �1 is an axiom, thenE(Π) : {e(�1); : : : ; e(�m)} ⊢LJ e(�1)is an axiom|hen
e in D→LJ|and Tx1;:::;xm(E(Π)) ≡ x1.Indu
tive step: We examine all IT-rules.
•

Π1 : {x1 : �1; : : : ; xm : �m} ⊢IT M : �1 Π2 : {x1 : �1; : : : ; xm : �m} ⊢IT M : �2
(∩I)

Π : {x1 : �1; : : : ; xm : �m} ⊢IT M : �1 ∩ �2 ≡ �By the IH, we have thatE(Π1) : {e(�1); : : : ; e(�m)} ⊢LJ e(�1)E(Π2) : {e(�1); : : : ; e(�m)} ⊢LJ e(�2)are in D→LJ and Tx1;:::;xm(E(Π1)) ≡ M ≡ Tx1;:::;xm(E(Π2)) (1). By (∧ILJ ), we getE(Π) : {e(�1); : : : ; e(�m)} ⊢LJ e(�1) ∧ e(�2) ≡ e(�1 ∩ �2) ≡ e(� )whi
h is in D→LJ , sin
e E(Π1) and E(Π2) are and (1) holds. It is Tx1;:::;xm(E(Π)) ≡ M .
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•

Π′ : {x1 : �1; : : : ; xm : �m} ⊢IT M : � ∩ �
(∩El)

Π : {x1 : �1; : : : ; xm : �m} ⊢IT M : �By the IH, we have that E(Π′) : {e(�1); : : : ; e(�m)} ⊢LJ e(� ∩ �) ≡ e(� ) ∧ e(�) is inD→LJ and Tx1;:::;xm(E(Π′)) ≡ M . By (∧ElLJ), we get E(Π) : {e(�1); : : : ; e(�m)} ⊢LJ e(� )in D→LJ with Tx1;:::;xm(E(Π)) ≡ M .The 
ase of (∩Er) is similar.
•

Π′ : {x1 : �1; : : : ; xm : �m; x : �} ⊢IT N : �′

(→I)
Π : {x1 : �1; : : : ; xm : �m} ⊢IT �x:N : � → �′By the IH, we have that E(Π′) : {e(�1); : : : ; e(�m); e(�)} ⊢LJ e(�′) is in D→LJ andTx1;:::;xm;x(E(Π′)) ≡ N . Applying (→ILJ), we getE(Π) : {e(�1); : : : ; e(�m)} ⊢LJ e(�) → e(�′) ≡ e(� → �′)in D→LJ with Tx1;:::;xm(E(Π)) ≡ �x:Tx1;:::;xm;x(E(Π′)) ≡ �x:N .

•
Π1 :{x1 : �1; : : : ; xm : �m} ⊢IT N1 : � → � Π2 :{x1 : �1; : : : ; xm : �m} ⊢IT N2 : �

(→E)
Π : {x1 : �1; : : : ; xm : �m} ⊢IT N1N2 : �By the IH, we have thatE(Π1) : {e(�1); : : : ; e(�m)} ⊢LJ e(�→ � ) ≡ e(�) → e(� )E(Π2) : {e(�1); : : : ; e(�m)} ⊢LJ e(�)are in D→LJ and Tx1;:::;xm(E(Π1)) ≡ N1; Tx1;:::;xm(E(Π2)) ≡ N2. By (→ELJ), we getE(Π) : {e(�1); : : : ; e(�m)} ⊢LJ e(� )in D→LJ with Tx1;:::;xm(E(Π)) ≡ Tx1;:::;xm(E(Π1))Tx1;:::;xm(E(Π2)) ≡ N1N2. ⊣The logi
al systems \Interse
tion Logi
" and \Interse
rion Syn
hromous Logi
"introdu
ed in 
hapters 3 and 4, respe
tively, aim to realize the part of LJ de
oratableby d→ in a logi
 of its own, so that IT relates to a logi
|and not to part of a logi
|through a de
oration en
oding the impli
ation only.
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Chapter 3Interse
tion Logi
 (IL)3.1 PreliminariesWe start with some preliminary notions. We de�ne the main stru
ture of Interse
tionLogi
|full binary trees, 
alled kits|along with its 
hara
teristi
 parts|leaves, paths,subtrees|as well as the tools for manipulating it|overlapping of kits, substitutionof subtrees by new kits, pruning of leaves. We give some basi
 properties of kitsresulting from the de�nitions.De�nition 3.1.1 (i) A kit is a full binary tree in the language generated by thegrammar: K ::= � | [K;K], where the leaves �, also 
alled atoms, are generatedby the grammar: � ::= � | � → � | � ∩ �, with � belonging to a denumerable setof propositional variables. Kits are denoted by H;K;L and leaves by lower
ase greekletters.(ii) Two kits H;K overlap, denoted H ≃ K, if they have exa
tly the same treestru
ture but may di�er on the names of their leaves. For example,
[�1; [[�2; �3]; �4]] ≃ [�; [[�2; �]; �4]](iii) If H ≃ K, then H → K denotes a kit that overlaps with H;K and is indu
-tively de�ned as follows: for H ≡ � and K ≡ � , H → K is de�ned to be � → � , while,for H ≡ [H1; H2] and K ≡ [K1;K2], H → K is de�ned to be [H1 → K1; H2 → K2].(iv) A path is a �nite string built over the alphabet {l; r}. Paths are denoted byp; q and � denotes the empty path. The subtree of a kit H at path p, denoted Hp,is indu
tively de�ned as follows: H� = H; [H1; H2]

lp = Hp
1 ; [H1; H2]

rp = Hp
2 . Forp 6≡ �, �p is unde�ned. A path p is de�ned in H if and only if Hp is de�ned, so, forp de�ned in H, Hp is a
tually the subtree of H rooted at the end of p in H. If p isde�ned in H, p is terminal in H if and only if Hp is a leaf. The set of terminal pathsof a kit H is denoted by PT (H): Two paths p and q of H are di�erent, if they spliton a node of H.(v) For any path p de�ned in H; H [p := K] denotes the kit resulting from thesubstitution of K for Hp in H and, if p1; : : : ; pn ∈ PT (H); H [pi := Ki | 1 ≤ i ≤ n]denotes the kit resulting from the substitution of Ki for Hpi in H, for ea
h i in theset {1; : : : ; n}:(vi) Let ps be a path de�ned in H, where s ∈ {l; r}. The pruning of H at path psis de�ned as H\ps def

= H [p := Hps]. For example, ifH ≡ [�1; [[[[�5; �6]; �3]; [�4; [�7; �8]]]; �2]]23
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 (IL)p ≡ rl and s ≡ r, then H\ps ≡ [�1; [[�4; [�7; �8]]; �2]].It is obvious from the de�nition that, for any kits H and K, H ≃ K ⇔ PT (H) =PT (K). Also, if H ≃ K, then for every p ∈ PT (H), (H → K)p ≡ Hp → Kp.Proposition 3.1.2 (i) For any kits H and K and any path p, if H ≃ K, p 6≡ � andp is de�ned in H, then H\p → K\p ≡ (H → K)\p.(ii) For any kit H and non-empty paths p, q, if p and q are both de�ned in H andalso p is de�ned in H\q and q is de�ned in H\p, we have that (H\p)\q ≡ (H\q)\p.Proof: (i) By indu
tion on the stru
ture of H and K.Base: For single-node kits H ≡ � and K ≡ � , the only path de�ned is the emptypath �, so (i) holds trivially.Indu
tive step: Suppose H ≡ [H1; H2] and K ≡ [K1;K2] are overlapping andp 6≡ � is de�ned in H . Then H1 ≃ K1, H2 ≃ K2, p ≡ sq, for s ∈ {l; r}, and q isde�ned in H1, if s ≡ l, while q is de�ned in H2, if s ≡ r. We 
onsider the 
ases:1. q ≡ �: If s ≡ l, we have:H\p → K\p ≡ [H1; H2]\
l → [K1;K2]\

l
≡ H1 → K1

≡ [H1 → K1; H2 → K2]\
l

≡ ([H1; H2] → [K1;K2])\
l

≡ (H → K)\pIf s ≡ r, we work similarly.2. q 6≡ �: If s ≡ l, we have:H\p → K\p ≡ [H1; H2]\
lq → [K1;K2]\

lq
≡ [H1\

q; H2] → [K1\
q;K2]

≡ [H1\
q → K1\

q; H2 → K2]

≡ [(H1 → K1)\
q ; H2 → K2]

≡ [H1 → K1; H2 → K2]\
lq

≡ ([H1; H2] → [K1;K2])\
lq

≡ (H → K)\pIf s ≡ r, we work similarly.
(ind. hyp.)

(ii) Sin
e q 6≡ �, suppose, without loss of generality, that q ≡ q1l. If q1 ≡ �, it is notalways the 
ase that p is de�ned in H\q: if q1 ≡ �, then q ≡ l and, if, in addition, Hqis a leaf, then H\q is a single-node kit, namely the leaf Hq; so then, the non-emptypath p is not de�ned in H\q, a 
ontradi
tion. Thus, q1 6≡ �. Suppose, wlog, thatq1 ≡ q′1r, so that q ≡ q′1rl. We 
an't have q ⊆ p, be
ause, if this is so, it is not alwaysthe 
ase that p is de�ned in H\q. Similarly, we 
ant't have p ⊆ q. Also, p 
an't havethe form q1rp′, be
ause, if this is so, it is again not always the 
ase that p is de�nedin H\q. Combining the above, we 
on
lude that p ≡ p′1sp′′1 , with s ∈ {l; r}, for somep′1 ⊆ q′1. If p′1 ≡ q′1, s ≡ l, while, if p′1  q′1, say q′1 ≡ p′1lq′′1 , then s ≡ r. Also, p′′1 6≡ �,be
ause, if p′′1 ≡ �, it is not always the 
ase that q is de�ned in H\p. Suppose, wlog,
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 (pIL) 25that p′′1 ≡ p′′′1 l. Consider the general 
ase, where q ≡ p′1lq′′1 rl and p ≡ p′1rp′′′1 l. Then,using the fa
t that, if p̂ and q̂ are de�ned in H and di�erent, we haveH [p̂ := K1][q̂ := K2] ≡ H [q̂ := K2][p̂ := K1]we get that
(H\p)\q ≡ H [p′1rp′′′1 := Hp][p′1lq′′1r := Hq]

≡ H [p′1lq′′1 r := Hq][p′1rp′′′1 := Hp] (p′1rp′′′1 ; p′1lq′′1 r di�erent)
≡ (H\q)\p ⊣Remark 3.1.3 Note that for two non-empty paths p and q, de�ned in a kit H , to besu
h that one is de�ned in the pruning of H at the other, they must split on a nodeof H , whi
h has at least two des
endants in ea
h of them; it is not enough for p andq to be di�erent.3.2 Pre Interse
tion Logi
 (pIL)In this se
tion, we give the de�nition of the dedu
tive system \pre Interse
tion Logi
",denoted pIL, on whi
h we shall de�ne Interse
tion Logi
 (see se
tion 3.3). The keyfeature of pIL is that its judgements ex
lusively 
ontain overlapping kits. We alsopresent a de
oration of pIL-dedu
tions with untyped �-terms that en
ode the impli-
ation only.De�nition 3.2.1 (pIL) The dedu
tive system pIL, that we 
all pre Interse
tionLogi
, derives judgements of the form Γ ⊢pIL K, where the pIL-
ontext Γ is a multi-set of kits and K is a kit. Its rules are shown in Figure 3.1. We denote pIL-
ontextsby Γ;∆. Writing Π : Γ ⊢pIL K means that the pIL-dedu
tion Π 
on
ludes by proving

Γ ⊢pIL K:Remark 3.2.2 (i) In the rule (PpIL), the notation Γ\ps stands for the distributionof the pruning to the elements of Γ. (ii) In (∩IpIL), we say that the introdu
tion ofinterse
tion 
on
erns path p or is applied on p ; similarly, in (∩EspIL), s ∈ {l; r}, theelimination of interse
tion 
on
erns or is applied on p. (iii) The rules (→I) and (→E)are global rules, in the sense that they a�e
t all the leaves of the kits to the right of
⊢pIL, while (∩I) and (∩E) are lo
al rules, sin
e they 
on
ern parti
ular paths of thekits.De�nition 3.2.3 (i) A judgement {H1; : : : ; Hn} ⊢pIL K is proper if and only ifH1; : : : ; Hn;K are single-node kits, i.e. leaves.(ii) A dedu
tion Π : {H1; : : : ; Hn} ⊢pIL K is proper, if its 
on
lusive judgement
{H1; : : : ; Hn} ⊢pIL K is proper.The judgements of pIL enjoy an invariant, stated in the following lemma.Lemma 3.2.4 If Π : {H1; : : : ; Hn} ⊢pIL K, then the kits H1; : : : ; Hn and K areoverlapping.Proof: By indu
tion on Π. We remark thar the binary relation ≃ ⊆ (K×K) on theset of all kits K is re
exive, symmetri
 and transitive, i.e. it is an equivalen
e relationon K. ⊣
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∀H ∈ Γ : H ≃ K; K ∈ Γ

(ApIL)
Γ ⊢pIL K

Γ ⊢pIL K; s ∈ {l; r}; ps de�ned in K
(PpIL)

Γ\ps ⊢pIL K\ps
Γ ∪ {H} ⊢pIL K

(→IpIL)
Γ ⊢pIL H → K Γ ⊢pIL H → K Γ ⊢pIL H

(→EpIL)
Γ ⊢pIL K

{H1[p := [�1; �1]]; : : : ; Hn[p := [�n; �n]]} ⊢pIL K[p := [�; � ]]
(∩IpIL)

{H1[p := �1]; : : : ; Hn[p := �n]} ⊢pIL K[p := � ∩ � ]
Γ ⊢pIL K[p := � ∩ � ]

(∩ElpIL)
Γ ⊢pIL K[p := �]

Γ ⊢pIL K[p := � ∩ � ]
(∩ErpIL)

Γ ⊢pIL K[p := � ]Figure 3.1: The rules of pIL.An equivalent version of pIL 
an be formed, deriving judgements Γ ⊢pIL K, where
Γ is a sequen
e of kits and K is a kit. Its rules are demonstrated in Figure 3.2. Inthis thesis, though, only the multiset version of pIL will 
on
ern us.Before de�ning Interse
tion Logi
, we follow [RR01℄ in introdu
ing a non-standardde
oration of pIL-dedu
tions, denoted pd→ in this thesis. As the notation witnesses,it en
odes the impli
ative rules only, not the whole stru
ture of the dedu
tion. Wewill use it to argue about dedu
tions in IL and to establish a 
orresponden
e betweenIL and IT.De�nition 3.2.5 (pd→: non-standard de
oration of pIL) (i) Consider a pIL-
ontext ∆ ≡ {H1; : : : ; Hn}. A de
oration ∆∗ of ∆ is a set {x1 : H1; : : : ; xn : Hn},where the xi's are distin
t �-variables. Then, dom(∆∗) is the sequen
e x1; : : : ; xn.(ii) Every Π : ∆ ⊢pIL K 
an be asso
iated through an indu
tive algorithm to ade
orated dedu
tion

Π∗ : ∆∗ ⊢∗pIL Tdom(∆∗)(Π) : Kwhere ∆∗ is a de
oration of ∆, ⊢∗pIL denotes the de
oration of ⊢pIL and Tdom(∆∗)(Π)is in Λ.
•

K ∈ ∆
(ApIL)

Π : ∆ ⊢pIL K ⇒
x : K ∈ ∆∗

(A∗pIL)

Π∗ : ∆∗ ⊢∗pIL Tdom(∆∗)(Π) : Kwhere Tdom(∆∗)(Π) ≡ x.
•

Π1 : ∆1 ⊢pIL K
(PpIL)

Π : ∆1\ps ≡ ∆ ⊢pIL K\ps ⇒
Π∗

1 : ∆∗
1 ⊢∗pIL Tdom(∆∗

1
)(Π1) : K

(P∗pIL)

Π∗ : ∆∗ ⊢∗pIL Tdom(∆∗)(Π) : K\pswhere s ∈ {l; r}; ps is de�ned in K, dom(∆∗
1) ≡ dom(∆∗) andTdom(∆∗)(Π) ≡ Tdom(∆∗

1
)(Π1).
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(ApIL)K ⊢pIL K Γ; H1; H2;∆ ⊢pIL K
(XpIL)

Γ; H2; H1;∆ ⊢pIL KH1; : : : ; Hn ⊢pIL K; H ′ ≃ K
(WpIL)H1; : : : ; Hn; H ′ ⊢pIL K

Γ ⊢pIL K; s ∈ {l; r}; ps de�ned in K
(PpIL)

Γ\ps ⊢pIL K\ps
Γ; H ⊢pIL K

(→IpIL)
Γ ⊢pIL H → K Γ ⊢pIL H → K Γ ⊢pIL H

(→EpIL)
Γ ⊢pIL KH1[p := [�1; �1]]; : : : ; Hn[p := [�n; �n]] ⊢pIL K[p := [�; � ]]

(∩IpIL)H1[p := �1]; : : : ; Hn[p := �n] ⊢pIL K[p := � ∩ � ]
Γ ⊢pIL K[p := � ∩ � ]

(∩ElpIL)
Γ ⊢pIL K[p := �]

Γ ⊢pIL K[p := � ∩ � ]
(∩ErpIL)

Γ ⊢pIL K[p := � ]Figure 3.2: The rules of pIL, when 
ontexts are sequen
es.



28 Chapter 3: Interse
tion Logi
 (IL)
•

Π1 : ∆ ∪ {H} ⊢pIL K
(→IpIL)

Π : ∆ ⊢pIL H → K ⇒

Π∗
1 : ∆∗ ∪ {x : H} ⊢∗pIL Tdom(∆∗);x(Π1) : K

(→I∗pIL)

Π∗ : ∆∗ ⊢∗pIL Tdom(∆∗)(Π) : H → Kwhere x =∈ dom(∆∗) and Tdom(∆∗)(Π) ≡ �x:Tdom(∆∗);x(Π1).
•

Π1 : ∆ ⊢pIL H → K Π2 : ∆ ⊢pIL H
(→EpIL)

Π : ∆ ⊢pIL K ⇒

Π∗
1 : ∆∗ ⊢∗pIL Tdom(∆∗)(Π1) : H→ K Π∗

2 : ∆∗ ⊢∗pIL Tdom(∆∗)(Π2) : H
(→E∗pIL)

Π∗ : ∆∗ ⊢∗pIL Tdom(∆∗)(Π): Kwhere Tdom(∆∗)(Π) ≡ Tdom(∆∗)(Π1)Tdom(∆∗)(Π2).
•

Π1 : ∆1 ⊢pIL K[p := [�; � ]]
(∩IpIL)

Π : ∆ ⊢pIL K[p := � ∩ � ] ⇒

Π∗
1 : ∆∗

1 ⊢∗pIL Tdom(∆∗

1
)(Π1) : K[p := [�; � ]]

(∩I∗pIL)

Π∗ : ∆∗ ⊢∗pIL Tdom(∆∗)(Π) : K[p := � ∩ � ]where dom(∆∗
1) ≡ dom(∆∗) and Tdom(∆∗)(Π) ≡ Tdom(∆∗

1
)(Π1).

•
Π1 : ∆ ⊢pIL K[p := �l ∩ �r]

(∩EspIL)

Π : ∆ ⊢pIL K[p := �s] ⇒

Π∗
1 : ∆∗ ⊢∗pIL Tdom(∆∗)(Π1) : K[p := �l ∩ �r]

(∩EspIL)∗

Π∗ : ∆∗ ⊢∗pIL Tdom(∆∗)(Π) : K[p := �s]where s ∈ {l; r} and Tdom(∆∗)(Π) ≡ Tdom(∆∗)(Π1).(iii) If Π : ∆ ⊢pIL K, we de�ne the form of Π, denoted U(Π), to be the set
{Tdom(∆∗)(Π) | dom(∆∗) is a sequen
e of |∆| distin
t variables}.Remark 3.2.6 All points of remark 2.4.2 made for the non-standard de
oration ofLJ hold for the non-standard de
oration of pIL, as well.



3.3 De�nition of IL 293.3 De�nition of ILA dedu
tion in Interse
tion Logi
, proving {H1; : : : ; Hn} ⊢IL K, is de�ned as anequivalen
e 
lass of dedu
tions in pIL, all proving {H1; : : : ; Hn} ⊢pIL K. The equiva-len
e relation between derivations of pIL is de�ned to eliminate unne
essary di�eren-tiations resulting from di�eren
es in the order of appli
ation of 
onse
utive lo
al rules
on
erning di�erent paths. For 
onvenien
e though, a dedu
tion in IL is identi�edwith a dedu
tion in pIL belonging to the spe
i�ed equivalen
e 
lass.This se
tion is devoted to the de�nition and further explanation of the equivalen
erelation in question.De�nition 3.3.1 (Interse
tion Logi
) (i) We de�ne a binary relation, denoted ∼,on the set DpIL of all pIL-dedu
tions, as follows: for all Π;Π′ in DpIL ; Π ∼ Π′ ifand only if Π′ results from Π by inter
hanging two 
onse
utive lo
al rules 
on
erningdi�erent paths. The inter
hange 
ases1 are shown in Figure 3.3. Somewhat abusingthe notation, we use the symbol ∼ between dedu
tion-parts, whi
h are responsible forthe relation ∼ between the 
orresponding pIL-dedu
tions.(ii) As the three displayed s
hemas make 
lear, the inter
hange of two 
onse
utivelo
al rules applied on di�erent paths leaves the resulting judgement un
hanged. So, if
Π ∼ Π′, they both prove the same judgement.(iii) We 
an then de�ne an equivalen
e relation, denoted ≈, on DpIL as the re-
exive and transitive 
losure of the relation ∼, de�ned in (i). Note that ∼ is, byde�nition, symmetri
. It is easy to see that, if Π ≈ Π′, they still both prove the samejudgement.(iv) The set DIL of all IL-dedu
tions is de�ned to be DpIL quotiented by ≈ . It isDIL = [DpIL =≈ ] = { [ Π =≈ ] | Π ∈ DpIL }, where [ Π =≈ ] = {Π′∈DpIL | Π ≈ Π′ }. Anequivalen
e 
lass in DIL, whose dedu
tions prove Γ ⊢pIL K, is denoted Γ ⊢IL K or� : Γ ⊢IL K. So, � ≡ [ Π =≈ ], for some Π ∈ DpIL . If Π′ ≈ Π, we write Π′ ∈ �. Forpra
ti
al reasons though, we usually identify � with a Π′ ∈ �.Remark 3.3.2 (i) In the �rst inter
hange 
ase, we have that (Γ\pl)\ql ≡ (Γ\ql)\pl,meaning that (H\pl)\ql ≡ (H\ql)\pl, for every H ∈ Γ. This is be
ause p and q aredi�erent, allowing for pl and ql to be su
h that the hypotheses of proposition 3.1.2(ii)are satis�ed. (ii) In the se
ond and third 
ases, s and s′ belong to {l; r}. (iii) Sin
elo
al rules are not registered by pd→ and equivalent pIL-dedu
tions di�er solely inthe order of appli
ation of lo
al rules, if Π1 ≈ Π2 : {H1; : : : ; Hn} ⊢pIL K, thenTx1;:::;xn(Π1) = Tx1;:::;xn(Π2), for every x1; : : : ; xn. That's why we 
an identify an IL-dedu
tion � ≡ [ Π =≈ ] : {H1; : : : ; Hn} ⊢IL K with any member Π′ of the equivalen
e
lass and have that Tx1;:::;xn(�) = Tx1;:::;xn(Π′), for every x1; : : : ; xn. Consequently,if Π1 ≈ Π2, then U(Π1) = U(Π2) and, if Π′ ∈ �, then U(�) = U(Π′). (iv) There are�nitely many pIL-dedu
tions in an equivalen
e 
lass [ Π =≈ ].Example 3.3.3 Let � ≡ � ∩ � ∩ 
. Dedu
tions Π1;Π2 and Π3, shown in Figure 3.4on page 31, are equivalent. If we number the rules of Π1 from 1 to 11 , we swap pairs
(2; 3); (5; 6) and (7; 8) of Π1 in three simple steps to produ
e Π2|in whi
h the rulesappear in the order 1; 3; 2; 4; 6; 5; 8; 7; 9; 10; 11|and then we swap pairs (1; 3); (2; 4)and (7; 9) of Π2 in three further steps to attain Π3, in whi
h the rules have been mixedin the order 3; 1; 4; 2; 6; 5; 8; 9; 7; 10; 11. Context-bra
es are omitted.1In [RR01℄, the 
ase of 
onse
utive interse
tion introdu
tion rules on di�erent paths is not men-tioned. We 
onsider its in
lusion to the de�nition ne
essary.
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Γ ⊢pIL K[p := [�l; �r]] [q := [�l; �r]]

(∩IpIL)

Γ\pl ⊢pIL K[p := �l ∩ �r] [q := [�l; �r]]
(∩IpIL)

(Γ\pl)\ql ⊢pIL K[p := �l ∩ �r] [q := �l ∩ �r] ∼

Γ ⊢pIL K[p := [�l; �r]] [q := [�l; �r]]
(∩IpIL)

Γ\ql ⊢pIL K[p := [�l; �r]] [q := �l ∩ �r]
(∩IpIL)

(Γ\ql)\pl ⊢pIL K[p := �l ∩ �r] [q := �l ∩ �r]
Γ ⊢pIL K[p := [�l; �r]] [q := �l ∩ �r]

(∩IpIL)

Γ\pl ⊢pIL K[p := �l ∩ �r] [q := �l ∩ �r]
(∩EspIL)

Γ\pl ⊢pIL K[p := �l ∩ �r] [q := �s] ∼

Γ ⊢pIL K[p := [�l; �r]] [q := �l ∩ �r]
(∩EspIL)

Γ ⊢pIL K[p := [�l; �r]] [q := �s]
(∩IpIL)

Γ\pl ⊢pIL K[p := �l ∩ �r] [q := �s]
Γ ⊢pIL K[p := �l ∩ �r] [q := �l ∩ �r]

(∩EspIL)

Γ ⊢pIL K[p := �s] [q := �l ∩ �r]
(∩Es′pIL)

Γ ⊢pIL K[p := �s] [q := �s′ ] ∼

Γ ⊢pIL K[p := �l ∩ �r] [q := �l ∩ �r]
(∩Es′pIL)

Γ ⊢pIL K[p := �l ∩ �r] [q := �s′ ]
(∩EspIL)

Γ ⊢pIL K[p := �s] [q := �s′ ]Figure 3.3: Related dedu
tion-parts. Paths p and q are di�erent.
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[[[�; � ]; [�; � ]]; 
] ; [[[�; �]; [�; �]]; � ∩ �] ⊢pIL [[[�; �]; [�; �]]; � ∩ �]

(∩El) on lll
[[[�; � ]; [�; � ]]; 
] ; [[[�; �]; [�; �]]; � ∩ �] ⊢pIL [[[� ∩ �; �]; [�; �]]; � ∩ �]

(∩Er) on lll
[[[�; � ]; [�; � ]]; 
] ; [[[�; �]; [�; �]]; � ∩ �] ⊢pIL [[[�; �]; [�; �]]; � ∩ �]

(∩Er) on llr
[[[�; � ]; [�; � ]]; 
] ; [[[�; �]; [�; �]]; � ∩ �] ⊢pIL [[[�; 
]; [�; �]]; � ∩ �]

(∩El) on lrl
[[[�; � ]; [�; � ]]; 
] ; [[[�; �]; [�; �]]; � ∩ �] ⊢pIL [[[�; 
]; [� ∩ �; �]]; � ∩ �]

(∩El) on lrl
[[[�; � ]; [�; � ]]; 
] ; [[[�; �]; [�; �]]; � ∩ �] ⊢pIL [[[�; 
]; [�; �]]; � ∩ �]

(∩Er) on lrr
[[[�; � ]; [�; � ]]; 
] ; [[[�; �]; [�; �]]; � ∩ �] ⊢pIL [[[�; 
]; [�; 
]]; � ∩ �]

(∩I) on ll
[[�; [�; � ]]; 
] ; [[�; [�; �]]; � ∩ �] ⊢pIL [[� ∩ 
; [�; 
]]; � ∩ �]

(∩I) on lr
[[�; � ]; 
] ; [[�; �]; � ∩ �] ⊢pIL [[� ∩ 
; � ∩ 
]; � ∩ �]

(∩El) on r
[[�; � ]; 
] ; [[�; �]; � ∩ �] ⊢pIL [[� ∩ 
; � ∩ 
]; �]

(→I)
[[�; �]; � ∩ �] ⊢pIL [[�→� ∩ 
 ; �→� ∩ 
]; 
→�]

(∩I) on l
Π1 : [�; � ∩ �] ⊢pIL [(�→� ∩ 
) ∩ (�→� ∩ 
); 
→�]

[[[�; � ]; [�; � ]]; 
] ; [[[�; �]; [�; �]]; � ∩ �] ⊢pIL [[[�; �]; [�; �]]; � ∩ �]
(∩El) on lll

[[[�; � ]; [�; � ]]; 
] ; [[[�; �]; [�; �]]; � ∩ �] ⊢pIL [[[� ∩ �; �]; [�; �]]; � ∩ �]
(∩Er) on llr

[[[�; � ]; [�; � ]]; 
] ; [[[�; �]; [�; �]]; � ∩ �] ⊢pIL [[[� ∩ �; 
]; [�; �]]; � ∩ �]
(∩Er) on lll

[[[�; � ]; [�; � ]]; 
] ; [[[�; �]; [�; �]]; � ∩ �] ⊢pIL [[[�; 
]; [�; �]]; � ∩ �]
(∩El) on lrl

[[[�; � ]; [�; � ]]; 
] ; [[[�; �]; [�; �]]; � ∩ �] ⊢pIL [[[�; 
]; [� ∩ �; �]]; � ∩ �]
(∩Er) on lrr

[[[�; � ]; [�; � ]]; 
] ; [[[�; �]; [�; �]]; � ∩ �] ⊢pIL [[[�; 
]; [� ∩ �; 
]]; � ∩ �]
(∩El) on lrl

[[[�; � ]; [�; � ]]; 
] ; [[[�; �]; [�; �]]; � ∩ �] ⊢pIL [[[�; 
]; [�; 
]]; � ∩ �]
(∩I) on lr

[[[�; � ]; � ]; 
] ; [[[�; �]; �]; � ∩ �] ⊢pIL [[[�; 
]; � ∩ 
]; � ∩ �]
(∩I) on ll

[[�; � ]; 
] ; [[�; �]; � ∩ �] ⊢pIL [[� ∩ 
; � ∩ 
]; � ∩ �]
(∩El) on r

[[�; � ]; 
] ; [[�; �]; � ∩ �] ⊢pIL [[� ∩ 
; � ∩ 
]; �]
(→I)

[[�; �]; � ∩ �] ⊢pIL [[�→� ∩ 
 ; �→� ∩ 
]; 
→�]
(∩I) on l

Π2 : [�; � ∩ �] ⊢pIL [(�→� ∩ 
) ∩ (�→� ∩ 
); 
→�]

[[[�; � ]; [�; � ]]; 
] ; [[[�; �]; [�; �]]; � ∩ �] ⊢pIL [[[�; �]; [�; �]]; � ∩ �]
(∩Er) on llr

[[[�; � ]; [�; � ]]; 
] ; [[[�; �]; [�; �]]; � ∩ �] ⊢pIL [[[�; 
]; [�; �]]; � ∩ �]
(∩El) on lll

[[[�; � ]; [�; � ]]; 
] ; [[[�; �]; [�; �]]; � ∩ �] ⊢pIL [[[� ∩ �; 
]; [�; �]]; � ∩ �]
(∩El) on lrl

[[[�; � ]; [�; � ]]; 
] ; [[[�; �]; [�; �]]; � ∩ �] ⊢pIL [[[� ∩ �; 
]; [� ∩ �; �]]; � ∩ �]
(∩Er) on lll

[[[�; � ]; [�; � ]]; 
] ; [[[�; �]; [�; �]]; � ∩ �] ⊢pIL [[[�; 
]; [� ∩ �; �]]; � ∩ �]
(∩Er) on lrr

[[[�; � ]; [�; � ]]; 
] ; [[[�; �]; [�; �]]; � ∩ �] ⊢pIL [[[�; 
]; [� ∩ �; 
]]; � ∩ �]
(∩El) on lrl

[[[�; � ]; [�; � ]]; 
] ; [[[�; �]; [�; �]]; � ∩ �] ⊢pIL [[[�; 
]; [�; 
]]; � ∩ �]
(∩I) on lr

[[[�; � ]; � ]; 
] ; [[[�; �]; �]; � ∩ �] ⊢pIL [[[�; 
]; � ∩ 
]; � ∩ �]
(∩El) on r

[[[�; � ]; � ]; 
] ; [[[�; �]; �]; � ∩ �] ⊢pIL [[[�; 
]; � ∩ 
]; �]
(∩I) on ll

[[�; � ]; 
] ; [[�; �]; � ∩ �] ⊢pIL [[� ∩ 
; � ∩ 
]; �]
(→I)

[[�; �]; � ∩ �] ⊢pIL [[�→� ∩ 
 ; �→� ∩ 
]; 
→�]
(∩I) on l

Π3 : [�; � ∩ �] ⊢pIL [(�→� ∩ 
) ∩ (�→� ∩ 
); 
→�]Figure 3.4: Dedu
tions Π1;Π2 and Π3 of example 3.3.3.
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 (IL)It is Tx(Π1) = Tx(Π2) = Tx(Π3) = { �y:x | y(6≡ x) a variable }, for every x. If� ≡ [ Π1 =≈ ] : [�; � ∩ �] ⊢IL [(�→� ∩ 
) ∩ (�→� ∩ 
); 
→�], we 
an identify � with Πi
(i ∈ {1; 2; 3}). In any 
ase, Tx(�) = { �y:x | y(6≡ x) a variable }, for every x.3.4 From pIL to LJIn this se
tion, we examine the transition from pIL to LJ. We show that a deriva-tion Π : {H1; : : : ; Hn} ⊢pIL K in pIL groups a set, denoted LJ(Π), of derivationsin LJ, whi
h are all de
oratable by d→ and have the same form2, namely the formof Π (proje
tion theorem). Ea
h derivation Π′ : {�1; : : : ; �n} ⊢LJ � in LJ(Π) 
an beobtained from Π by 
onsidering a 
ertain terminal path of the kits in Π's 
on
lusion,taking the leaves to whi
h it leads in the kits, 
hanging the interse
tion to 
onjun
-tion and thus redu
ing the kits H1; : : : ; Hn;K to LJ-formulas �1; : : : ; �n; � . We alsoinvestigate the 
onditions that a LJ-dedu
tion must satisfy to be de
oratable by d→and explain why LJ-dedu
tions originating from a pIL-dedu
tion, in the manner justdes
ribed, satisfy these 
onditions.Theorem 3.4.1 (Proje
tion theorem) Let Π : {H1; : : : ; Hn} ⊢pIL K. For allpaths p in PT (K), we have that Πp : { e(Hp

1 ); : : : ; e(Hpn) } ⊢LJ e(Kp) is a LJ-dedu
tion in D→LJ , su
h that Tx1;:::;xn(Πp) = Tx1;:::;xn(Π), for every sequen
ex1; : : : ; xn of distin
t variables.Proof: By indu
tion on Π.Base: For Π : {H1; : : : ; Hn−1; K} ⊢pIL K an axiom of pIL and p ∈ P T (K), wehave that Πp : { e(Hp
1 ); : : : ; e(Hpn−1); e(Kp) } ⊢LJ e(Kp) is an axiom of LJ|hen
e inD→LJ|with Tx1;:::;xn(Πp) = { xn} = Tx1;:::;xn(Π), for every x1; : : : ; xn.Indu
tive step: We thoroughly examine all pIL-rules.

•
Π1 : {H1; : : : ; Hn} ⊢pIL K

(PpIL)
Π : {H1\

ps; : : : ; Hn\ps} ⊢pIL K\psSuppose q ∈ P T (K\ps). Then there exists q̄ ∈ P T (K), su
h that (Hi\ps)q ≡

(Hi)q̄ (16 i6n) and (K\ps)q ≡ K q̄ . By the IH, Πq̄
1 : { e(H q̄

1 ); : : : ; e(H q̄n) } ⊢LJ e(K q̄) is inD→LJ and Tx1;:::;xn(Πq̄
1) = Tx1;:::;xn(Π1), for every x1; : : : ; xn. But e(H q̄i ) ≡ e((Hi\ps)q)and e(K q̄) ≡ e((K\ps)q), so Πq̄

1 ≡ Πq and Tx1;:::;xn(Πq̄
1) = Tx1;:::;xn(Πq), for everyx1; : : : ; xn. Also, Tx1;:::;xn(Π1) = Tx1;:::;xn(Π), for every x1; : : : ; xn, so Tx1;:::;xn(Πq) =Tx1;:::;xn(Π), for every x1; : : : ; xn.

•
Π1 : {H1; : : : ; Hn; K1} ⊢pIL K2

(→IpIL)
Π : {H1; : : : ; Hn} ⊢pIL K1 → K2Suppose p ∈ P T (K1→K2). Then p ∈ P T (K2), so, by the IH,

Πp
1 : { e(Hp

1 ); : : : ; e(Hpn); e(Kp
1 ) } ⊢LJ e(Kp

2 )is in D→LJ and Tx1;:::;xn;x(Πp
1) = Tx1;:::;xn;x(Π1), for every x1; : : : ; xn; x. Applying

(→ILJ) on Πp
1, we get

Πp : { e(Hp
1 ); : : : ; e(Hpn) } ⊢LJ e(Kp

1 )→e(Kp
2 ) ≡ e(Kp

1 →Kp
2 ) ≡ e((K1→K2)

p)We also have that Πp is in D→LJ , sin
e Πp
1 is in D→LJ and Πp results from Πp

1 by (→I).2We a
tually prove a stronger result, see theorem 3.4.1 and remark 3.4.2 for details.



3.4 From pIL to LJ 33It remains to show that Tx1;:::;xn(Πp) = Tx1;:::;xn(Π), for every x1; : : : ; xn. It isTx1;:::;xn;x(Πp
1) = Tx1;:::;xn;x(Π1); for every x1; : : : ; xn; x =⇒�x:Tx1;:::;xn;x(Πp
1) = �x:Tx1;:::;xn;x(Π1)

3; for every x1; : : : ; xnand every x distin
t from xi (1 6 i 6 n) =⇒
⋃x �x:Tx1;:::;xn;x(Πp

1) =
⋃x �x:Tx1;:::;xn;x(Π1); for every x1; : : : ; xn ⇐⇒Tx1;:::;xn(Πp) = Tx1;:::;xn(Π); for every x1; : : : ; xn

•
Π1 : {H1; : : : ; Hn} ⊢pIL H → K Π2 : {H1; : : : ; Hn} ⊢pIL H

(→EpIL)
Π : {H1; : : : ; Hn} ⊢pIL KSuppose p ∈ P T (K). Then p ∈ P T (H→K) = P T (H), so, by the IH,

Πp
1 : { e(Hp

1 ); : : : ; e(Hpn) } ⊢LJ e((H→K)p) ≡ e(Hp)→e(Kp)
Πp

2 : { e(Hp
1 ); : : : ; e(Hpn) } ⊢LJ e(Hp)Applying (→ELJ) on Πp

1;Πp
2, we get Πp : { e(Hp

1 ); : : : ; e(Hpn) } ⊢LJ e(Kp). We have that
Πp is in D→LJ , sin
e Πp

1 and Πp
2 are in D→LJ , by the IH, and Πp follows from Πp

1 and Πp
2by (→E). It remains to show that Tx1;:::;xn(Πp) = Tx1;:::;xn(Π), for every x1; : : : ; xn.By the IH, we have Tx1;:::;xn(Πp

1) = Tx1;:::;xn(Π1) and Tx1;:::;xn(Πp
2) = Tx1;:::;xn(Π2),for every x1; : : : ; xn. SoTx1;:::;xn(Πp

1)Tx1;:::;xn(Πp
2) = Tx1;:::;xn(Π1)Tx1;:::;xn(Π2)

4; for every x1; : : : ; xn =⇒Tx1;:::;xn(Πp) = Tx1;:::;xn(Π); for every x1; : : : ; xn
•

Π1 : {H1[p := [�1; �1]]; : : : ; Hn[p := [�n; �n]]} ⊢pIL K[p := [�; � ]]
(∩IpIL)

Π : {H1[p := �1]; : : : ; Hn[p := �n]} ⊢pIL K[p := � ∩ � ]Suppose q ∈ P T (K[p := � ∩ � ]). We distinguish two 
ases. (1) If q 6≡ p, thenq ∈ P T (K[p := [�; � ]]), so, by the IH,
Πq

1 : { e(H1[p := [�1; �1]]
q); : : : ; e(Hn[p := [�n; �n]]q) } ⊢LJ e(K[p := [�; � ]]q)is in D→LJ and Tx1;:::;xn(Πq
1) = Tx1;:::;xn(Π1), for every x1; : : : ; xn. ButHi[p := [�i; �i]]q ≡ Hi[p := �i]q (16 i6n) and K[p := [�; � ]]q ≡ K[p := � ∩ � ]q, so

Πq
1 ≡ Πq : { e(H1[p := �1]

q); : : : ; e(Hn[p := �n]q) } ⊢LJ e(K[p := � ∩ � ]q)3If Π′ belongs to D→LJ ∪DpIL and gives Π under (→I), it isTx1;:::;xn(Π) =
[x �x:Tx1;:::;xn;x (Π′) =

[x {�x:M | M ∈ Tx1;:::;xn;x (Π′)}4If Π′ and Π′′ both belong to D→LJ or to DpIL and give Π under (→E), it isTx1;:::;xn(Π) = Tx1;:::;xn(Π′)Tx1;:::;xn(Π′′)

= {MN | M ∈ Tx1;:::;xn(Π′); N ∈ Tx1;:::;xn(Π′′); BV (M) ∩ BV (N) = ∅}
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 (IL)Hen
e, Πq is in D→LJ and Tx1;:::;xn(Πq) = Tx1;:::;xn(Πq
1) = Tx1;:::;xn(Π1) = Tx1;:::;xn(Π),for every x1; : : : ; xn. (2) If q ≡ p, then pl and pr are in P T (K[p := [�; � ]]), so, by theIH,

Πpl
1 : { e(�1); : : : ; e(�n) } ⊢LJ e(�) Πpr

1 : { e(�1); : : : ; e(�n) } ⊢LJ e(� )Applying (∧ILJ) on Πpl
1 ;Πpr

1 , we get
Πp : { e(�1); : : : ; e(�n) } ⊢LJ e(�) ∧ e(� ) ≡ e(� ∩ � )whi
h is in D→LJ , sin
e, by the IH, Πpl

1 and Πpr
1 are in D→LJ and Tx1;:::;xn(Πpl

1 ) =Tx1;:::;xn(Π1) = Tx1;:::;xn(Πpr
1 ), for every x1; : : : ; xn. Also, Tx1;:::;xn(Πp) =Tx1;:::;xn(Πpl

1 ) = Tx1;:::;xn(Π1) = Tx1;:::;xn(Π), for every x1; : : : ; xn.
•

Π1 : {H1; : : : ; Hn} ⊢pIL K[p := � ∩ � ]
(∩ElpIL)

Π : {H1; : : : ; Hn} ⊢pIL K[p := �]Suppose q ∈ P T (K[p := �]). Then q ∈ P T (K[p := � ∩ � ]). We distinguish two 
ases.(1) If q 6≡ p, then K[p := � ∩ � ]q ≡ K[p := �]q. By the IH,
Πq

1 : { e(Hq
1); : : : ; e(Hqn) } ⊢LJ e(K[p := � ∩ � ]q)is in D→LJ and Tx1;:::;xn(Πq

1) = Tx1;:::;xn(Π1), for every x1; : : : ; xn. It is easy to seethat Πq ≡ Πq
1, so that Πq is in D→LJ and Tx1;:::;xn(Πq) = Tx1;:::;xn(Πq

1), for everyx1; : : : ; xn. Thus, we have Tx1;:::;xn(Πq) = Tx1;:::;xn(Π1) = Tx1;:::;xn(Π), for everyx1; : : : ; xn. (2) If q ≡ p, then K[p := � ∩ � ]p ≡ � ∩ � and K[p := �]p ≡ �. By theIH, Πp
1 : { e(Hp

1 ); : : : ; e(Hpn) } ⊢LJ e(� ∩ � ) ≡ e(�) ∧ e(� ) and, applying (∧ElLJ ), we get
Πp : { e(Hp

1 ); : : : ; e(Hpn) } ⊢LJ e(�). We have that Πp is in D→LJ , sin
e Πp
1 is in D→LJ , by theIH, and Πp follows from Πp

1 by (∧E). In addition, Tx1;:::;xn(Πp) = Tx1;:::;xn(Πp
1), forevery x1; : : : ; xn. Sin
e, by the IH, Tx1;:::;xn(Πp

1) = Tx1;:::;xn(Π1), for every x1; : : : ; xn,we have Tx1;:::;xn(Πp) = Tx1;:::;xn(Π1) = Tx1;:::;xn(Π), for every x1; : : : ; xn.For (∩ErpIL), we work similarly. ⊣Remark 3.4.2 The 
on
lusion of theorem 3.4.1Tx1;:::;xn(Πp) = Tx1;:::;xn(Π); for every x1; : : : ; xn and p ∈ PT (K)implies that U(Πp) = U(Π), for every p ∈ PT (K). In general, for Π′ and Π inD→LJ ∪DpIL, the following impli
ation holds:Tx1;:::;xn(Π′) = Tx1;:::;xn(Π); for every x1; : : : ; xn =⇒U(Π′) =
⋃x1;:::;xn Tx1;:::;xn(Π′) =

⋃x1;:::;xn Tx1;:::;xn(Π) = U(Π)It is not generally true, though, thatU(Π′) = U(Π) =⇒ Tx1;:::;xn(Π′) = Tx1;:::;xn(Π); for every x1; : : : ; xnFor example, 
onsider the axioms Π′ : {�; �} ⊢LJ � and Π : {�; �} ⊢LJ � in D→LJ . Wehave that U(Π′) = V ar = U(Π), but, for x 6≡ y; Tx;y(Π′) = {x} 6= {y} = Tx;y(Π).(The notation V ar stands for the set of all �-variables.) Hen
e, \Tx1;:::;xn(Π′) =Tx1;:::;xn(Π), for every x1; : : : ; xn " is stronger than \U(Π′) = U(Π) "; let us 
all theformer 
laim \set (or term) equality" and the latter \form equality".De�nition 3.4.3 Let Π : {H1; : : : ; Hn} ⊢pIL K and LJ(Π) = {Πp | p ∈ PT (K)}.Any LJ-dedu
tion in LJ(Π) shall be refered to as a LJ-proje
tion of Π.



3.4 From pIL to LJ 35We 
ontinue with an example showing the LJ-proje
tions generated by a pIL-dedu
tion a

ording to theorem 3.4.1.Example 3.4.4 Let � ≡ � ∩ � ∩ 
 with �; � and 
 propositional variables. Thene(�) = � ∧ � ∧ 
; e(�) = �; e(�) = � and e(
) = 
. Dedu
tion Π : [�; �] ⊢pIL [
; �](on page 36) has two LJ-proje
tions Πl : e(�) ⊢LJ e(
) (on page 37) and
Πr : e(�) ⊢LJ e(�) (on page 36).We 
an roughly des
ribe a proje
tion algorithm for the 
onstru
tion ofLJ-proje
tions, given a pIL-dedu
tion. We 
onstru
t Πl bottom-up. As the theoremstates, its 
on
lusion is e(�) ⊢LJ 
, i.e. we follow path l on the kits in Π's 
on
lusionand apply e. Rule (∩Er)1 in Π applied on path l transforms to (∧Er)1 in Πl, so thatthe judgement e(�) ⊢LJ � ∧ 
 is formed right above e(�) ⊢LJ 
. Rule (∩I)2 in Πapplied on path l transforms to (∧I)2 in Πl with premises e(�) ⊢LJ � and e(�) ⊢LJ 
.Then, we follow paths ll and lr in Π's judgements to 
onstru
t subdedu
tions Πl

0and Πl
1, respe
tively. Rule (→E)3 in Π indu
es a (→E) rule in ea
h of Πl

0 and Πl
1;in parti
ular, rule (→E)30

in Πl
0 and rule (→E)31

in Πl
1. Fo
using on Πl

1, premisese(�) ⊢LJ � → 
 and e(�) ⊢LJ � are pla
ed above the 
on
lusion. Rule (∩E)4 in Πbrings about (∧E)41
in Πl

1, so that e(�) ⊢LJ e(�) sits above e(�) ⊢LJ �, while rule
(→ I)5 in Π appears as (→ I)51

in Πl
1 and puts �; e(�) ⊢LJ 
 above e(�) ⊢LJ � → 
.Continuing this way, rules (→ E)8; (∩E)9; (→ I)10 and (∩E)11 in Π appear in Πl

1 as
(→E)81

; (∧E)91
; (→ I)101

and (∧Er)111
, respe
tively. Rules (∩El)6 and (∩I)7 in Π ap-plied on ll do not a�e
t Πl

1, as the latter follows path lr. They proje
t to Πl
0 as

(∧El)6 and (∧I)7, respe
tively. Subdedu
tion Πl
0 is 
onstru
ted in a similar manner,starting from premises e(�) ⊢LJ � → � and e(�) ⊢LJ � pla
ed above the 
on
lusionby (→E)30

.Note that interse
tion elimination rules in Π applied on di�erent terminal pathsof the form lp proje
t to 
onjun
tion elimination rules in di�erent subdedu
tions of
Πl and impli
ation introdu
tion (or elimination) rules in Π applied on judgementsin
luding kits with n terminal paths of the form lp proje
t to n impli
ation introdu
-tion (or elimination) rules in Πl. On the other hand, if a pIL-dedu
tion Π 
ontainspruning rules, they do not proje
t to LJ.Both Πl and Πr are de
oratable by d→ . In parti
ular, for s ∈ {l; r} and every x,Tx(Πs) = Tx(Π) = {(�y:(�z:x)x)x | y(6≡ x); z(6≡ x) a sequen
e of distin
t variables}.3.4.1 Chara
teristi
s of the set D→LJAt this point, we will investigate the 
onditions that a LJ-dedu
tion must satisfy to bede
oratable by d→ and we will examine why the LJ-dedu
tions whi
h are proje
tionsof a pIL-dedu
tion indeed satisfy these 
onditions.Considering a LJ-dedu
tion with, say, three (∧I) rules and tra
ing it from top tobottom, the following 
onditions must hold for it to be de
oratable by d→.(1) The �rst (∧I) rule must 
onjun
t two LJ-formulas that have been derivedfrom subdedu
tions whi
h: (i) share both the number of instan
es and the order ofappli
ation of the rules (→ I) and (→E), (ii) have the same number of axioms5 and(iii) have the same 
ontext 
ardinality in 
orresponding6 axioms.5An extra axiom in one of the two would imply the existen
e of an extra binary rule, but theyboth have the same number of instan
es of (→E) and no instan
es of (∧I).6If we number the axioms of ea
h subdedu
tion from left to right, the ones identi
ally labelledare 
orresponding.
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[[[�; �]; �]; 
]; [[[�; �; ]; �]; �]; [[[�; �]; �]; �] ⊢pIL [[[�; �]; �]; �]
(∩E)11

[[[�; �]; �]; 
]; [[[�; �; ]; �]; �]; [[[�; �]; �]; �] ⊢pIL [[[�; 
]; 
]; �]
(→I)10

[[[�; �; ]; �]; �]; [[[�; �]; �]; �] ⊢pIL [[[�→�; �→
]; �→
]; 
→�]

[[[�; �; ]; �]; �]; [[[�; �]; �]; �] ⊢pIL [[[�; �]; �]; �]
(∩E)9

[[[�; �; ]; �]; �]; [[[�; �]; �]; �] ⊢pIL [[[�; �]; �]; 
]
(→E)8

[[[�; �; ]; �]; �]; [[[�; �]; �]; �] ⊢pIL [[[�; 
]; 
]; �]
(∩I)7

[[�; �]; �]; [[�; �]; �] ⊢pIL [[� ∩ 
; 
]; �]
(∩El)6

[[�; �]; �]; [[�; �]; �] ⊢pIL [[�; 
]; �]
(→I)5

[[�; �]; �] ⊢pIL [[�→�; �→
]; �→�]

[[�; �]; �] ⊢pIL [[�; �]; �]
(∩E)4

[[�; �]; �] ⊢pIL [[�; �]; �]
(→E)3

[[�; �]; �] ⊢pIL [[�; 
]; �]
(∩I)2

[�; �] ⊢pIL [� ∩ 
; �]
(∩Er)1

Π : [�; �] ⊢pIL [
; �]


; �; e(�) ⊢LJ e(�)
(∧E)
; �; e(�) ⊢LJ �
(→I)�; e(�) ⊢LJ 
→� �; e(�) ⊢LJ e(�)

(∧Er)�; e(�) ⊢LJ 

(→E)�; e(�) ⊢LJ �

(→I)e(�) ⊢LJ �→� e(�) ⊢LJ e(�)
(∧E)e(�) ⊢LJ �

(→E)

Πr : e(�) ⊢LJ �
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�; �; e(�) ⊢LJ e(�)
(∧E)1100�; �; e(�) ⊢LJ �

(→I)1000�; e(�) ⊢LJ �→� �; e(�) ⊢LJ e(�)
(∧E)900�; e(�) ⊢LJ �

(→E)800

Πl

00 : �; e(�) ⊢LJ � �; �; e(�) ⊢LJ e(�)
(∧Er)1101�; �; e(�) ⊢LJ 


(→I)1001�; e(�) ⊢LJ �→
 �; e(�) ⊢LJ e(�)
(∧E)901�; e(�) ⊢LJ �

(→E)801

Πl

01 : �; e(�) ⊢LJ 

(∧I)7�; e(�) ⊢LJ � ∧ 


(∧El)6�; e(�) ⊢LJ �

(→I)50e(�) ⊢LJ �→� e(�) ⊢LJ e(�)
(∧E)40e(�) ⊢LJ �

(→E)30

Πl
0 : e(�) ⊢LJ �

Πl

0 : e(�) ⊢LJ �
�; �; e(�) ⊢LJ e(�)

(∧Er)111�; �; e(�) ⊢LJ 

(→I)101�; e(�) ⊢LJ �→
 �; e(�) ⊢LJ e(�)

(∧E)91�; e(�) ⊢LJ �
(→E)81�; e(�) ⊢LJ 


(→I)51e(�) ⊢LJ �→
 e(�) ⊢LJ e(�)
(∧E)41e(�) ⊢LJ �

(→E)31

Πl
1 : e(�) ⊢LJ 


(∧I)2e(�) ⊢LJ � ∧ 

(∧Er)1

Πl : e(�) ⊢LJ 
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 (IL)(2) Identifying the two subdedu
tions leading to the �rst (∧I) rule with respe
tto the sequen
e of impli
ative rules from top to bottom and the sequen
e of axioms7from left to right (abbreviated \imax"), the se
ond (∧I) rule must 
onjun
t two LJ-formulas derived from subdedu
tions whi
h satisfy (i), (ii) and (iii).(3) Identifying, with respe
t to imax, the two subdedu
tions leading to the se
ond
(∧I) rule, whi
h 
an be done given the identi�
ation, with respe
t to imax, of the twosubdedu
tions leading to the �rst (∧I) rule, the third (∧I) rule must 
onjun
t twoLJ-formulas derived from subdedu
tions whi
h satisfy (i), (ii) and (iii).For LJ-dedu
tions with more (∧I) rules, the 
onditions adapt a

ordingly.We 
an now ask why LJ-proje
tions of a pIL-dedu
tion indeed satisfy the 
ondi-tions. We resolve this question by examining proje
tion Πl of example 3.4.4.The �rst (∧I) 
ombines subdedu
tions Πl

00 and Πl
01, whi
h are themselves LJ-proje
tions of a pIL-dedu
tion Π̂. In parti
ular, Πl

00 ≡ (Π̂)l and Πl
01 ≡ (Π̂)r.

[�; �]; [�; �]; [�; �] ⊢pIL [�; �]
(∩E)

[�; �]; [�; �]; [�; �] ⊢pIL [�; 
]
(→I)

[�; �]; [�; �] ⊢pIL [�→�; �→
]

[�; �]; [�; �] ⊢pIL [�; �]
(∩E)

[�; �]; [�; �] ⊢pIL [�; �]
(→E)

Π̂ : [�; �]; [�; �] ⊢pIL [�; 
]The fa
t that Πl
00 and Πl

01 satisfy (i) derives from the fa
t that the rules (→ I)and (→E) in Π̂ are global, so they a�e
t the left and right leaves of the kits in exa
tlythe same way.Informally speaking, the \left part" of ea
h axiom in Π̂ gives an axiom in Πl
00,while the \right part" gives an axiom in Πl

01. But, sin
e the kits in Π̂'s axioms|andeven more in any pIL-judgement|are full binary, left and right parts appear in pairs,so every axiom in Πl
00 
an be mat
hed to a unique axiom in Πl

01 and vi
e versa.Hen
e, Πl
00 and Πl

01 satisfy (ii).Corresponding axioms in Πl
00 and Πl

01 are those that have emanated from thesame axiom in Π̂ as left and right part, respe
tively. Sin
e the kits in Π̂'s axiomsare full binary, every left 
ontext-leaf has a pairing right one; hen
e, Πl
00 and Πl

01satisfy (iii).The se
ond (∧I) 
ombines subdedu
tions Πl
0 and Πl

1, whi
h are LJ-proje
tions ofa pIL-dedu
tion Π̃. It is Πl
0 ≡ (Π̃)l and Πl

1 ≡ (Π̃)r.
[[�; �]; �]; [[�; �]; �]; [[�; �]; �] ⊢pIL [[�; �]; �]

(∩E)

[[�; �]; �]; [[�; �]; �]; [[�; �]; �] ⊢pIL [[�; 
]; 
]
(→I)

[[�; �]; �]; [[�; �]; �] ⊢pIL [[�→�; �→
]; �→
]

[[�; �]; �]; [[�; �]; �] ⊢pIL [[�; �]; �]
(∩E)

[[�; �]; �]; [[�; �]; �] ⊢pIL [[�; �]; �]
(→E)

[[�; �]; �]; [[�; �]; �] ⊢pIL [[�; 
]; 
]
(∩I)

[�; �]; [�; �] ⊢pIL [� ∩ 
; 
]
(∩El)

[�; �]; [�; �] ⊢pIL [�; 
]
(→I)

[�; �] ⊢pIL [�→�; �→
]

[�; �] ⊢pIL [�; �]
(∩E)

[�; �] ⊢pIL [�; �]
(→E)

Π̃ : [�; �] ⊢pIL [�; 
]7The \identi�
ation" of 
orresponding axioms 
on
erns their 
ontext 
ardinality; they are notidenti
al. Even more, the two subdedu
tions are not identi
al; they just exhibit the same sequen
eof impli
ative rules.
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ation with respe
t to imax ofΠl
00 andΠl

01 translates in kit terminologyto the identi�
ation of terminal paths ll and lr, in all judgements of Π̃ before theappli
ation of (∩I). This does not ne
essarily mean that the leaves at the end of lland lr are identi
al; it is an improper identi�
ation to explain in kit level why Πl
0 and

Πl
1 satisfy (i), (ii) and (iii). If paths ll and lr 
oin
ide, we 
an think of all kits in Π̃as having a left and a right part.The sequen
e of global rules (→I); (→E); (→I); (→E) in Π̃ equally a�e
ts the leftand right parts of the kits; thus, Πl

0 and Πl
1 satisfy (i).The left part of ea
h axiom in Π̃ gives an axiom in Πl

0, while the right part gives onein Πl
1. Arguing as in the 
ase of Π̂, we 
on
lude that Πl

0 and Πl
1 satisfy (ii) and (iii).3.5 Strong normalization of ILIn this se
tion, we de�ne a ⋄ -redex of a pIL-dedu
tion, where ⋄ ∈ {P;→;∩}, and showhow to eliminate redexes. We prove that pIL is strongly normalizable by turning toLJ-proje
tions of a pIL-dedu
tion and invoking the strong normalizability of LJ. Wethen derive strong normalizability of IL.We start by showing how the rule (PpIL) 
an be eliminated from a pIL-dedu
tion.The so-
alled P -
ommuting 
onversions or ,→P -normalization steps, de�ned below,shift an o

uren
e of (PpIL) upwards in the dedu
tion until it rea
hes an axiom. Atthat point, its 
on
lusion is by itself an axiom, so we 
an erase the initial axiom andthe rule and take its 
on
lusion as a dedu
tion leaf.De�nition 3.5.1 (i) The P -
ommuting 
onversions or ,→P -normalization steps onpIL are the following rewriting rules.1. The axiom (A).

(A)
Γ ∪ {H} ⊢pIL H

(P )
Γ\p ∪ {H\p} ⊢pIL H\p ,→P (A)

Γ\p ∪ {H\p} ⊢pIL H\p2. The introdu
tion of impli
ation (→I).
Γ ∪ {H} ⊢pIL K

(→I)
Γ ⊢pIL H → K

(P )
Γ\p ⊢pIL (H → K)\p ≡ H\p → K\p ,→P Γ ∪ {H} ⊢pIL K

(P )
Γ\p ∪ {H\p} ⊢pIL K\p

(→I)
Γ\p ⊢pIL H\p → K\p3. The elimination of impli
ation (→E).

Γ ⊢pIL H → K Γ ⊢pIL H
(→E)

Γ ⊢pIL K
(P )

Γ\p ⊢pIL K\p ,→P
Γ ⊢pIL H → K

(P )
Γ\p ⊢pIL H\p → K\p Γ ⊢pIL H

(P )
Γ\p ⊢pIL H\p

(→E)
Γ\p ⊢pIL K\p
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tion Logi
 (IL)4. For the introdu
tion of interse
tion (∩I), we distinguish two 
ases. The 
ontexts in-
lude kits for i ∈ {1; : : : ; n}.Case 1: q j p
{Hi[p := [�i; �i]]} ⊢pIL K[p := [�; � ]]

(∩I)
{Hi[p := �i]} ⊢pIL K[p := � ∩ � ]

(P )
{Hi[p := �i]\q ≡ H ′i[p′ := �i]} ⊢pIL K[p := � ∩ � ]\q ≡ K′[p′ := � ∩ � ] ,→P

{Hi[p := [�i; �i]]} ⊢pIL K[p := [�; � ]]
(P )

{Hi[p := [�i; �i]]\q ≡ H ′i[p′ := [�i; �i]]} ⊢pIL K[p := [�; � ]]\q ≡ K′[p′ := [�; � ]]
(∩I)

{H ′i [p′ := �i]} ⊢pIL K′[p′ := � ∩ � ]Case 2: q; p di�erent paths
{Hi[p := [�i; �i]]} ⊢pIL K[p := [�; � ]]

(∩I)
{Hi[p := �i]} ⊢pIL K[p := � ∩ � ]

(P )
{Hi[p := �i]\q ≡ H ′i} ⊢pIL K[p := � ∩ � ]\q ≡ K′

,→P
{Hi[p := [�i; �i]]} ⊢pIL K[p := [�; � ]]

(P )
{Hi[p := [�i; �i]]\q ≡ H ′i} ⊢pIL K[p := [�; � ]]\q ≡ K′5. For the elimination of interse
tion (∩E), we 
onsider two 
ases, as well.Case 1: q j p

Γ ⊢pIL K[p := �l ∩ �r]
(∩Es)

Γ ⊢pIL K[p := �s]
(P )

Γ\q ⊢pIL K[p := �s]\q ≡ K′[p′ := �s] ,→P
Γ ⊢pIL K[p := �l ∩ �r]

(P )
Γ\q ⊢pIL K[p := �l ∩ �r]\q ≡ K′[p′ := �l ∩ �r]

(∩Es)
Γ\q ⊢pIL K′[p′ := �s]Case 2: q; p di�erent paths

Γ ⊢pIL K[p := �l ∩ �r]
(∩Es)

Γ ⊢pIL K[p := �s]
(P )

Γ\q ⊢pIL K[p := �s]\q ≡ K′

,→P Γ ⊢pIL K[p := �l ∩ �r]
(P )

Γ\q ⊢pIL K[p := �l ∩ �r]\q ≡ K′(ii) Every pair of rules to the left of ,→P is 
alled a P -redex and the 
onversionprovides the 
orresponding P -redu
t.Remark 3.5.2 (i) In the 
ases of (∩I) and (∩E), for the pruning at path q to havemeaning, q has to be de�ned in Hi[p := �i];K[p := �∩� ] and K[p := �s], respe
tively,i.e. in kits where p is terminal. For this reason, it 
an't be that p ⊂ q, so we 
onsider
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ases q j p and q di�erent from p. (ii) In 
ase 2 of (∩I) and (∩E), the ,→P -normalization step eliminates the interse
tion rules. This is not a problem, sin
e weare only interested in shifting pruning one pla
e up in the dedu
tion|whi
h is done|and in 
on
luding by the same judgement after the rules have been ex
hanged|whi
his attained without applying interse
tion. A
tually, interse
tion in the P -redexes isapplied to this part of the kits whi
h is then pruned, so, if we �rst do the pruning,there is no longer spa
e for interse
tion.De�nition 3.5.3 (i) A pIL-dedu
tion free of o

uren
es of (PpIL) is P -normal.(ii) A 
lass � of IL redu
es under ,→P to another 
lass �′ of IL (� ,→P �′), if
Π ∈ � and Π ,→P Π′ imply that Π′ ∈ �′.Using P -
ommuting 
onversions, it is easy to see that the following lemma holds.Lemma 3.5.4 Every Π : Γ ⊢pIL H 
an be redu
ed to a P -normal Π′ : Γ ⊢pIL Hunder any strategy.De�nition 3.5.5 Let Π be a pIL-dedu
tion and s ∈ {l; r}.(i) A →-redex of Π is a sequen
e (→IpIL); (→EpIL) in Π of the rules introdu
ingand eliminating the impli
ation.

Γ ∪ {H} ⊢pIL K
(→IpIL)

Γ ⊢pIL H → K Γ ⊢pIL H
(→EpIL)

Γ ⊢pIL K(ii) A ∩-redex of Π is a sequen
e (∩IpIL); (∩EspIL) in Π of the rules introdu
ingand eliminating the interse
tion.
{H1[p := [�1; �1]]; : : : ; Hn[p := [�n; �n]]} ⊢pIL K[p := [�l; �r]]

(∩IpIL)
{H1[p := �1]; : : : ; Hn[p := �n]} ⊢pIL K[p := �l ∩ �r]

(∩EspIL)
{H1[p := �1]; : : : ; Hn[p := �n]} ⊢pIL K[p := �s]De�nition 3.5.6 Let {H1; : : : ; Hn} ⊢pIL K be a judgement in position x of apIL-dedu
tion Π 
onsisting of k steps (0 6 x 6 k). If the 
ontext-kit Hi (or apruned des
endant of Hi) doesn't move to the right of ⊢pIL by a (→I) rule in stepsx+ 1; : : : ; k, it is said to be open.Remark 3.5.7 If Π : {H1; : : : ; Hn} ⊢pIL K is a pIL-dedu
tion, all 
ontext-kits Hiare stable.The following lemma is used for the elimination of→-redexes from a pIL-dedu
tion.Lemma 3.5.8 (Substitution lemma) Let Π0 : Γ ∪ {H} ⊢pIL K; Π1 : Γ ⊢pIL Hbe pIL-dedu
tions and S(Π1;Π0) be the dedu
tive stru
ture obtained from Π0 by sub-stituting all axioms Γ′ ∪{H} ⊢pIL H (Γ ⊆ Γ′) with H open by Π′

1 : Γ′ ⊢pIL H. Then,S(Π1;Π0) : Γ ⊢pIL K.Proof: Use double indu
tion, see [RR01, Pr65, Gi89℄. ⊣Remark 3.5.9 If Π0 and Π1 are P -normal, then so is S(Π1;Π0).
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 (IL)The next de�nition shows the normalization pro
edures 
alled up for eliminatingsingle impli
ation and interse
tion redexes, i.e. des
ribes single normalization steps.De�nition 3.5.10 Let Π be a pIL-dedu
tion and s ∈ {l; r}.(i a) A →-rewriting step on Π is a normalization step that eliminates a →-redexof the dedu
tion.
Π0 : Γ ∪ {H} ⊢pIL K

(→IpIL)
Γ ⊢pIL H → K Π1 : Γ ⊢pIL H

(→EpIL)
Γ ⊢pIL K ,→→S(Π1;Π0) : Γ ⊢pIL K(i b) A 
lass � of IL redu
es to another 
lass �′ of IL under a →-rewriting step

(� ,→→ �′), if Π ∈ � and Π ,→→ Π′ imply that Π′ ∈ �′.(ii a) A ∩-rewriting step on Π is a normalization step that eliminates a ∩-redex ofthe dedu
tion.
{H1[p := [�1; �1]]; : : : ; Hn[p := [�n; �n]]} ⊢pIL K[p := [�l; �r]]

(∩IpIL)
{H1[p := �1]; : : : ; Hn[p := �n]} ⊢pIL K[p := �l ∩ �r]

(∩EspIL)
{H1[p := �1]; : : : ; Hn[p := �n]} ⊢pIL K[p := �s] ,→∩

{H1[p := [�1; �1]]; : : : ; Hn[p := [�n; �n]]} ⊢pIL K[p := [�l; �r]]
(PpIL)

{(H1[p := [�1; �1]])\
ps; : : : ; (Hn[p := [�n; �n]])\ps} ⊢pIL (K[p := [�l; �r]])\psIt is (Hi[p := [�i; �i]])\ps ≡ Hi[p := �i] (1 6 i 6 n) and (K[p := [�l; �r]])\ps ≡K[p := �s].(ii b) A 
lass � of IL redu
es to another 
lass �′ of IL under a ∩-rewriting step

(� ,→∩ �′), if Π ∈ � and Π ,→∩ Π′ imply that Π′ ∈ �′.Remark 3.5.11 If Π is P -normal and Π ,→→ Π′, then Π′ is P -normal, too. On the
ontrary, if Π ,→∩ Π′, then Π′ is not P -normal, but it 
an be redu
ed to one usingP -
ommuting 
onversions.De�nition 3.5.12 (i) A pIL-dedu
tion Π is normal, if it is P -normal and free ofimpli
ation and interse
tion redexes.(ii) An IL-dedu
tion � is normal (strongly normalizable), if there exists a normal(strongly normalizable) Π in �.Remark 3.5.13 We note that, for any IL-dedu
tion �, if there is a normal (stronglynormalizable) Π in �, then every Π in � is normal (strongly normalizable).Theorem 3.5.14 pIL is strongly normalizable, i.e. every pIL-dedu
tion Π is stronglynormalizable.Proof: Suppose there exists a pIL-dedu
tion Π : {H1; : : : ; Hm} ⊢pIL K whi
h is notstrongly normalizable. Then, there is an in�nite sequen
e s of ⋄ -steps, where ⋄ belongsto {,→P ; ,→→; ,→∩}, starting from Π. If PT (K) = {p1; : : : ; pn}, then, by theorem 3.4.1,
Π gives n LJ-proje
tionsΠ1; : : : ;Πn inD→LJ , where Πi :{e(Hpi

1 ); : : : ; e(Hpim )} ⊢LJ e(Kpi).If Π ,→P Π′, then, for every i ∈ {1; : : : ; n}; Πi ≡ (Π′)i. If Π ,→→ Π′, then, for every i,
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Πi ,→1LJ→

: : : ,→riLJ→
(Π′)i. Finally, if Π ,→∩ Π′, then there is an i0 ∈ {1; : : : ; n}, su
hthat: (1) Πi0 ,→LJ∧
(Π′)i0 and (2) for every i ∈ {1; : : : ; n} \ {i0}, it is Πi ≡ (Π′)i.Case 1: There are in�nitely many ,→→-steps in s. Then, sin
e ea
h su
h stepgenerates �nitely many ,→LJ→

-steps in ea
h Πi, we meet in�nitely many ,→LJ→
-stepsin ea
h Πi, whi
h 
ontradi
ts the strong normalization of LJ.Case 2: There are in�nitely many ,→∩-steps in s. In this 
ase, sin
e ea
h su
h stepgenerates a ,→LJ∧

-step in one of the Πi, there are in�nitely many ,→LJ∧
-steps to bemounted in n LJ-dedu
tions. Consequently, there is an i ∈ {1; : : : ; n}, su
h that wemeet in�nitely many ,→LJ∧

-steps in Πi, whi
h 
ontradi
ts the strong normalizationof LJ.Case 3: There are in�nitely many ,→P -steps in s. Then, there should be in�nitelymany ,→∩-steps in s, sin
e the (P ) rules initially in Π are eliminated in a �nite numberof ,→P -steps and so is the (P ) rule generated by a single ,→∩-step. So, this 
ase redu
esto 
ase 2. ⊣Theorem 3.5.15 IL is strongly normalizable.Proof: If there is an IL-dedu
tion � whi
h is not strongly normalizable, then, byde�nition 3.5.12(ii), if Π ∈ �, then Π is not strongly normalizable, whi
h 
ontradi
tstheorem 3.5.14. ⊣3.6 IL and the part of LJ de
oratable by d→In se
tion 3.4, we saw that any pIL-dedu
tion Π gives rise to a �nite number ofLJ-dedu
tions in D→LJ , 
alled its LJ-proje
tions, that all share the impli
ative stru
-ture of Π. In this se
tion, we start by examining the spe
ial 
ase of theorem 3.4.1where Π is proper and has a single LJ-proje
tion Π�, whi
h is uniquely determinedby the proje
tion algorithm. Throughout the se
tion, we 
on
entrate on P -normal,proper dedu
tions. We observe that equivalent pIL-dedu
tions proje
t to the sameLJ-dedu
tion, whi
h is the unique LJ-proje
tion of their equivalen
e 
lass. Di�erentequivalen
e 
lasses have di�erent LJ-proje
tions. We 
ontinue by showing the inverseof theorem 3.4.1 (inverse proje
tion theorem for pIL), i.e. how a �nite number ofLJ-dedu
tions in D→LJ with the same impli
ative stru
ture merge to give a single pIL-dedu
tion with this very impli
ative stru
ture. We des
ribe an algorithmi
 pro
edurefor 
onstru
ting this pIL-dedu
tion (simulation algorithm) and note that it a
tuallyuniquely determines an equivalen
e 
lass of P -normal pIL-dedu
tions, i.e. a P -normalIL-dedu
tion (inverse proje
tion theorem for IL). We then restri
t the inverse for IL toa single LJ-dedu
tion in D→LJ , whi
h gives through the simulation argorithm a uniqueP -normal, proper IL-dedu
tion 
alled its IL-dupli
ate. The fa
t that proje
ting andsimulating are inverse pro
edures between P -normal, proper IL-dedu
tions and LJ-dedu
tions in D→LJ leads to the main theorem of this se
tion whi
h 
laims a one-to-one
orresponden
e between su
h dedu
tions, 
orresponding dedu
tions sharing the sameimpli
ative stru
ture.If Π of theorem 3.4.1 
on
ludes by a proper judgement {�1; : : : ; �n} ⊢pIL � ,there is just one terminal path � to be 
onsidered, so we get a single LJ-proje
tion
Π� : {e(�1); : : : ; e(�n)} ⊢LJ e(�), whi
h is de
oratable by d→ and su
h thatTx1;:::;xn(Π�) = Tx1;:::;xn(Π), for every x1; : : : ; xn. Given Π, Π� is uniquely deter-mined by the proje
tion algorithm. If Π′ is the P -normal dedu
tion to whi
h Π 
anbe redu
ed, then (Π′)� ≡ Π�, sin
e (PpIL) doesn't have an image in LJ. We obtain
(Π′)� from Π′ by the proje
tion algorithm, as usual.
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tion Logi
 (IL)Let us now 
on
entrate on P -normal, proper pIL-dedu
tions. So far, we have that,for every P -normal, proper pIL-dedu
tion Π : {�1; : : : ; �n} ⊢pIL � , the proje
tion
Π� : {e(�1); : : : ; e(�n)} ⊢LJ e(�) is unique, belongs to D→LJ and has the same impli
a-tive stru
ture as Π, i.e. Tx1;:::;xn(Π�) = Tx1;:::;xn(Π), for every x1; : : : ; xn.We 
an make some observations on proje
ting. An axiom in Π involving kitswith m terminal paths generates m axioms in Π�. In general, a judgement J ≡
{H1; : : : ; Hn} ⊢pIL K in Π involving kits with m terminal paths p1; : : : ; pm gener-ates m judgements J1; : : : ; Jm in Π�, where, for ea
h k ∈ {1; : : : ;m}, it is Jk ≡
{e(Hpk

1 ); : : : ; e(Hpkn )} ⊢LJ e(Kpk)8. The 
lo
kwise order of judgements in Π� is theanti
lo
kwise order of appropriate leaves in Π (see example 3.6.2). The sequen
e ofrules in Π� 
opies the one in Π modulo the 
onversion of interse
tion to 
onjun
tion,the splitting of judgements and the iteration of global rules in isomorphi
 with respe
tto d→ subdedu
tions. Now suppose we draw a full binary tree T � on Π� by putting animaginary node on the 
on
lusion of ea
h binary rule and then drawing two bran
hesfrom ea
h node towards the two premises, so that ea
h bran
h either meets anothernode and the pro
edure is repeated or runs through a subdedu
tion with no binaryrules and ends up to a leaf. Suppose also that there are r axioms A1; : : : ; Ar in Πinvolving kits with n1; : : : ; nr terminal paths, respe
tively. Then, T � has n1 + · · ·+nrterminal paths. Ea
h (∩I) rule in Π generates one node in T �, while ea
h (→E) rule in
Π on judgements involving kits with l terminal paths generates l nodes in T �. (Re
allthat (∩I) is a lo
al rule, while (→E) is global.) If we 
onsider the nodes generated by
(∩I) rules in 
olumns of Π that have no 
olumn to their left and ignore the rest, wemake a full binary tree T �l on Π�|in the same manner that we drew T �|with thestru
ture of kits in the leftmost axiom of Π inverted.The following example on proje
ting proper pIL-dedu
tions illuminates some ofthe points dis
ussed above.Example 3.6.1 Let � ≡ �∩�∩
 with �; � and 
 propositional variables. Dedu
tion
Π : � ⊢pIL �∩ (
 ∩ (� ∩�)) proje
ts to Π� : e(�) ⊢LJ �∧ (
 ∧ (� ∧�)). The P -normaldedu
tion Π′ : � ⊢pIL � ∩ (
 ∩ (� ∩ �)) derived from Π proje
ts to (Π′)� ≡ Π�.Dedu
tions Π and Π′ are shown on page 45 and Π� on page 46.Note: Consider the judgement [
; [[
; [
; 
]]; 
]]; [�; [[�; [�; �]]; �]] ⊢pIL [�; [[
; [�; �]]; �]]of Π′. The anti
lo
kwise order of leaves in [�; [[
; [�; �]]; �]] is �; 
; �; �; �. As a result,in Π� we 
lo
kwise meet judgements J1; J2; J3; J4; J5. Consider also the judgement
[
; [[
; 
]; 
]]; [�; [[�; �]; �]] ⊢pIL [�; [[
; � ∩ �]; �]] of Π′. The anti
lo
kwise order of leavesin [�; [[
; � ∩ �]; �]] is �; 
; � ∩ �; �. In Π� we 
lo
kwise meet J1; J2; J3

4 ; J5. Similarly,sin
e the anti
lo
kwise order of leaves in [� ∩ 
; [
; 
]] in the judgement [�; [�; �]] ⊢pIL
[� ∩ 
; [
; 
]] of Π′ is � ∩ 
; 
; 
, we 
lo
kwise meet the judgements J ′

1; J ′
2; J ′

3 in Π�.Likewise, the anti
lo
kwise order �; 
∩ (�∩�); � of leaves in the kit [�; [
∩ (�∩�); �]]in [�; [�; �]] ⊢pIL [�; [
 ∩ (� ∩ �); �]] of Π′ results in the 
lo
kwise order J6; J7; J8 ofjudgements in Π�. Every judgement of Π′ is subje
t to su
h a 
omment.Now let � : {�1; : : : ; �n} ⊢IL � be a P -normal, proper IL-dedu
tion and Π;Π′ bedi�erent pIL-dedu
tions in �. Then, Π� ≡ (Π′)� ≡ �� (1). This is be
ause 
onse
utiveinterse
tion rules applied on di�erent paths proje
t to 
onjun
tion rules in di�erentsubdedu
tions, so the 
on
ept of order disappears. We also have that, for any Π ∈ �,8If Π is not P -normal, an axiom in Π involving kits with m terminal paths generates m′ 6 maxioms in Π�, where the inequality sign is needed to ex
lude paths that will be pruned. In general,a judgement J ≡ {H1; : : : ;Hn} ⊢pIL K in Π involving kits with m terminal paths p1; : : : ; pmgenerates m′ 6 m judgements Ji1 ; : : : ; Jim′
in Π�, where i1; : : : ; im′ is a subsequen
e of 1; : : : ;mand, for ea
h k ∈ {1; : : : ;m′}, it is Jik ≡ {e(Hpik
1 ); : : : ; e(Hpikn )} ⊢LJ e(Kpik ).
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[
; [[[
; [� ∩ �; 
 ∩ �]]; [
; 
]]; 
]]; [�; [[[�; [�; �]]; [�; �]]; �]] ⊢pIL [�; [[[�; [�; �]]; [�; �]]; �]]

(∩E)

[
; [[[
; [� ∩ �; 
 ∩ �]]; [
; 
]]; 
]]; [�; [[[�; [�; �]]; [�; �]]; �]] ⊢pIL [�; [[[
; [�; �]]; [�; �]]; �]]
(∩I)

[
; [[[
; [� ∩ �; 
 ∩ �]]; 
]; 
]]; [�; [[[�; [�; �]]; �]; �]] ⊢pIL [�; [[[
; [�; �]]; � ∩ �]; �]]
(P )

[
; [[
; 
]; 
]]; [�; [[�; �]; �]] ⊢pIL [�; [[
; � ∩ �]; �]]
(∩I)

[
; [
; 
]]; [�; [�; �]] ⊢pIL [�; [
 ∩ (� ∩ �); �]]
(→I)

[�; [�; �]] ⊢pIL [
 → �; [
 → 
 ∩ (� ∩ �); 
 → �]]

[[�; �]; [�; [�; �]]] ⊢pIL [[�; �]; [�; [�; �]]]
(∩E)

[[�; �]; [�; [�; �]]] ⊢pIL [[�; 
]; [
; [�; 
]]]
(∩I)

[�; [�; [�; �]]] ⊢pIL [� ∩ 
; [
; [�; 
]]]
(∩E)

[�; [�; [�; �]]] ⊢pIL [
; [
; [�; 
]]]
(P )

[�; [�; �]] ⊢pIL [
; [
; 
]]
(→E)

[�; [�; �]] ⊢pIL [�; [
 ∩ (� ∩ �); �]]
(∩I)

[�; �] ⊢pIL [�; 
 ∩ (� ∩ �) ∩ �]
(∩E)

[�; �] ⊢pIL [�; 
 ∩ (� ∩ �)]
(∩I)

Π : � ⊢pIL � ∩ (
 ∩ (� ∩ �))

[
; [[
; [
; 
]]; 
]]; [�; [[�; [�; �]]; �]] ⊢pIL [�; [[�; [�; �]]; �]]
(∩E)

[
; [[
; [
; 
]]; 
]]; [�; [[�; [�; �]]; �]] ⊢pIL [�; [[
; [�; �]]; �]]
(∩I)

[
; [[
; 
]; 
]]; [�; [[�; �]; �]] ⊢pIL [�; [[
; � ∩ �]; �]]
(∩I)

[
; [
; 
]]; [�; [�; �]] ⊢pIL [�; [
 ∩ (� ∩ �); �]]
(→I)

[�; [�; �]] ⊢pIL [
 → �; [
 → 
 ∩ (� ∩ �); 
 → �]]

[[�; �]; [�; �]] ⊢pIL [[�; �]; [�; �]]
(∩E)

[[�; �]; [�; �]] ⊢pIL [[�; 
]; [
; 
]]
(∩I)

[�; [�; �]] ⊢pIL [� ∩ 
; [
; 
]]
(∩E)

[�; [�; �]] ⊢pIL [
; [
; 
]]
(→E)

[�; [�; �]] ⊢pIL [�; [
 ∩ (� ∩ �); �]]
(∩I)

[�; �] ⊢pIL [�; 
 ∩ (� ∩ �) ∩ �]
(∩E)

[�; �] ⊢pIL [�; 
 ∩ (� ∩ �)]
(∩I)

Π′ : � ⊢pIL � ∩ (
 ∩ (� ∩ �))
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; e(�) ⊢LJ e(�)
(∧E)
; e(�) ⊢LJ 
 (J2)


; e(�) ⊢LJ e(�)
(∧E)
; e(�) ⊢LJ � (J3)


; e(�) ⊢LJ e(�)
(∧E)
; e(�) ⊢LJ � (J4)
(∧I)
; e(�) ⊢LJ � ∧ � (J3

4 )
(∧I)
; e(�) ⊢LJ 
 ∧ (� ∧ �)

(→I)e(�) ⊢LJ 
 → 
 ∧ (� ∧ �)

e(�) ⊢LJ e(�)
(∧E)e(�) ⊢LJ 
 (J ′

2)
(→E)

Π�

10 : e(�) ⊢LJ 
 ∧ (� ∧ �) (J7)


; e(�) ⊢LJ e(�)
(∧E)
; e(�) ⊢LJ � (J5)
(→I)e(�) ⊢LJ 
 → � e(�) ⊢LJ e(�)

(∧E)e(�) ⊢LJ 
 (J ′
3)

(→E)

Π�
11 : e(�) ⊢LJ � (J8)

(∧I)e(�) ⊢LJ 
 ∧ (� ∧ �) ∧ �
(∧E)

Π�
1 : e(�) ⊢LJ 
 ∧ (� ∧ �)


; e(�) ⊢LJ e(�)
(∧E)
; e(�) ⊢LJ � (J1)
(→I)e(�) ⊢LJ 
 → � e(�) ⊢LJ e(�)

(∧E)e(�) ⊢LJ � e(�) ⊢LJ e(�)
(∧E)e(�) ⊢LJ 


(∧I)e(�) ⊢LJ � ∧ 
 (J ′
1)

(∧E)e(�) ⊢LJ 

(→E)

Π�

0 : e(�) ⊢LJ � (J6) Π�
1 : e(�) ⊢LJ 
 ∧ (� ∧ �)

(∧I)
Π� : e(�) ⊢LJ � ∧ (
 ∧ (� ∧ �))
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Π� is unique, belongs to D→LJ and Tx1;:::;xn(Π�) ≡ Tx1;:::;xn(Π) ≡ Tx1;:::;xn(�), forevery x1; : : : ; xn (2). From (1) and (2), we 
on
lude that, for every P -normal, properIL-dedu
tion � : {�1; : : : ; �n} ⊢IL � , the proje
tion �� is unique, belongs to D→LJ andhas the same impli
ative stru
ture as �, i.e. Tx1;:::;xn(��) ≡ Tx1;:::;xn(�), for everyx1; : : : ; xn. Further on, suppose that � and �′ are P -normal, proper IL-dedu
tions,su
h that � 6≡ �′ and Π ∈ �; Π′ ∈ �′. Then, �� ≡ Π� 6≡ (Π′)� ≡ (�′)�.Let DPn;pIL denote the set of P -normal, proper IL-dedu
tions. Resuming theanalysis so far, we 
an say that � : DPn;pIL → D→LJ with �(�) = �� is a one-to-onefun
tion, su
h that every member of DPn;pIL has an image in D→LJ with the sameimpli
ative stru
ture.We illustrate these points by examples.Example 3.6.2 Let � ≡ � ∩ � ∩ 
 with �; � and 
 propositional variables. TheP -normal, proper pIL-dedu
tions Π and Π′ are di�erent, but both in the 
lass� : � ⊢IL � ∩ 
 ∩ �. It is Π� ≡ (Π′)� ≡ �� : e(�) ⊢LJ � ∧ 
 ∧ �.

[[�; �]; �] ⊢pIL [[�; �]; �]
(∩El) on ll

[[�; �]; �] ⊢pIL [[� ∩ �; �]; �]
(∩El) on ll

[[�; �]; �] ⊢pIL [[�; �]; �]
(∩Er) on lr

[[�; �]; �] ⊢pIL [[�; 
]; �]
(∩I) on l

[�; �] ⊢pIL [� ∩ 
; �]
(∩El) on r

[�; �] ⊢pIL [� ∩ 
; � ∩ �]
(∩Er) on r

[�; �] ⊢pIL [� ∩ 
; �]
(∩I)

Π : � ⊢pIL � ∩ 
 ∩ �
[[�; �]; �] ⊢pIL [[�; �]; �]

(∩El) on ll
[[�; �]; �] ⊢pIL [[� ∩ �; �]; �]

(∩Er) on lr
[[�; �]; �] ⊢pIL [[� ∩ �; 
]; �]

(∩El) on ll
[[�; �]; �] ⊢pIL [[�; 
]; �]

(∩El) on r
[[�; �]; �] ⊢pIL [[�; 
]; � ∩ �]

(∩I) on l
[�; �] ⊢pIL [� ∩ 
; � ∩ �]

(∩Er) on r
[�; �] ⊢pIL [� ∩ 
; �]

(∩I)
Π′ : � ⊢pIL � ∩ 
 ∩ �e(�) ⊢LJ e(�)

(∧El)e(�) ⊢LJ � ∧ �
(∧El)e(�) ⊢LJ � e(�) ⊢LJ e(�)

(∧Er)e(�) ⊢LJ 

(∧I)e(�) ⊢LJ � ∧ 
 e(�) ⊢LJ e(�)

(∧El)e(�) ⊢LJ � ∧ �
(∧Er)e(�) ⊢LJ �

(∧I)�� : e(�) ⊢LJ � ∧ 
 ∧ �Example 3.6.3 Let � ≡ � ∩ � ∩ 
 with �; � and 
 propositional variables. TheP -normal, proper pIL-dedu
tion Π′′ di�ers from Π of example 3.6.2 and is in�′′ : � ⊢IL � ∩ (
 ∩ �), whi
h di�ers from Π's 
lass �. It is (�′′)� ≡ (Π′′)� 6≡ Π� ≡ ��.
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[�; [�; �]] ⊢pIL [�; [�; �]]

(∩Er) on rl
[�; [�; �]] ⊢pIL [�; [
; �]]

(∩El) on l
[�; [�; �]] ⊢pIL [� ∩ �; [
; �]]

(∩El) on rr
[�; [�; �]] ⊢pIL [� ∩ �; [
; � ∩ �]]

(∩Er) on rr
[�; [�; �]] ⊢pIL [� ∩ �; [
; �]]

(∩El) on l
[�; [�; �]] ⊢pIL [�; [
; �]]

(∩I) on r
[�; �] ⊢pIL [�; 
 ∩ �]

(∩I)
Π′′ : � ⊢pIL � ∩ (
 ∩ �)e(�) ⊢LJ e(�)

(∧El)e(�) ⊢LJ � ∧ �
(∧El)e(�) ⊢LJ � e(�) ⊢LJ e(�)

(∧Er)e(�) ⊢LJ 
 e(�) ⊢LJ e(�)
(∧El)e(�) ⊢LJ � ∧ �
(∧Er)e(�) ⊢LJ �

(∧I)e(�) ⊢LJ 
 ∧ �
(∧I)

(�′′)� : e(�) ⊢LJ � ∧ (
 ∧ �)The following theorem expresses the inverse of theorem 3.4.1. A �nite numberof LJ-dedu
tions de
oratable non-standardly by the same �-term merge into a singlepIL-dedu
tion de
oratable non-standardly by this very �-term.Theorem 3.6.4 (Inverse proje
tion theorem for pIL) Let n > 0; m > 1,
Π1 :{�11; : : : ; �n1} ⊢LJ �1;Π2 :{�12; : : : ; �n2} ⊢LJ �2; : : : ;Πm :{�1m; : : : ; �nm} ⊢LJ �mand H1; : : : ; Hn;K be n+1 overlapping kits with m terminal paths p1; : : : ; pm, su
hthat Hpji ≡ f(�ij); Kpj ≡ f(�j) (1 6 i 6 n; 1 6 j 6 m). If Π1; : : : ;Πm are all inD→LJ and Tx1;:::;xn(Π1) = Tx1;:::;xn(Π2) = : : : = Tx1;:::;xn(Πm), for every x1; : : : ; xn,there exists Π : {H1; : : : ; Hn} ⊢pIL K, su
h that Tx1;:::;xn(Π) = Tx1;:::;xn(Π1), forevery x1; : : : ; xn.Proof: By indu
tion on Π1.Base: Suppose, without loss of generality, that Π1 : {�11; : : : ; �n1} ⊢LJ �1 ≡ �11.Then, sin
e Tx1;:::;xn(Πj) = Tx1;:::;xn(Π1), for every x1; : : : ; xn and 2 6 j 6 m, thejudgement {�1j ; : : : ; �nj} ⊢LJ �j proved by Πj derives from axioms of the form
{�1j ; : : : ; �nj} ⊢LJ �1j by a �nite number of appli
ations of the rules (∧I); (∧E). Ifthe number of (∧I) instan
es in Πj is kj−1, where kj > 1, then Πj involves kj axioms

Πj1 : {�1j ; : : : ; �nj} ⊢LJ �1j ; : : : ; Πjkj : {�1j ; : : : ; �nj} ⊢LJ �1jLet H1; : : : ; Hn;K be n+1 overlapping kits with m terminal paths p1; : : : ; pm, su
hthat Hpji ≡ f(�ij); Kpj ≡ f(�j) (1 6 i 6 n; 1 6 j 6 m). Also, for ea
h j ∈ { 2; : : : ;m},let L1j ; L2j ; : : : ; Lnj ; Lj be overlapping kits with kj terminal paths qj1; : : : ; qjkj , su
hthat (Lij)qjlj ≡ f(�ij); (Lj)qjlj ≡ f(�1j) (1 6 i 6 n; 1 6 lj 6 kj). ThenH1[pj := L1j | 2 6 j 6 m] ; : : : ; Hn[pj := Lnj | 2 6 j 6 m] ; K[pj := Lj | 2 6 j 6 m]are n+1 overlapping kits with 1 + k2 + · · · + km terminal paths p1 andp2q21 ; : : : ; p2q2k2... ...pmqm1 ; : : : ; pmqmkmsu
h that, for 1 6 i 6 n; 2 6 j 6 m; 1 6 lj 6 kj :



3.6 IL and the part of LJ de
oratable by d→ 491. (Hi[pj := Lij ])p1 ≡ f(�i1); (K[pj := Lj ])p1 ≡ f(�11)2. (Hi[pj := Lij ])pjqjlj ≡ f(�ij); (K[pj := Lj ])pjqjlj ≡ f(�1j)So, we have (H1[pj := L1j ])p1 ≡ f(�11) ≡ (K[pj := Lj ])p1 and (H1[pj := L1j ])pjqjlj ≡f(�1j) ≡ (K[pj := Lj ])pjqjlj , whi
h imply that H1[pj := L1j ] ≡ K[pj := Lj ]. Thus
Π′ : {H1[pj := L1j ]; : : : ; Hn[pj := Lnj ]} ⊢pIL K[pj := Lj ]is an axiom with Tx1;:::;xn(Π′) = Tx1;:::;xn(Π1), for every x1; : : : ; xn. Applying (∩IpIL)on a non-terminal path pj q for ea
h (∧ILJ) in Πj and (∩EspIL) on a terminal pathpj q for ea
h (∧EsLJ ) in Πj , where s ∈ {l; r}, we get Π : {H1; : : : ; Hn} ⊢pIL K. It isTx1;:::;xn(Π) = Tx1;:::;xn(Π′) = Tx1;:::;xn(Π1), for every x1; : : : ; xn.Indu
tive step: We show the most 
hara
teristi
 
ases.

•
Π01 : {�11; : : : ; �n1} ⊢LJ �01 Π11 : {�11; : : : ; �n1} ⊢LJ �11

(∧ILJ)
Π1 : {�11; : : : ; �n1} ⊢LJ �01 ∧ �11 ≡ �1Let H1; : : : ; Hn;K be n+1 overlapping kits with m terminal paths p1; : : : ; pm,su
h that Hpji ≡ f(�ij); Kpj ≡ f(�j) (1 6 i 6 n; 1 6 j 6 m). ThenH1[p1 := [f(�11); f(�11)]] ; : : : ; Hn[p1 := [f(�n1); f(�n1)]] ; K[p1 := [f(�01); f(�11)]]are n+1 overlapping kits with m+1 terminal paths p1l; p1r; p2; : : : ; pm, su
h that:1. (Hi[p1 := [f(�i1); f(�i1)]])p1s ≡ f(�i1) (1 6 i 6 n; s ∈ {l; r})2. (Hi[p1 := [f(�i1); f(�i1)]])pj ≡ Hpji ≡ f(�ij) (1 6 i 6 n; 2 6 j 6 m)3. (K[p1 := [f(�01); f(�11)]])p1l ≡ f(�01); (K[p1 := [f(�01); f(�11)]])p1r ≡ f(�11)4. (K[p1 := [f(�01); f(�11)]])pj ≡ Kpj ≡ f(�j) (2 6 j 6 m)Sin
e Π1 is in D→LJ , Π01 and Π11 are in D→LJ and Tx1;:::;xn(Π01) = Tx1;:::;xn(Π11) =Tx1;:::;xn(Π1), for every x1; : : : ; xn. So, Π01;Π11;Π2; : : : ;Πm are all in D→LJ andTx1;:::;xn(Π01) = Tx1;:::;xn(Π11) = Tx1;:::;xn(Π2) = : : : = Tx1;:::;xn(Πm), for everyx1; : : : ; xn; hen
e, by the IH, there exists

Π′: {H1[p1 := [f(�11); f(�11)]]; : : : ; Hn[p1 := [f(�n1); f(�n1)]]} ⊢pIL K[p1 := [f(�01); f(�11)]]su
h that Tx1;:::;xn(Π′) = Tx1;:::;xn(Π01), for every x1; : : : ; xn. Applying (∩IpIL), weget Π : {H1[p1 := f(�11)] ≡ H1; : : : ; Hn[p1 := f(�n1)] ≡ Hn} ⊢pIL K[p1 := f(�01) ∩ f(�11)].But K[p1 := f(�01) ∩ f(�11)] ≡ K[p1 := f(�01 ∧ �11)] ≡ K[p1 := f(�1)] ≡ K, so weget Π : {H1; : : : ; Hn} ⊢pIL K. It is Tx1;:::;xn(Π) = Tx1;:::;xn(Π′) = Tx1;:::;xn(Π01) =Tx1;:::;xn(Π1), for every x1; : : : ; xn.
•

Π′
1 : {�11; : : : ; �n1} ⊢LJ �1 ∧ �2

(∧ElLJ)
Π1 : {�11; : : : ; �n1} ⊢LJ �1Let H1; : : : ; Hn;K be n+1 overlapping kits with m terminal paths p1; : : : ; pm,su
h that Hpji ≡ f(�ij); Kpj ≡ f(�j) (1 6 i 6 n; 1 6 j 6 m). ThenH1 ; : : : ; Hn ; K[p1 := f(�1 ∧ �2)]are n+1 overlapping kits with m terminal paths p1; : : : ; pm, su
h that Hpji ≡ f(�ij)

(1 6 i 6 n; 1 6 j 6 m); (K[p1:= f(�1 ∧ �2)])p1 ≡ f(�1 ∧ �2) and (K[p1:= f(�1 ∧ �2)])pj ≡
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 (IL)Kpj ≡ f(�j) (2 6 j 6 m). Sin
e Π1 is in D→LJ , Π′
1 is in D→LJ and Tx1;:::;xn(Π′

1) =Tx1;:::;xn(Π1), for every x1; : : : ; xn. So, Π′
1;Π2; : : : ;Πm are all in D→LJ andTx1;:::;xn(Π′

1) = Tx1;:::;xn(Π2) = : : : = Tx1;:::;xn(Πm), for every x1; : : : ; xn; hen
e, bythe IH, there exists
Π′ : {H1; : : : ; Hn} ⊢pIL K[p1 := f(�1 ∧ �2)] ≡ K[p1 := f(�1) ∩ f(�2)]su
h that Tx1;:::;xn(Π′) = Tx1;:::;xn(Π′

1), for every x1; : : : ; xn. Applying (∩ElpIL), weget Π : {H1; : : : ; Hn} ⊢pIL K[p1 := f(�1)] ≡ K with Tx1;:::;xn(Π) = Tx1;:::;xn(Π′) =Tx1;:::;xn(Π′
1) = Tx1;:::;xn(Π1), for every x1; : : : ; xn.The 
ase of (∧ErLJ) is analogous to (∧ElLJ ).

•
Π′

1 : {�11; : : : ; �n1; � ′
1} ⊢LJ � ′′

1
(→ILJ)

Π1 : {�11; : : : ; �n1} ⊢LJ � ′
1 → � ′′

1 ≡ �1We have thatTx1;:::;xn(Π1) =
⋃x (�x:Tx1;:::;xn;x(Π′

1)) = Tx1;:::;xn(Π2) = : : : = Tx1;:::;xn(Πm)for every x1; : : : ; xn. Consequently, the judgement {�1j ; : : : ; �nj} ⊢LJ �j proved by Πj
(2 6 j 6 m) derives, by kj−1 (kj > 1) appli
ations of (∧I) and a �nite number ofappli
ations of (∧E), from kj dedu
tions

Πj1 : {�1j ; : : : ; �nj} ⊢LJ �j1 ; : : : ; Πjkj : {�1j ; : : : ; �nj} ⊢LJ �jkjwhi
h, in turn, derive, by (→I), from
Π′j1 : {�1j ; : : : ; �nj ; � ′j1} ⊢LJ � ′′j1 ; : : : ; Π′jkj : {�1j ; : : : ; �nj ; � ′jkj } ⊢LJ � ′′jkjrespe
tively. For ea
h j, it is Tx1;:::;xn(Πj1) = : : : = Tx1;:::;xn(Πjkj ) = Tx1;:::;xn(Πj) =Tx1;:::;xn(Π1), for every x1; : : : ; xn. So, the sets Tx1;:::;xn(Π1) andTx1;:::;xn(Π21) ; : : : ; Tx1;:::;xn(Π2k2

)... ...Tx1;:::;xn(Πm1) ; : : : ; Tx1;:::;xn(Πmkm)are equal, for every x1; : : : ; xn. For 2 6 j 6 m and 1 6 lj 6 kj , the following impli
ationholds: Tx1;:::;xn(Π1) = Tx1;:::;xn(Πjlj ); for every x1; : : : ; xn =⇒ 9Tx1;:::;xn;x(Π′

1) = Tx1;:::;xn;x(Π′jlj ); for every x1; : : : ; xn; xSo, the sets Tx1;:::;xn;x(Π′
1) andTx1;:::;xn;x(Π′

21) ; : : : ; Tx1;:::;xn;x(Π′

2k2
)... ...Tx1;:::;xn;x(Π′m1) ; : : : ; Tx1;:::;xn;x(Π′mkm)9Let j = 2 and l2 = 1. Suppose N ∈ Tx1;:::;xn;x(Π′

1). Then �x:N ∈ �x:Tx1;:::;xn;x(Π′
1) ⊆

Sx(�x:Tx1;:::;xn;x(Π′
1)) = Tx1;:::;xn(Π1) = Tx1;:::;xn(Π21) =

Sx(�x:Tx1;:::;xn;x(Π′
21)). So,�x:N ∈

Sx(�x:Tx1;:::;xn;x(Π′
21)), whi
h implies that �x:N ∈ �y:Tx1;:::;xn;y(Π′

21), for some y dis-tin
t from xi (1 6 i 6 n). Hen
e, �x:N ≡ �y:N ′, for some N ′ ∈ Tx1;:::;xn;y(Π′
21) (∗), whi
himplies that x ≡ y and N ≡ N ′, so that (∗) be
omes N ∈ Tx1;:::;xn;x(Π′

21). This shows thatTx1;:::;xn;x(Π′
1) ⊆ Tx1;:::;xn;x(Π′

21). The other in
lusion is shown similarly.



3.6 IL and the part of LJ de
oratable by d→ 51are equal, for every x1; : : : ; xn; x.Let H1; : : : ; Hn;K be n+1 overlapping kits with m terminal paths p1; : : : ; pm,su
h that Hpji ≡ f(�ij); Kpj ≡ f(�j) (1 6 i 6 n; 1 6 j 6 m). Also, for ea
hj ∈ {2; : : : ;m}, let L1j ; L2j ; : : : ; Lnj ; Lj ; L′j ; L′′j be overlapping kits with kj terminalpaths qj1; : : : ; qjkj , su
h that (Lij)qjlj ≡ f(�ij); (Lj)qjlj ≡ f(�jlj ); (L′j)qjlj ≡ f(� ′jlj )and (L′′j )
qjlj ≡ f(� ′′jlj ) (1 6 i 6 n; 1 6 lj 6 kj). ThenH1[pj := L1j ] ; : : : ; Hn[pj := Lnj ] ; K[p1 := f(� ′

1); pj := L′j ] ; K[p1 := f(� ′′
1 ); pj := L′′j ]are n+2 overlapping kits with 1 + k2 + · · · + km terminal paths p1 andp2q21 ; : : : ; p2q2k2... ...pmqm1 ; : : : ; pmqmkmsu
h that, for 1 6 i 6 n; 2 6 j 6 m; 1 6 lj 6 kj :1. (Hi[pj := Lij ])p1 ≡ f(�i1)2. (K[p1 := f(� ′

1); pj := L′j ])p1 ≡ f(� ′
1); (K[p1 := f(� ′′

1 ); pj := L′′j ])p1 ≡ f(� ′′
1 )3. (Hi[pj := Lij ])pjqjlj ≡ f(�ij)4. (K[p1:=f(� ′

1); pj :=L′j ])pjqjlj ≡f(� ′jlj ); (K[p1:=f(� ′′
1 ); pj :=L′′j ])pjqjlj ≡f(� ′′jlj )The analysis so far implies that, by the IH, there exists

Π′ : {H1[pj := L1j ]; : : : ; Hn[pj := Lnj ]; K[p1 := f(� ′
1); pj := L′j ]} ⊢pIL K[p1 := f(� ′′

1 ); pj := L′′j ]su
h that Tx1;:::;xn;x(Π′) = Tx1;:::;xn;x(Π′
1), for every x1; : : : ; xn; x. Applying (→ IpIL),we get Π0 : {H1[pj := L1j ]; : : : ; Hn[pj := Lnj ]} ⊢pIL K[pj := Lj ] with Tx1;:::;xn(Π0) =Tx1;:::;xn(Π1), for every x1; : : : ; xn (the details are as in the (→I) 
ase in the proof oftheorem 3.4.1). Then, applying (∩IpIL) on a non-terminal path pj q for ea
h (∧ILJ )in Πj and (∩EspIL) on a terminal path pj q for ea
h (∧EsLJ ) in Πj , where s ∈ {l; r},we get Π : {H1; : : : ; Hn} ⊢pIL K. It is Tx1;:::;xn(Π) = Tx1;:::;xn(Π0) = Tx1;:::;xn(Π1), forevery x1; : : : ; xn.In a similar manner, we ta
kle the 
ase of (→ ELJ). The details are left to thereader. ⊣Remark 3.6.5 The n+1 overlapping kits H1; : : : ; Hn;K of theorem 3.6.4 
an be ofany kit-stru
ture 
orresponding to m terminal paths (with leaves as required). Forexample, there are 14 di�erent kit-stru
tures 
orresponding to 5 terminal paths.

[[[[�; �]; �]; �]; �] [[[�; [�; �]]; �]; �] [[[�; �]; [�; �]]; �]

[[[�; �]; �]; [�; �]] [[�; [[�; �]; �]]; �] [[�; [�; [�; �]]]; �]

[[�; [�; �]]; [�; �]] [[�; �]; [[�; �]; �]] [[�; �]; [�; [�; �]]]

[�; [[�; �]; [�; �]]] [�; [�; [[�; �]; �]]] [�; [�; [�; [�; �]]]]

[�; [[[�; �]; �]; �]] [�; [[�; [�; �]]; �]]
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 (IL)Example 3.6.6 Let � ≡ �1 ∧ �1 ∧ !1 and � ≡ �2 ∧ �2 ∧ !2. Dedu
tions
Π1 : {�} ⊢LJ �1 → �1 Π2 : {�} ⊢LJ (!2 → �2) ∧ (�2 → !2)(shown de
orated10 by d→ on page 53) are su
h thatTx(Π1) = Tx(Π2) = { �y:(�z:x)y | y; z distin
t variables 6≡ x }for every x. Let �′ ≡ f(�) ≡ f(�1) ∩ f(�1) ∩ f(!1) ≡ �′1 ∩ �′1 ∩ !′

1 and � ′ ≡ f(�) ≡f(�2)∩f(�2)∩f(!2) ≡ �′2∩�′2∩!′
2. We will roughly des
ribe an algorithmi
 pro
edure,
alled the simulation algorithm, for the 
onstru
tion of

Π : [�′; � ′] ⊢pIL [�′1 → �′1; (!′

2 → �′2) ∩ (�′2 → !′

2)](on page 54), whose existen
e is proved in theorem 3.6.4.We 
onstru
t Π bottom-up. As the theorem states, its 
on
lusion is (J1) with kitsof the form [−;−]. The leaves at path l (r) are generated by formulas in Π1's (Π2's)
on
lusion via the fun
tion f . Rule (∧I)1 imposes a wedge (∧) at path r of the kits in
(J1), so that premise (J2), whi
h gives (J1) by appli
ation of a (∩I) rule, in
ludes kitsof the form [−; [−;−]]. The leaves at path rl (rr) are generated by formulas in Π20's
(Π21's) 
on
lusion via the fun
tion f . Conjun
tion|in formulas and rules|is 
on-verted to interse
tion. Rules (→I)1; (→I)2 and (→I)3 translate to a single (→I) rulewith premise the judgement (J3). Rule (∧E)1 indu
es a (∩E) rule on path l, while
(∧E)2 indu
es a (∩E) rule on path rl. These (∩E) rules 
an appear in any order;di�erent orders 
orrespond to equivalent pIL-dedu
tions, but, sin
e we are a
tuallytrying to 
reate a 
lass of equivalent pIL-dedu
tions, i.e. an IL-dedu
tion, whi
h 
anbe identi�ed with any of its members, any order of the two (∩E) rules is a

eptable.The doubleline (∩E) with premise (J4) summarizes the two (∩E) rules brought aboutby (∧E)1 and (∧E)2. Rules (→E)1; (→E)2 and (→E)3 
ondense to a single (→E) rulewith premises (J5) and (J6). The fa
t that Tx(Π1) = Tx(Π2), for every x, se
ures that
(J6) is a pIL-axiom. It joins together axioms {�1; �} ⊢LJ �1 of Π1 and {�; !2} ⊢LJ !2;
{�; �2} ⊢LJ �2 of Π2. Rules (→ I)4; (→ I)5 and (→ I)6 disguise in a single (→ I) rulewith premise (J7). Rules (∧I)2 and (∧I)3 impose wedges at paths l and rl of the kitsin (J7), respe
tively, so that premise (J9), whi
h gives (J7) by appli
ation of two (∩I)rules (one on path l and one on rl), involves kits of the form [[−;−]; [[−;−];−]]. Theleaves at path ll (lr; rll; rlr) are generated by formulas in Π10's (Π11's,Π200's,Π201's)
on
lusion using f . The two (∩I) rules in question 
an be inter
hanged for rea-sons already 
ited. Finally, the two (∧E) rules denoted (∧E)3 indu
e two (∩E) ruleson path ll, rule (∧E)4 indu
es a (∩E) rule on path lr, the two (∧E) rules denoted
(∧E)5 indu
e two (∩E) rules on path rll and rules (∧E)6; (∧E)7 indu
e a (∩E) ruleea
h on paths rlr and rr, respe
tively. The doubleline (∩E) with premise (J10)sums up the seven (∩E) rules brought about by (∧E)3 − (∧E)7. The order in whi
hthese seven (∩E) rules 
an o

ur is not unique. Judgement (J10) is a pIL-axiomfor the same reason that (J6) is; it groups together axioms {�1; �1; �} ⊢LJ � (1);
{�1; �1; �} ⊢LJ � (2) of Π1, {!2; �; !2} ⊢LJ � (1); {!2; �; !2} ⊢LJ � (2) of Π20 and
{�; �2; �2} ⊢LJ � of Π21. The 
onstru
tion of a member Π of the equivalen
e 
lass� : [�′; � ′] ⊢IL [�′

1 → �′1; (!′
2 → �′

2)∩ (�′2 → !′
2)] is now 
ompleted. It is Tx(�) = Tx(Π) =Tx(Π1), for every x.Dedu
tions Π1 and Π2 satisfy the set equality, i.e. Tx(Π1) = Tx(Π2), for every x.This implies that:10We start by de
orating the 
on
lusion 
ontext and move 
ontextwise to the top. When we rea
haxioms, the de
oration passes to the right of ⊢ and then des
ends to the 
on
lusion.
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{y : �1; z : �1; x : �} ⊢LJ x : � (1)

(∧E)3

Π10 : {y : �1; z : �1; x : �} ⊢LJ x : �1

{y : �1; z : �1; x : �} ⊢LJ x : � (2)
(∧E)4

Π11 : {y : �1; z : �1; x : �} ⊢LJ x : !1
(∧I)2

{y : �1; z : �1; x : �} = {y : �1; x : �} ∪ {z : �1} ⊢LJ x : �1 ∧ !1
(→I)4

{y : �1; x : �} ⊢LJ �z:x : �1 → �1 ∧ !1 {y : �1; x : �} ⊢LJ y : �1
(→E)1

{y : �1; x : �} ⊢LJ (�z:x)y : �1 ∧ !1
(∧E)1

{y : �1; x : �} = {x : �} ∪ {y : �1} ⊢LJ (�z:x)y : �1
(→I)1

Π1 : {x : �} ⊢LJ �y:(�z:x)y : �1 → �1

{z′ : !2; x : �; y′ : !2} ⊢LJ x : � (1)
(∧E)5

Π200 : {z′ : !2; x : �; y′ : !2} ⊢LJ x : �2

{z′ : !2; x : �; y′ : !2} ⊢LJ x : � (2)
(∧E)6

Π201 : {z′ : !2; x : �; y′ : !2} ⊢LJ x : !2
(∧I)3

{z′ : !2; x : �; y′ : !2} = {x : �; y′ : !2} ∪ {z′ : !2} ⊢LJ x : �2 ∧ !2
(→I)5

{x : �; y′ : !2} ⊢LJ �z′:x : !2 → �2 ∧ !2 {x : �; y′ : !2} ⊢LJ y′ : !2
(→E)2

{x : �; y′ : !2} ⊢LJ (�z′:x)y′ : �2 ∧ !2
(∧E)2

{x : �; y′ : !2} = {x : �} ∪ {y′ : !2} ⊢LJ (�z′:x)y′ : �2
(→I)2

Π20 : {x : �} ⊢LJ �y′:(�z′:x)y′ : !2 → �2

{x : �; y′′ : �2; z′′ : �2} ⊢LJ x : �
(∧E)7

{x : �; y′′ : �2; z′′ : �2} = {x : �; y′′ : �2} ∪ {z′′ : �2} ⊢LJ x : !2
(→I)6

{x : �; y′′ : �2} ⊢LJ �z′′:x : �2 → !2 {x : �; y′′ : �2} ⊢LJ y′′ : �2
(→E)3

{x : �; y′′ : �2} = {x : �} ∪ {y′′ : �2} ⊢LJ (�z′′:x)y′′ : !2
(→I)3

Π21 : {x : �} ⊢LJ �y′′:(�z′′:x)y′′ : �2 → !2

Π20 (�y′:(�z′:x)y′ =� �y′′:(�z′′:x)y′′ ) Π21
(∧I)1

Π2 : {x : �} ⊢LJ �y′:(�z′:x)y′ : (!2 → �2) ∧ (�2 → !2)
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(IL)

[[�′; �′]; [[� ′; � ′]; � ′]]; [[�′
1; �′

1]; [[!′
2; !′

2]; �′2]]; [[�′
1; �′

1]; [[!′
2; !′

2]; �′2]] ⊢pIL [[�′; �′]; [[� ′; � ′]; � ′]] (J10)
(∩E)

[[�′; �′]; [[� ′; � ′]; � ′]][[�′
1; �′

1]; [[!′
2; !′

2]; �′2]]; [[�′
1; �′

1]; [[!′
2; !′

2]; �′2]] ⊢pIL [[�′1; !′
1]; [[�′

2; !′
2]; !′

2]] (J9)
(∩I)

[�′; [[� ′; � ′]; � ′]]; [�′
1; [[!′

2; !′
2]; �′2]]; [�′

1; [[!′
2; !′

2]; �′2]] ⊢pIL [�′1 ∩ !′
1; [[�′

2; !′
2]; !′

2]] (J8)
(∩I)

[�′; [� ′; � ′]]; [�′
1; [!′

2; �′2]]; [�′
1; [!′

2; �′2]] ⊢pIL [�′1 ∩ !′
1; [�′

2 ∩ !′
2; !′

2]] (J7)
(→I)

[�′; [� ′; � ′]]; [�′
1; [!′

2; �′2]] ⊢pIL [�′
1 → �′1 ∩ !′

1; [!′
2 → �′

2 ∩ !′
2; �′2 → !′

2]] (J5) [�′; [� ′; � ′]]; [�′
1; [!′

2; �′2]] ⊢pIL [�′
1; [!′

2; �′2]] (J6)
(→E)

[�′; [� ′; � ′]]; [�′
1; [!′

2; �′2]] ⊢pIL [�′1 ∩ !′
1; [�′

2 ∩ !′
2; !′

2]] (J4)
(∩E)

[�′; [� ′; � ′]]; [�′
1; [!′

2; �′2]] ⊢pIL [�′1; [�′
2; !′

2]] (J3)
(→I)

[�′; [� ′; � ′]] ⊢pIL [�′
1 → �′1; [!′

2 → �′
2; �′2 → !′

2]] (J2)
(∩I)

Π : [�′; � ′] ⊢pIL [�′
1 → �′1; (!′

2 → �′
2) ∩ (�′2 → !′

2)] (J1)

{y : �1; z : �1; x : �} ⊢LJ x : � (1)
(∧E)

{y : �1; z : �1; x : �} ⊢LJ x : �1

{y : �1; z : �1; x : �} ⊢LJ x : � (2)
(∧E)

{y : �1; z : �1; x : �} ⊢LJ x : !1
(∧I)

{y : �1; z : �1; x : �} = {y : �1; x : �} ∪ {z : �1} ⊢LJ x : �1 ∧ !1
(→I)

{y : �1; x : �} ⊢LJ �z:x : �1 → �1 ∧ !1

{y : �1; x : �} ⊢LJ x : �
(∧E)

{y : �1; x : �} ⊢LJ x : �1
(→E)

{y : �1; x : �} ⊢LJ (�z:x)x : �1 ∧ !1
(∧E)

{y : �1; x : �} = {x : �} ∪ {y : �1} ⊢LJ (�z:x)x : �1
(→I)

Π′
1 : {x : �} ⊢LJ �y:(�z:x)x : �1 → �1

↑
[�′; [� ′; � ′]]; [�′

1; [!′
2; �′2]] ⊢pIL [�′

1 → �′1 ∩ !′
1; [!′

2 → �′
2 ∩ !′

2; �′2 → !′
2]]

[�′; [� ′; � ′]]; [�′
1; [!′

2; �′2]] ⊢pIL [�′; [!′
2; �′2]] (J)

(∩E)∗

[�′; [� ′; � ′]]; [�′
1; [!′

2; �′2]] ⊢pIL [�′
1; [!′

2; �′2]] (J ′)
(→E)

[�′; [� ′; � ′]]; [�′
1; [!′

2; �′2]] ⊢pIL [�′1 ∩ !′
1; [�′

2 ∩ !′
2; !′

2]]
(∩E)

[�′; [� ′; � ′]]; [�′
1; [!′

2; �′2]] ⊢pIL [�′1; [�′
2; !′

2]]
(→I)

[�′; [� ′; � ′]] ⊢pIL [�′
1 → �′1; [!′

2 → �′
2; �′2 → !′

2]]
(∩I)

Π̄ : [�′; � ′] ⊢pIL [�′
1 → �′1; (!′

2 → �′
2) ∩ (�′2 → !′

2)]



3.6 IL and the part of LJ de
oratable by d→ 55(i) They bear the same sequen
e of impli
ative rules (→ I;→E;→ I) modulo rep-etitions due to (∧I) rules (see Π2)11, whi
h is a ne
essary 
ondition for their unionin a single pIL-dedu
tion12. Sin
e impli
ative pIL-rules are global, in order for twoLJ-dedu
tions Π1 and Π2 in D→LJ to mate in kits of a pIL-dedu
tion Π, it is ne
essarythat they grow identi
ally with respe
t to impli
ation, i.e. that they bear the samesequen
e (R1; : : : ; Rn) of impli
ative rules, repetitions put aside. If they do, then theirimpli
ative rules 
an be gathered in n groups G1; : : : ; Gn, so that, for ea
h i, group Gi
ontains rules of the same kind (introdu
tion or elimination) whi
h all 
orrespond toRi. The rules of ea
h su
h group merge to a single impli
ative rule of the group's kindin Π, whi
h then bears (R1; : : : ; Rn) without repetitions13. On the 
ontrary, as far as
onjun
tive rules are 
on
erned, the two dedu
tions are allowed to evolve separately;this is be
ause the image of 
onjun
tion in pIL, i.e. interse
tion, fun
tions lo
ally. If
Π1 is settled at path l in Π's 
on
lusion and Π2 at path r and if 
onjun
tion C1 in
Π1 transforms to interse
tion I1 in Π, then I1 is applied on a path lq. Consequently,it doesn't at all a�e
t leaves originating from Π2, whi
h o

upy paths of the form rq.A similar argument holds for a C2 in Π2 transforming to I2 in Π.(ii) Judgements of the two dedu
tions in the same group, i.e. that are to be joinedtogether to form a single judgement of Π, have the same 
ontext 
ardinality, whi
h isalso the 
ontext 
ardinality of the pIL-judgement formed.(iii) Axioms of the two dedu
tions in the same group are de
orated by 
orrespondingvariables, whi
h se
ures that the algorithmi
 pro
edure adopted for the 
reation of Πwinds up to pIL-axioms. For example, axioms {�1; �} ⊢LJ �1 of Π1 and {�; !2} ⊢LJ !2;
{�; �2} ⊢LJ �2 of Π2 are de
orated by y; y′; y′′, respe
tively, i.e. by 
orrespondingvariables, whi
h is responsible for the fa
t that [�′

1; [!′
2; �′2]] is one of the kits inthe set { [�′; [� ′; � ′]]; [�′

1; [!′
2; �′2]] }, so that (J6) is a pIL-axiom. To make this pointmore intelligible, 
onsider Π′

1 : {�} ⊢LJ �1 → �1 (shown de
orated by d→ on page54) in pla
e of Π1, where � is as in Π1, and suppose we try to 
onstru
t a pIL-dedu
tion Π̄ from Π′
1 and Π2 following the simulation algorithm. It is Tx(Π′

1) =
{ �y:(�z:x)x | y; z distin
t variables 6≡ x } 6= Tx(Π2), for every x, so Π′

1 and Π2do not satisfy the set equality, although they (i) bear the same (modulo repeti-tions) sequen
e of impli
ative rules (→ I;→ E;→ I) and (ii) have the same 
ontext
ardinality in judgements to be grouped together. Hen
e, 
onditions (i) and (ii)are not suÆ
ient for the set equality to hold; we also need to have 
ondition (iii).Indeed, the point where Π′
1 and Π2 di�er, a di�eren
e whi
h implies the inequal-ity of Tx(Π′

1) and Tx(Π2), is the de
oration of axiom {�1; �} ⊢LJ � on one handand axioms {�; !2} ⊢LJ !2 and {�; �2} ⊢LJ �2 on the other by non-
orrespondingvariables (x doesn't 
orrespond to y′ or y′′). Consequently, we see (on page 54)that the 
onstru
tion of Π̄ rea
hes rule (∩E)∗ and stops, sin
e (J)|whi
h is ex-pe
ted to gather the three LJ-axioms in one|is not a pIL-axiom. Nevertheless, sin
eaxioms {�1; �1; �} ⊢LJ � (1); {�1; �1; �} ⊢LJ � (2) of Π′
1 and {!2; �; !2} ⊢LJ � (1);

{!2; �; !2} ⊢LJ � (2); {�; �2; �2} ⊢LJ � of Π2 are de
orated by 
orresponding|in fa
tby identi
al|variables (all by x), if we 
ontinued the algorithm to the dire
tion of thearrow, we would rea
h a pIL-axiom, namely (J10). So, one might argue that, sin
e11Observing Π2, we see that the whole impli
ative sequen
e (→I;→E;→I) is repeated in Π20 and
Π21 due to rule (∧I)1, whi
h has no impli
ative rules beneath it. It 
an also happen, though, thatparts of the impli
ative sequen
e are repeated due to (∧I) rules in between impli
ative ones.12This 
ondition is not suÆ
ient, as we shall soon as
ertain (see (iii) of this example).13For the parti
ular Π1 and Π2 of our example, it is n = 3; (R1; R2; R3) = (→I;→E;→I) (bot-tom to top) and group G1 
ontains (→I)1; (→I)2; (→I)3, group G2 
ontains (→E)1; (→E)2; (→E)3,group G3 
ontains (→I)4; (→I)5; (→I)6.
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 (IL)judgement (J ′) is a pIL-axiom, the 
onstru
tion of Π̄ 
ould stop at (J ′) as far as theright 
olumn before (→E) is 
on
erned. This is not 
orre
t, though, as theorem 3.6.4requires that Tx(Π̄) = Tx(Π′
1) = Tx(Π2), for every x. The fa
t that Tx(Π′

1) 6= Tx(Π2),for every x, zeroes the 
han
es of 
onstru
ting a Π̄ joining them a

ording to 3.6.4.Given Π1 and Π2, the simulation algorithm 
onstru
ts a unique equivalen
e 
lass�, whi
h is P -normal. Obviously, we 
an 
onstru
t many di�erent individual membersof �, but the 
onstru
tion of any su
h member is a
tually seen as the 
onstru
tion of �.Theorem 3.6.4 
an now be restated as follows:Theorem 3.6.7 (Inverse proje
tion theorem for IL) Let n > 0; m > 1,
Π1 :{�11; : : : ; �n1} ⊢LJ �1;Π2 :{�12; : : : ; �n2} ⊢LJ �2; : : : ;Πm :{�1m; : : : ; �nm} ⊢LJ �mand H1; : : : ; Hn;K be n+1 overlapping kits with m terminal paths p1; : : : ; pm, su
hthat Hpji ≡ f(�ij); Kpj ≡ f(�j) (1 6 i 6 n; 1 6 j 6 m). If Π1; : : : ;Πm are all inD→LJ and Tx1;:::;xn(Π1) = Tx1;:::;xn(Π2) = : : : = Tx1;:::;xn(Πm), for every x1; : : : ; xn,there exists a unique equivalen
e 
lass � : {H1; : : : ; Hn} ⊢IL K, whi
h is P -normaland su
h that Tx1;:::;xn(�) = Tx1;:::;xn(Π1), for every x1; : : : ; xn.Corollary 3.6.8 For every Π : {�1; : : : ; �n} ⊢LJ � in D→LJ , there exists a uniqueequivalen
e 
lass ΠÆ : {f(�1); : : : ; f(�n)} ⊢IL f(�), whi
h is P -normal and su
h thatTx1;:::;xn(ΠÆ) = Tx1;:::;xn(Π), for every x1; : : : ; xn.Proof: Apply theorem 3.6.7 for m = 1. ⊣De�nition 3.6.9 Let Π : {�1; : : : ; �n} ⊢LJ � belong to D→LJ . The P -normal, properIL-dedu
tion ΠÆ : {f(�1); : : : ; f(�n)} ⊢IL f(�) whi
h 
opies Π in IL will be 
alled theIL-dupli
ate of Π.Given Π, the 
lass ΠÆ is obtained using the simulation algorithm. We give anexample of simulation in IL of a single LJ-dedu
tion de
oratable non-standardly.C
ompare this to example 3.6.6 where we simulated in IL a pair of LJ-dedu
tionsde
oratable non-standardly by the same �-term.Example 3.6.10 Let � ≡ � ∧ � ∧ 
 with �; � and 
 propositional variables. De-du
tions Π1 : � ⊢LJ � → �, Π2 : � ⊢LJ � → � and Π3 : � ⊢LJ 
 → �(on page 57) are isomorphi
 with respe
t to d→ and 
ombine under (∧I) to give
Π : � ⊢LJ (� → �) ∧ (� → �) ∧ (
 → �) (on page 58), whi
h is de
oratable by d→ andsimulated in IL by ΠÆ : f(�) ≡ � ⊢IL (� → �) ∩ (� → �) ∩ (
 → �) (on page 58). Itis Tx(Π) = Tx(ΠÆ) = { �y:(�z:(�u:x)y)((�w:x)y) | y; z; u; w distin
t variables 6≡ x },for every x.So far, we have that for every P -normal, proper IL-dedu
tion �, there is a uniqueproje
tion �� in D→LJ , su
h that the set (term) equality holds. Given �, we 
hoose apIL-dedu
tion Π in � and apply the proje
tion algorithm to obtain Π� ≡ ��. Also,for every LJ-dedu
tion Π in D→LJ , there is a unique dupli
ate ΠÆ in DPn;pIL , su
h thatthe set (term) equality holds. Given Π, the 
lass ΠÆ is attained using the simulationalgorithm.From the examples des
ribed, it is easy to see that proje
ting and simulating areinverse pro
edures between the sets DPn;pIL and D→LJ . This means that for every � inDPn;pIL , it is (��)Æ ≡ � and for every Π in D→LJ , it is (ΠÆ)� ≡ Π.
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�; �; 
; � ⊢LJ �

(∧E)�; �; 
; � ⊢LJ � �; �; 
; � ⊢LJ �

(∧E)�; �; 
; � ⊢LJ 


(∧I)�; �; 
; � ⊢LJ � ∧ 


(→I)�; �; 
 ⊢LJ � → � ∧ 
 �; �; 
 ⊢LJ �

(→E)�; �; 
 ⊢LJ � ∧ 


(∧E)�; �; 
 ⊢LJ �

(→I)�; � ⊢LJ 
 → �
�; �; � ⊢LJ �

(∧E)�; �; � ⊢LJ � �; �; � ⊢LJ �
(∧E)�; �; � ⊢LJ 

(∧I)�; �; � ⊢LJ � ∧ 


(→I)�; � ⊢LJ � → � ∧ 
 �; � ⊢LJ �
(→E)�; � ⊢LJ � ∧ 


(∧E)�; � ⊢LJ 

(→E)�; � ⊢LJ �

(→I)
Π1 : � ⊢LJ � → ��; �; 
; � ⊢LJ �

(∧E)�; �; 
; � ⊢LJ � ∧ �

(→I)�; �; 
 ⊢LJ � → � ∧ � �; �; 
 ⊢LJ �

(→E)�; �; 
 ⊢LJ � ∧ �

(∧E)�; �; 
 ⊢LJ �

(→I)�; � ⊢LJ 
 → � �; �; � ⊢LJ �
(∧E)�; �; � ⊢LJ 

(→I)�; � ⊢LJ � → 
 �; � ⊢LJ �

(→E)�; � ⊢LJ 

(→E)�; � ⊢LJ �

(→I)
Π2 : � ⊢LJ � → ��; 
; �; 
 ⊢LJ �

(∧E)�; 
; �; 
 ⊢LJ � �; 
; �; 
 ⊢LJ �
(∧E)�; 
; �; 
 ⊢LJ 

(∧I)�; 
; �; 
 ⊢LJ � ∧ 


(→I)�; 
; � ⊢LJ 
 → � ∧ 
 �; 
; � ⊢LJ 

(→E)�; 
; � ⊢LJ � ∧ 


(∧E)�; 
; � ⊢LJ �
(→I)�; 
 ⊢LJ � → � �; 
; 
 ⊢LJ �

(∧E)�; 
; 
 ⊢LJ �
(→I)�; 
 ⊢LJ 
 → � �; 
 ⊢LJ 


(→E)�; 
 ⊢LJ �

(→E)�; 
 ⊢LJ �
(→I)

Π3 : � ⊢LJ 
 → �



58
Chapter3:Interse
tionLogi
(IL)
Π1 Π2

(∧I)� ⊢LJ (� → �) ∧ (� → �) Π3
(∧I)

Π : � ⊢LJ (� → �) ∧ (� → �) ∧ (
 → �)

[[[�; � ]; � ]; [�; � ]]; [[[�; �]; �]; [
; 
]]; [[[
; 
]; 
]; [�; �]]; [[[�; �]; �]; [
; 
]] ⊢IL [[[�; � ]; � ]; [�; � ]]
(∩E)

[[[�; � ]; � ]; [�; � ]]; [[[�; �]; �]; [
; 
]]; [[[
; 
]; 
]; [�; �]]; [[[�; �]; �]; [
; 
]] ⊢IL [[[�; 
]; � ∩ �]; [�; 
]]
(∩I)

[[�; � ]; � ]; [[�; �]; 
]; [[
; 
]; �]; [[�; �]; 
] ⊢IL [[� ∩ 
; � ∩ �]; � ∩ 
]
(→I)

[[�; � ]; � ]; [[�; �]; 
]; [[
; 
]; �] ⊢IL [[� → � ∩ 
; � → � ∩ �]; 
 → � ∩ 
] [[�; � ]; � ]; [[�; �]; 
]; [[
; 
]; �] ⊢IL [[�; �]; 
]
(→E)

[[�; � ]; � ]; [[�; �]; 
]; [[
; 
]; �] ⊢IL [[� ∩ 
; � ∩ �]; � ∩ 
]
(∩E)

[[�; � ]; � ]; [[�; �]; 
]; [[
; 
]; �] ⊢IL [[�; �]; �]
(→I)

ΠÆ

0 : [[�; � ]; � ]; [[�; �]; 
] ⊢IL [[
 → �; 
 → �]; � → �]

ΠÆ

0

[[[�; � ]; � ]; � ]; [[[�; �]; �]; 
]; [[[�; �]; �]; 
] ⊢IL [[[�; � ]; � ]; � ]
(∩E)

[[[�; � ]; � ]; � ]; [[[�; �]; �]; 
]; [[[�; �]; �]; 
] ⊢IL [[[�; 
]; 
]; �]
(∩I)

[[�; � ]; � ]; [[�; �]; 
]; [[�; �]; 
] ⊢IL [[� ∩ 
; 
]; �]
(→I)

[[�; � ]; � ]; [[�; �]; 
] ⊢IL [[� → � ∩ 
; � → 
]; 
 → �] [[�; � ]; � ]; [[�; �]; 
] ⊢IL [[�; �]; 
]
(→E)

[[�; � ]; � ]; [[�; �]; 
] ⊢IL [[� ∩ 
; 
]; �]
(∩E)

ΠÆ
1 : [[�; � ]; � ]; [[�; �]; 
] ⊢IL [[
; 
]; �]

(→E)

[[�; � ]; � ]; [[�; �]; 
] ⊢IL [[�; �]; �]
(→I)

[[�; � ]; � ] ⊢IL [[� → �; � → �]; 
 → �]
(∩I)

[�; � ] ⊢IL [(� → �) ∩ (� → �); 
 → �]
(∩I)

ΠÆ : � ⊢IL (� → �) ∩ (� → �) ∩ (
 → �)
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an now demonstrate the existen
e of a bije
tion between DPn;pIL and D→LJ .Theorem 3.6.11 There exists a bije
tion between the sets DPn;pIL and D→LJ . The
orresponding dedu
tions share the same impli
ative stru
ture.Proof sket
h: As already dis
ussed, � : DPn;pIL → D→LJ de�ned as �(�) = �� is afun
tion, su
h that argument and image share the same impli
ative stru
ture. Sin
e,for any Π in D→LJ , there is a unique ΠÆ in DPn;pIL , su
h that �(ΠÆ) = (ΠÆ)� ≡ Π; � isone-to-one and onto, i.e. a bije
tion. ⊣By inferen
e, we 
an say that IL expresses the part of LJ de
oratable by d→.That's why it is indeed appropriate for the logi
al foundation of IT. Sin
e this partof LJ 
omprises a proper subset of LJ, we are addressing a proper embedding of ILin LJ.3.7 IL and ITIn this se
tion, we show the relation betweem pIL and the interse
tion-types systemIT, namely the way to attain IT-dedu
tions from pIL-dedu
tions and vi
e versa.Then, we derive the 
onne
tion between IL and IT dedu
tions, whi
h establishes IL'sappropriateness for the logi
al foundation of IT.Theorem 3.7.1 (pIL and IT) (i) If Π : {H1; : : : ; Hm} ⊢pIL K, the terminal pathsof K are p1; : : : ; pn and Hpij ≡ �ij ; Kpi ≡ �i (1 6 j 6 m; 1 6 i 6 n), then
{x1 : �i1; : : : ; xm : �im} ⊢IT Tx1;:::;xm(Π) : �ifor every i ∈ {1; : : : ; n} and every sequen
e x1; : : : ; xm of distin
t variables. So, fora proper dedu
tion Π : {�1; : : : ; �m} ⊢pIL � , we have that
{x1 : �1; : : : ; xm : �m} ⊢IT Tx1;:::;xm(Π) : �for every x1; : : : ; xm.(ii) Suppose that x1; : : : ; xm is a �xed, but arbitrary sequen
e of distin
t variables.If, for every i ∈ {1; : : : ; n}, Πi : {x1 : �i1; : : : ; xm : �im} ⊢IT M : �i and H1; : : : ; Hm;Kare m + 1 overlapping kits with n terminal paths p1; : : : ; pn, su
h that Hpij ≡ �ijand Kpi≡ �i (1 6 j 6 m; 1 6 i 6 n), then there exists

Π : {H1; : : : ; Hm} ⊢pIL Ksu
h that Tx1;:::;xm(Π) ≡ M . So, if Π1 : {x1 : �1
1 ; : : : ; xm : �1m} ⊢IT M : �1, thenthere exists Π : {�1

1 ; : : : ; �1m} ⊢pIL �1, su
h that Tx1;:::;xm(Π) ≡ M .Proof: (i) By theorem 3.4.1, for every i ∈ {1; : : : ; n}, we have that
Πpi : {e(�i1); : : : ; e(�im)} ⊢LJ e(�i)is in D→LJ and su
h that Tx1;:::;xm(Πpi) ≡ Tx1;:::;xm(Π), for every x1; : : : ; xm14. So, forevery i ∈ {1; : : : ; n}, we have, by theorem 2.6.2, that

{x1 : f(e(�i1)); : : : ; xm : f(e(�im))} ⊢IT Tx1;:::;xm(Πpi) : f(e(�i))14For 
onvenien
e, we identify �-equivalent �-terms, so we 
onsider Tx1;:::;xm(Πpi ) andTx1;:::;xm(Π) to be �-terms, for every x1; : : : ; xm.
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 (IL)for every x1; : : : ; xm. Hen
e, for every i ∈ {1; : : : ; n} and every x1; : : : ; xm, it is
{x1 : �i1; : : : ; xm : �im} ⊢IT Tx1;:::;xm(Π) : �i, as required.(ii) By theorem 2.6.3, if we apply the erasing fun
tion E on Πi, we getE(Πi) : {e(�i1); : : : ; e(�im)} ⊢LJ e(�i)whi
h is in D→LJ and su
h that Tx1;:::;xm(E(Πi)) ≡ M . So, we have n LJ-dedu
tionsE(Π1); : : : ; E(Πn) in D→LJ , su
h that Tx1;:::;xm(E(Π1)) ≡ : : : ≡ Tx1;:::;xm(E(Πn)), foran arbitrary x1; : : : ; xm. We also have m + 1 overlapping kits H1; : : : ; Hm;K withn terminal paths p1; : : : ; pn, su
h that Hpij ≡ �ij ≡ f(e(�ij)); Kpi ≡ �i ≡ f(e(�i))
(1 6 j 6 m; 1 6 i 6 n). Then, by theorem 3.6.4, there exists Π: {H1; : : : ; Hm} ⊢pIL K,su
h that Tx1;:::;xm(Π) ≡ Tx1;:::;xm(E(Π1)) ≡ M . ⊣Corollary 3.7.2 (IL and IT) (i) For every proper � : {�1; : : : ; �m} ⊢IL � , thereexists Π : {x1 : �1; : : : ; xm : �m} ⊢IT Tx1;:::;xm(�) : � , for every x1; : : : ; xm.(ii) If x1; : : : ; xm is �xed, but arbitrary, for every

Π : {x1 : �1; : : : ; xm : �m} ⊢IT M : �there exists � : {�1; : : : ; �m} ⊢IL � , su
h that Tx1;:::;xm(�) ≡ M .Proof: (i) By 
onsidering a Π in the 
lass � and applying theorem 3.7.1(i). Re
allthat, for every Π in �, it is Tx1;:::;xm(Π) ≡ Tx1;:::;xm(�).(ii) By theorem 3.7.1(ii), there exists Π′ : {�1; : : : ; �m} ⊢pIL � , su
h thatTx1;:::;xm(Π′) ≡ M . But Π′ belongs to a 
lass � : {�1; : : : ; �m} ⊢pIL � withTx1;:::;xm(�) ≡ Tx1;:::;xm(Π′). ⊣The transition from IT to pIL-dedu
tions, stated by theorem 3.7.1, allows to derivefor free the property of strong normalization of �-terms typable in IT (one dire
tionof theorem 2.5.7).Theorem 3.7.3 Let M ∈ Λ. If M is typable in IT, then M is strongly normalizablewith respe
t to �-redu
tion.Proof: Suppose M is typable in IT, i.e. there exists
Π0 : {x1 : �1; : : : ; xm : �m} ⊢IT M : �By theorem 3.7.1(ii), Π0 
an be embedded in pIL to get Π′

0 : {�1; : : : ; �m} ⊢pIL �,su
h that Tx1;:::;xm(Π′
0) ≡ M . Any redex of M 
orresponds to a →-redex in Π′

0. IfM →� M1, there exists Π1 : {x1 : �1; : : : ; xm : �m} ⊢IT M1 : � (see [Kr93℄, p. 50).Dedu
tion Π1 is embedded in Π′
1 : {�1; : : : ; �m} ⊢pIL �, whi
h is su
h that

Π′
0 ,→∗ Π′

1, where ,→∗ denotes a �nite number of pIL normalization steps that in
ludeexa
tly one ,→→-step. Suppose now that M is not strongly normalizable, i.e. thatthere exists an in�nite sequen
e of �-redu
tions starting from M .M ≡ M0 →� M1 →� M2 →� : : :The IT-dedu
tions Π0;Π1;Π2; : : :, whi
h assign type � to M0;M1;M2; : : :, respe
-tively, are embedded in the pIL-dedu
tions Π′
0;Π′

1;Π′
2; : : :, respe
tively, whi
h aresu
h that

Π′

0 ,→∗ Π′

1 ,→∗ Π′

2 ,→∗ : : :But then Π′
0 is not strongly normalizable, whi
h 
ontradi
ts theorem 3.5.14. ⊣



3.7 IL and IT 61Example 3.7.4 Dedu
tion Π2 of example 2.4.5 is an IT-dedu
tion typing the termM ≡ (�x:xx)�x:x. Let us 
all it Π0 for the purpose of this example. It isM →� M1 ≡ (�x:x)�x:x →� M2 ≡ �x:x. We show Π′
0;Π1;Π′

1;Π2 and Π′
2 below.� ⊢pIL �

(∩El)� ⊢pIL (� → �) → � → � � ⊢pIL �
(∩Er)� ⊢pIL � → �
(→E)� ⊢pIL � → �

(→I)
⊢pIL � → � → � [� → � ; �] ⊢pIL [� → � ; �]

(→I)
⊢pIL [(� → �) → � → � ; � → �]

(∩I)
⊢pIL �

(→E)

Π′
0 : ⊢pIL � → �

{x : � → �} ⊢IT x : � → �
(→I)

⊢IT �x:x : (� → �) → � → � {x : �} ⊢IT x : �
(→I)

⊢IT �x:x : � → �
(→E)

Π1 : ⊢IT (�x:x)�x:x : � → �
{� → �} ⊢pIL � → �

(→I)
⊢pIL (� → �) → � → � {�} ⊢pIL �

(→I)
⊢pIL � → �

(→E)

Π′
1 : ⊢pIL � → �

{x : �} ⊢IT x : �
(→I)

Π2 : ⊢IT �x:x : � → � {�} ⊢pIL �
(→I)

Π′
2 : ⊢pIL � → �Note that Π′

1 derives from Π′
0 by one ,→→-step, two ,→∩-steps and four ,→P -steps,while Π′

2 derives from Π′
1 by one ,→→-step. The term �x:x is in normal form and Π′

2is normal. The pro
edure stops there.
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Chapter 4Interse
tion Syn
hronous Logi
(ISL)4.1 De�nition of ISLIn this se
tion, we present the logi
al system ISL as de�ned by E. Pimentel in [PR05℄.It is given in
luding three 
onne
tives: impli
ation, interse
tion and 
onjun
tion. Wede�ne its basi
 building blo
ks (atoms, mole
ules) and exhibit its dedu
tive rules.We then restri
t it to impli
ation and interse
tion and display a de
oration of itsdedu
tions with untyped �-terms that en
ode the impli
ation only.De�nition 4.1.1 (ISL) (i) The set of formulas FISL of ISL is generated by thegrammar: � ::= � | � → � | � ∩ � | � ∧ �, where � belongs to a denumerable set ofpropositional variables.(ii) An atom is a pair (Γ;�), where the ISL-
ontext Γ is a �nite sequen
e offormulas and � is a formula.(iii) A mole
ule is a �nite multiset of atoms, su
h that the 
ontexts in all atomshave the same 
ardinality; [A1; : : : ;An] denotes a mole
ule 
onsisting of the atoms
A1; : : : ;An: Letters M;N will range over mole
ules.(iv) The logi
al system ISL derives mole
ules. Its rules are shown in Figure 4.1.Writing Π : M means that the ISL-dedu
tion Π 
on
ludes by proving M: Writing
⊢ISL M denotes the existen
e of an ISL-dedu
tion Π : M.Remark 4.1.2 (i) Formulas of ISL are formulas (types) of LJr, i.e. FISL = FLJr.(ii) In the rule (PISL), ∪ is the multiset union. (iii) The rules (→ I); (→ E) and
(∧I); (∧E) are global rules, in the sense that they a�e
t all the atoms of the involvedmole
ules, while (∩I); (∩E) are lo
al, sin
e they modify only parti
ular atoms of thepremise.Example 4.1.3 Let � ≡ � → �; � ≡ (� → �) ∧ � and � ≡ (� → �) ∩ �. TheLJr-dedu
tions Π1 and Π2 of example 2.4.4 
an be developed inside ISL as Π̂1 and
Π̂2, respe
tively, without the need of �-terms.63
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(AISL)

[(�i;�i) | 1 ≤ i ≤ n]

M∪N
(PISL)

M

[(Γi;�i) | 1 ≤ i ≤ n]
(WISL)

[(Γi; �i; �i) | 1 ≤ i ≤ n]

[(Γ i
1 ; �i; �i;Γ i

2 ;�i) | 1 ≤ i ≤ n]
(XISL)

[(Γ i
1 ; �i; �i;Γ i

2 ;�i) | 1 ≤ i ≤ n]

[(Γi; �i; �i) | 1 ≤ i ≤ n]
(→IISL)

[(Γi;�i → �i) | 1 ≤ i ≤ n]

[(Γi;�i → �i) | 1 ≤ i ≤ n] [(Γi;�i) | 1 ≤ i ≤ n]
(→EISL)

[(Γi; �i) | 1 ≤ i ≤ n]

M∪ [(Γ;�); (Γ; � )]
(∩IISL)

M∪ [(Γ;� ∩ � )] M∪ [(Γ; �l ∩ �r)]
(∩EsISL; s ∈ {l; r})

M∪ [(Γ;�s)]
[(Γi;�i) | 1 ≤ i ≤ n] [(Γi; �i) | 1 ≤ i ≤ n]

(∧IISL)
[(Γi;�i ∧ �i) | 1 ≤ i ≤ n]

[(Γi;�i ∧ �i) | 1 ≤ i ≤ n]
(∧ElISL)

[(Γi;�i) | 1 ≤ i ≤ n]

[(Γi;�i ∧ �i) | 1 ≤ i ≤ n]
(∧ErISL)

[(Γi; �i) | 1 ≤ i ≤ n]Figure 4.1: The rules of ISL.
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[(�;�)]

(∧El)
[(�; � → �)] [(�;�)]

(∧Er)
[(�; �)]

(→E)

[(�; �)]
(→I)

[(∅; � → �)] [(�;�)]
(→I)

[(∅; � → �)] [(�;�)]
(→I)

[(∅; �)]
(∧I)

[(∅;�)]
(→E)

Π̂1 : [(∅; �)]
[(� ; � )]

(∩El)
[(� ;� → �)] [(� ; � )]

(∩Er)
[(� ; �)]

(→E)

[(� ; �)]
(→I)

[(∅; � → �)] [(�; �); (�;�)]
(→I)

[(∅; � → �); (∅; �)]
(∩I)

[(∅; � )]
(→E)

Π̂2 : [(∅; �)]Let us now restri
t ISL to → and ∩. We follow [PR05℄ in presenting a non-standard de
oration of ISL-dedu
tions, denoted sd→ in this thesis, whi
h en
odes theimpli
ative rules only. This de
oration will be used in the following se
tions to relateISL with LJ and IT.De�nition 4.1.4 (sd→: non-standard de
oration of ISL) (i) Consider an ISL-
ontext Γ ≡ �1; : : : ; �m. A de
oration (Γ)s of Γ with respe
t to a sequen
e s ≡x1; : : : ; xm of distin
t �-variables is a sequen
e of assignments x1 : �1; : : : ; xm : �m.(ii) Every Π : M ≡ [(�i1; : : : ; �im; �i) | 1 6 i 6 n] 
an be asso
iated through anindu
tive algorithm to a de
orated dedu
tion
⊢?ISL Mx1;:::;xm(Π) : (M)x1;:::;xm ≡ [(x1 : �i1; : : : ; xm : �im; �i) | 1 6 i 6 n]assigning the de
orated mole
ule (M)s ≡ [((Γi)s; �i) | 1 6 i 6 n] to the �-term Ms(Π)in Λ, where Γi ≡ �i1; : : : ; �im and s ≡ x1; : : : ; xm is a sequen
e of distin
t variables.

• (AISL)

Π : [(�i;�i) | 1 6 i 6 n]
⇒ (A?ISL)

⊢
?ISL x : [(x : �i;�i) | 1 6 i 6 n]and Mx(Π) ≡ x.

•
Π1 : [(Γi;�i) | 1 6 i 6 n]

(WISL)

Π : [(Γi; �i;�i) | 1 6 i 6 n]
⇒

⊢
?ISLMs(Π1) : [((Γi)s;�i) | 1 6 i 6 n] x =∈ s

(W?ISL)

⊢
?ISLMs;x(Π) ≡ Ms(Π1) : [((Γi)s; x : �i ;�i) | 1 6 i 6 n]

•
Π1 : [(Γi1; �i; �i;Γi2;�i) | 1 6 i 6 n]

(XISL)

Π : [(Γi1; �i; �i;Γi2;�i) | 1 6 i 6 n]
⇒

⊢
?ISLMs1;y;x;s2(Π1) : [((Γi1)s1 ; y : �i; x : �i; (Γi2)s2 ;�i) | 1 6 i 6 n]

(X?ISL)

⊢
?ISLMs1;x;y;s2(Π) : [((Γi1)s1 ; x : �i; y : �i; (Γi2)s2 ;�i) | 1 6 i 6 n]where Ms1;x;y;s2(Π) ≡ Ms1;y;x;s2(Π1).
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•

Π1 : [(Γi; �i; �i) | 1 6 i 6 n]
(→IISL)

Π : [(Γi;�i → �i) | 1 6 i 6 n]
⇒

⊢
?ISLMs;x(Π1) : [((Γi)s; x : �i ; �i) | 1 6 i 6 n]

(→I?ISL)

⊢
?ISLMs(Π) ≡ �x:Ms;x(Π1) : [((Γi)s;�i → �i) | 1 6 i 6 n]

•
Π1 : [(Γi;�i → �i) | 1 6 i 6 n] Π2 : [(Γi;�i) | 1 6 i 6 n]

(→EISL)

Π : [(Γi; �i) | 1 6 i 6 n]
⇒

⊢
?ISLM1 : [((Γi)s;�i → �i) | 1 6 i 6 n] ⊢

?ISLM2 : [((Γi)s;�i) | 1 6 i 6 n]
(→E?ISL)

⊢
?ISLMs(Π) ≡ M1M2 : [((Γi)s; �i) | 1 6 i 6 n]where M1 ≡ Ms(Π1) and M2 ≡ Ms(Π2).

•
Π1 : M1

(RISL)

Π : M2

⇒
⊢
?ISLMs(Π1) : (M1)s

(R?ISL)

⊢
?ISLMs(Π) ≡ Ms(Π1) : (M2)swhere R ∈ {(P ); (∩I); (∩El); (∩Er)}.4.2 ISL and LJIn this se
tion, we work with ISL↾{→;∩}. We survey the relation between ISL-dedu
tions and LJ-dedu
tions in D→LJ . ISL, as IL, is de�ned to realize the partof LJ de
oratable by d→.Remark 4.2.1 Let Π : {�1; : : : ; �m} ⊢LJ � be a LJ-dedu
tion in D→LJ . Then Π
an be de
orated by d→ to give Π∗ : {x1 : �1; : : : ; xm : �m} ⊢∗LJ Tx1;:::;xm(Π) : � ,where, for every sequen
e x1; : : : ; xm of distin
t variables, Tx1;:::;xm(Π) is a set of�-equivalent �-terms. In what follows, though, we identify �-equivalent �-terms, sothat Tx1;:::;xm(Π) is a �-term, for every x1; : : : ; xm.Theorem 4.2.2 (From ISL to LJ) Let Π : M ≡ [(�i1; : : : ; �im; �i) | 1 6 i 6 n].For every i ∈ {1; : : : ; n}, we have that Πi : {e(�i1); : : : ; e(�im)} ⊢LJ e(�i) is a LJ-dedu
tion in D→LJ , su
h that Tx1;:::;xm(Πi) ≡ Mx1;:::;xm(Π), for every sequen
e ofdistin
t variables x1; : : : ; xm.Proof: By indu
tion on Π.Base: For Π : M ≡ [(�i; �i) | 1 6 i 6 n] an ISL-axiom and i ∈ {1; : : : ; n}, we havethat Πi : {e(�i)} ⊢LJ e(�i) is an axiom of LJ|hen
e in D→LJ|with Tx(Πi) ≡ x ≡Mx(Π), for every x.Indu
tive step: We examine all ISL-rules.

•
Π1 : [(�i1; : : : ; �im; �i) | 1 6 i 6 n] ∪ [(�i1; : : : ; �im; �i) | n+ 1 6 i 6 n+ k]

(PISL)
Π : [(�i1; : : : ; �im; �i) | 1 6 i 6 n]By the IH, for every i ∈ {1; : : : ; n+ k}, we have that

Πi
1 : {e(�i1); : : : ; e(�im)} ⊢LJ e(�i)
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tion in D→LJ , su
h that Tx1;:::;xm(Πi
1) ≡ Mx1;:::;xm(Π1), for everyx1; : : : ; xm. Hen
e, the same holds for every i ∈ {1; : : : ; n}. But then Πi

1 ≡ Πiand Tx1;:::;xm(Πi
1) ≡ Tx1;:::;xm(Πi). We also have that Mx1;:::;xm(Π1) ≡ Mx1;:::;xm(Π)and the required result follows.

•
Π1 : [(�i1; : : : ; �im; �i) | 1 6 i 6 n]

(WISL)
Π : [(�i1; : : : ; �im; �i; �i) | 1 6 i 6 n]By the IH, for every i ∈ {1; : : : ; n}, we have that

Πi
1 : {e(�i1); : : : ; e(�im)} ⊢LJ e(�i)is a LJ-dedu
tion in D→LJ , su
h that Tx1;:::;xm(Πi

1) ≡ Mx1;:::;xm(Π1), for everyx1; : : : ; xm. By the weakening property for LJ (see proposition 2.1.3), for every formulae(�i), there exists Πi : {e(�i1); : : : ; e(�im); e(�i)} ⊢LJ e(�i). Sin
e Πi
1 is in D→LJ , Πiis in D→LJ and furthermore Tx1;:::;xm;x(Πi) ≡ Tx1;:::;xm(Πi

1), for every x1; : : : ; xm andevery x =∈ x1; : : : ; xm. Hen
e, it is Tx1;:::;xm;x(Πi) ≡ Mx1;:::;xm(Π1) ≡ Mx1;:::;xm;x(Π),for every x1; : : : ; xm; x.
•

Π1 : [(�i1; : : : ; �im; �i; �i; �i1; : : : ; �il ;!i) | 1 6 i 6 n]
(XISL)

Π : [(�i1; : : : ; �im; �i; �i; �i1; : : : ; �il ;!i) | 1 6 i 6 n]By the IH, for every i ∈ {1; : : : ; n}, we have that
Πi

1 : {e(�i1); : : : ; e(�im); e(�i); e(�i); e(�i1); : : : ; e(�il)} ⊢LJ e(!i)is a LJ-dedu
tion in D→LJ , s.t. Tx1;:::;xm;y;x;y1;:::;yl(Πi
1) ≡ Mx1;:::;xm;y;x;y1;:::;yl(Π1), forevery (x1; : : : ; xm; y; x; y1; : : : ; yl). But {e(�i1); : : : ; e(�im); e(�i); e(�i); e(�i1); : : : ; e(�il)} =

{e(�i1); : : : ; e(�im); e(�i); e(�i); e(�i1); : : : ; e(�il)}, so Πi
1 ≡ Πi and Tx1;:::;xm;x;y;y1;:::;yl(Πi)≡Tx1;:::;xm;y;x;y1;:::;yl(Πi

1)≡Mx1;:::;xm;y;x;y1;:::;yl(Π1)≡Mx1;:::;xm;x;y;y1;:::;yl(Π), for every
(x1; : : : ; xm; x; y; y1; : : : ; yl).
•

Π1 : [(�i1; : : : ; �im; �i; �i) | 1 6 i 6 n]
(→IISL)

Π : [(�i1; : : : ; �im; �i → �i) | 1 6 i 6 n]By the IH, for every i ∈ {1; : : : ; n}, we have that
Πi

1 : {e(�i1); : : : ; e(�im); e(�i)} ⊢LJ e(�i)is a LJ-dedu
tion in D→LJ , su
h that Tx1;:::;xm;x(Πi
1) ≡ Mx1;:::;xm;x(Π1), for everyx1; : : : ; xm; x. Applying (→ILJ) on Πi

1, we get
Πi : {e(�i1); : : : ; e(�im)} ⊢LJ e(�i) → e(�i) ≡ e(�i → �i)whi
h is in D→LJ , sin
e Πi

1 is in D→LJ and Πi results from Πi
1 by (→ I). We also havethat Tx1;:::;xm(Πi) ≡ �x:Tx1;:::;xm;x(Πi

1) ≡ �x:Mx1;:::;xm;x(Π1) ≡ Mx1;:::;xm(Π), forevery x1; : : : ; xm.
•

Π1 : [(�i1; : : : ; �im; �i → �i) | 1 6 i 6 n] Π2 : [(�i1; : : : ; �im; �i) | 1 6 i 6 n]
(→EISL)

Π : [(�i1; : : : ; �im; �i) | 1 6 i 6 n]By the IH, for every i ∈ {1; : : : ; n}, we have that
Πi

1 : {e(�i1); : : : ; e(�im)} ⊢LJ e(�i → �i) ≡ e(�i) → e(�i)
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Πi

2 : {e(�i1); : : : ; e(�im)} ⊢LJ e(�i)are LJ-dedu
tions in D→LJ , su
h that Tx1;:::;xm(Πi
1) ≡ Mx1;:::;xm(Π1) andTx1;:::;xm(Πi

2) ≡ Mx1;:::;xm(Π2), for every x1; : : : ; xm. Applying (→ ELJ ) on Πi
1;Πi

2,we get
Πi : {e(�i1); : : : ; e(�im)} ⊢LJ e(�i)whi
h is in D→LJ , sin
e Πi

1;Πi
2 are in D→LJ and Πi results from them by (→E). We alsohave Tx1;:::;xm(Πi) ≡ Tx1;:::;xm(Πi

1)Tx1;:::;xm(Πi
2) ≡ Mx1;:::;xm(Π1)Mx1;:::;xm(Π2) ≡Mx1;:::;xm(Π), for every x1; : : : ; xm.

•
Π1 : [(�i1; : : : ; �im; �i) | 1 6 i 6 n] ∪ [(�n+1

1 ; : : : ; �n+1m ; �n+1); (�n+1
1 ; : : : ; �n+1m ; �n+2)]

(∩I)
Π : [(�i1; : : : ; �im; �i) | 1 6 i 6 n] ∪ [(�n+1

1 ; : : : ; �n+1m ; �n+1 ∩ �n+2)]By the IH, for every i ∈ {1; : : : ; n}, we have that
Πi

1 : {e(�i1); : : : ; e(�im)} ⊢LJ e(�i)is a LJ-dedu
tion in D→LJ , su
h that Tx1;:::;xm(Πi
1) ≡ Mx1;:::;xm(Π1), for everyx1; : : : ; xm. We also have that

Πn+1
1 : {e(�n+1

1 ); : : : ; e(�n+1m )} ⊢LJ e(�n+1)

Πn+2
1 : {e(�n+1

1 ); : : : ; e(�n+1m )} ⊢LJ e(�n+2)are LJ-dedu
tions in D→LJ , su
h that Tx1;:::;xm(Πn+1
1 ) ≡ Mx1;:::;xm(Π1) ≡Tx1;:::;xm(Πn+2

1 ), for every x1; : : : ; xm.So, for every i ∈ {1; : : : ; n}, Πi ≡ Πi
1 and Tx1;:::;xm(Πi) ≡ Tx1;:::;xm(Πi

1) ≡Mx1;:::;xm(Π1) ≡ Mx1;:::;xm(Π), for every x1; : : : ; xm.Applying (∧ILJ) on Πn+1
1 ;Πn+2

1 , we get
Πn+1 : {e(�n+1

1 ); : : : ; e(�n+1m )} ⊢LJ e(�n+1) ∧ e(�n+2) ≡ e(�n+1 ∩ �n+2)whi
h is in D→LJ , sin
e Πn+1
1 ;Πn+2

1 are in D→LJ and Tx1;:::;xm(Πn+1
1 ) ≡ Tx1;:::;xm(Πn+2

1 ),for every x1; : : : ; xm. Furthermore, Tx1;:::;xm(Πn+1) ≡ Tx1;:::;xm(Πn+1
1 ) ≡Mx1;:::;xm(Π1) ≡ Mx1;:::;xm(Π), for every x1; : : : ; xm.

•
Π1 : [(�i1; : : : ; �im; �i) | 1 6 i 6 n] ∪ [(�n+1

1 ; : : : ; �n+1m ; � ln+1 ∩ � rn+1)]
(∩EsISL; s ∈ {l; r})

Π : [(�i1; : : : ; �im; �i) | 1 6 i 6 n] ∪ [(�n+1
1 ; : : : ; �n+1m ; � sn+1)]For i ∈ {1; : : : ; n}, we work as in the 
ase of (∩IISL).By the IH, we have that

Πn+1
1 : {e(�n+1

1 ); : : : ; e(�n+1m )} ⊢LJ e(� ln+1 ∩ � rn+1) ≡ e(� ln+1) ∧ e(� rn+1)is a LJ-dedu
tion in D→LJ , su
h that Tx1;:::;xm(Πn+1
1 ) ≡ Mx1;:::;xm(Π1), for everyx1; : : : ; xm. Applying (∧EsLJ) on Πn+1

1 , we get
Πn+1 : {e(�n+1

1 ); : : : ; e(�n+1m )} ⊢LJ e(� sn+1)whi
h is in D→LJ , sin
e Πn+1
1 is in D→LJ and Πn+1 follows from it by (∧E). Itis Tx1;:::;xm(Πn+1) ≡ Tx1;:::;xm(Πn+1

1 ) ≡ Mx1;:::;xm(Π1) ≡ Mx1;:::;xm(Π), for everyx1; : : : ; xm. ⊣



4.2 ISL and LJ 69Theorem 4.2.3 (From LJ to ISL) Let m > 0; n > 1 and
Π1 :{�11; : : : ; �m1} ⊢LJ �1;Π2 :{�12; : : : ; �m2} ⊢LJ �2; : : : ;Πn :{�1n; : : : ; �mn} ⊢LJ �nbe LJ-dedu
tions in D→LJ , su
h that Tx1;:::;xm(Π1) ≡ Tx1;:::;xm(Π2) ≡ : : : ≡Tx1;:::;xm(Πn), for every x1; : : : ; xm. Then, there exists

Π : [(f(�11); : : : ; f(�m1); f(�1)); : : : ; (f(�1n); : : : ; f(�mn); f(�n))]su
h that Mx1;:::;xm(Π) ≡ Tx1;:::;xm(Π1), for every x1; : : : ; xm.Proof: By indu
tion on Π1. For 
onvenien
e, we prove the 
ase with two LJ-dedu
tions Π1 and Π2. We note, though, that the proof should be formally givenfor a n-tuple of LJ-dedu
tions Π1; : : : ;Πn, sin
e the indu
tive hypothesis is appliedto more than two dedu
tions.Base: Suppose that Π1 : {�11; : : : ; �m1} ⊢LJ �1 ≡ �11 is a LJ-axiom. Then, sin
eTx1;:::;xm(Π2) ≡ Tx1;:::;xm(Π1), for every x1; : : : ; xm, the judgement proved by Π2 de-rives from axioms of the form {�12; : : : ; �m2} ⊢LJ �12 by a �nite number of appli
ationsof the rules (∧I); (∧E). If the number of (∧I) instan
es in Π2 is k − 1, where k > 1,then Π2 involves k axioms
Π21 : {�12; : : : ; �m2} ⊢LJ �12; : : : ;Π2k : {�12; : : : ; �m2} ⊢LJ �12Let �′ij ≡ f(�ij) (1 6 i 6 m; j = 1; 2). Then

Π′′ : [(�′
11;�′

11); (�′
12;�′

12); : : : ; (�′
12;�′

12)]with k atoms (�′
12;�′

12) is an ISL-axiom from whi
h we get
Π′ : [(�′

11; : : : ; �′m1;�′
11); (�′

12; : : : ; �′m2; �′
12); : : : ; (�′

12; : : : ; �′m2;�′
12)]by m− 1 appli
ations of (WISL). It is Mx1;:::;xm(Π′) ≡ x1 ≡ Tx1;:::;xm(Π1), for everyx1; : : : ; xm. Applying (∩IISL) on appropriate atoms for ea
h (∧I) in Π2 and (∩EsISL)for ea
h (∧Es), where s ∈ {l; r}, we get

Π : [(�′
11; : : : ; �′m1;�′

11 ≡ � ′
1); (�′

12; : : : ; �′m2; � ′
2)]with Mx1;:::;xm(Π) ≡ Mx1;:::;xm(Π′) ≡ Tx1;:::;xm(Π1), for every x1; : : : ; xm.Indu
tive step: We show the most 
hara
teristi
 
ases.

•
Π01 : {�11; : : : ; �m1} ⊢LJ �01 Π11 : {�11; : : : ; �m1} ⊢LJ �11

(∧ILJ )
Π1 : {�11; : : : ; �m1} ⊢LJ �01 ∧ �11 ≡ �1Sin
e Π1 is inD→LJ , Π01 and Π11 are inD→LJ and Tx1;:::;xm(Π01) ≡ Tx1;:::;xm(Π11) ≡Tx1;:::;xm(Π1), for every x1; : : : ; xm. Consequently, Π01;Π11 and Π2 are all in D→LJ andTx1;:::;xm(Π01) ≡ Tx1;:::;xm(Π11) ≡ Tx1;:::;xm(Π2), for every x1; : : : ; xm. Hen
e, by theIH, there exists

Π′ : [(�′
11; : : : ; �′m1; � ′

01); (�′
11; : : : ; �′m1; � ′

11); (�′
12; : : : ; �′m2; � ′

2)]su
h that Mx1;:::;xm(Π′) ≡ Tx1;:::;xm(Π01), for every x1; : : : ; xm. Applying (∩IISL), weget
Π : [(�′

11; : : : ; �′m1; � ′
01 ∩ � ′

11 ≡ � ′
1); (�′

12; : : : ; �′m2; � ′
2)]with Mx1;:::;xm(Π) ≡ Mx1;:::;xm(Π′) ≡ Tx1;:::;xm(Π1), for every x1; : : : ; xm.
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hronous Logi
 (ISL)
•

Π′
1 : {�11; : : : ; �m1} ⊢LJ �1 ∧ �1

(∧ElLJ )
Π1 : {�11; : : : ; �m1} ⊢LJ �1Sin
e Π1 is in D→LJ , Π′

1 is in D→LJ and Tx1;:::;xm(Π′
1) ≡ Tx1;:::;xm(Π1), for everyx1; : : : ; xm. So, Π′

1 and Π2 are in D→LJ and Tx1;:::;xm(Π′
1) ≡ Tx1;:::;xm(Π2), for everyx1; : : : ; xm. Hen
e, by the IH, there exists

Π′ : [(�′
11; : : : ; �′m1; (�1 ∧ �1)

′ ≡ � ′
1 ∩ �′1); (�′

12; : : : ; �′m2; � ′
2)]su
h that Mx1;:::;xm(Π′) ≡ Tx1;:::;xm(Π′

1), for every x1; : : : ; xm. Applying (∩ElISL), weget
Π : [(�′

11; : : : ; �′m1; � ′
1); (�′

12; : : : ; �′m2; � ′
2)]with Mx1;:::;xm(Π) ≡ Mx1;:::;xm(Π′) ≡ Tx1;:::;xm(Π1), for every x1; : : : ; xm.The 
ase of (∧ErLJ) is analogous to (∧ElLJ ).

•
Π′

1 : {�11; : : : ; �m1; �1} ⊢LJ �1
(→ILJ)

Π1 : {�11; : : : ; �m1} ⊢LJ �1 → �1 ≡ �1It is Tx1;:::;xm(Π1) ≡ �x:Tx1;:::;xm:x(Π′
1) ≡ Tx1;:::;xm(Π2), for every x1; : : : ; xm. Thismeans that the judgement proved by Π2 derives, by k−1 (k > 1) appli
ations of (∧I)and a �nite number of appli
ations of (∧E), from k dedu
tions

Π21 : {�12; : : : ; �m2} ⊢LJ �21; : : : ;Π2k : {�12; : : : ; �m2} ⊢LJ �2kwhi
h, in turn, derive, by (→I), from
Π′

21 : {�12; : : : ; �m2; �21} ⊢LJ �21; : : : ;Π′
2k : {�12; : : : ; �m2; �2k} ⊢LJ �2krespe
tively. For ea
h j ∈ {1; : : : ; k}, it isTx1;:::;xm(Π2) ≡ Tx1;:::;xm(Π2j); for every x1; : : : ; xm =⇒�x:Tx1;:::;xm;x(Π′

1) ≡ �x:Tx1;:::;xm;x(Π′

2j); for every x1; : : : ; xmand every x 6∈ x1; : : : ; xm =⇒Tx1;:::;xm;x(Π′

1) ≡ Tx1;:::;xm;x(Π′

2j); for every x1; : : : ; xm; xHen
e, by the IH, there exists
Π′′ : [(�′

11; : : : ; �′m1; �′1; �′
1); (�′

12; : : : ; �′m2; �′21; �′
21); : : : ; (�′

12; : : : ; �′m2; �′2k; �′
2k)]su
h that Mx1;:::;xm;x(Π′′) ≡ Tx1;:::;xm;x(Π′

1), for every x1; : : : ; xm; x. Applying (→IISL), we get
Π′ : [(�′

11; : : : ; �′m1; � ′
1); (�′

12; : : : ; �′m2; � ′
21); : : : ; (�′

12; : : : ; �′m2; � ′
2k)]with Mx1;:::;xm(Π′) ≡ �x:Mx1;:::;xm;x(Π′′) ≡ �x:Tx1;:::;xm;x(Π′

1) ≡ Tx1;:::;xm(Π1), forevery x1; : : : ; xm. Finally, applying (∩IISL) on appropriate atoms for ea
h (∧I) in Π2and (∩EsISL) for ea
h (∧Es), where s ∈ {l; r}, we get
Π : [(�′

11; : : : ; �′m1; � ′
1); (�′

12; : : : ; �′m2; � ′
2)]with Mx1;:::;xm(Π) ≡ Mx1;:::;xm(Π′) ≡ Tx1;:::;xm(Π1), for every x1; : : : ; xm.The 
ase of (→ELJ) is ta
kled in a similar manner. ⊣



4.3 ISL and IT 71Corollary 4.2.4 (i) If Π : M ≡ [(�1; : : : ; �m; �)] is an ISL-dedu
tion, there exists
Π1 : {e(�1); : : : ; e(�m)} ⊢LJ e(�)in D→LJ , su
h that Tx1;:::;xm(Π1) ≡ Mx1;:::;xm(Π), for every x1; : : : ; xm.(ii) If Π1 : {�1; : : : ; �m} ⊢LJ � is a LJ-dedu
tion in D→LJ , there exists

Π : [(f(�1); : : : ; f(�m); f(�))]su
h that Mx1;:::;xm(Π) ≡ Tx1;:::;xm(Π1), for every x1; : : : ; xm.Proof: (i) Spe
ial 
ase of theorem 4.2.2. For n = 1; M 
onsists of a single atom.(ii) Spe
ial 
ase of theorem 4.2.3. For n = 1, we have a single LJ-dedu
tion in D→LJ .⊣4.3 ISL and ITIn this se
tion, we 
ontinue to work with ISL↾{→;∩}. We prove a theorem relatingISL to IT, thanks to whi
h ISL 
an be proposed as the logi
 for IT. We also dis
uss
hara
teristi
 features of ISL, namely the importan
e of having expli
it srtu
turalrules and 
ontexts de�ned as sequen
es of formulas.Theorem 4.3.1 (i) If Π : M ≡ [(�i1; : : : ; �im; �i) | 1 6 i 6 n], then
{x1 : �i1; : : : ; xm : �im} ⊢IT Mx1;:::;xm(Π) : �ifor every i ∈ {1; : : : ; n} and every sequen
e x1; : : : ; xm of distin
t variables. So, fora single-atom mole
ule M ≡ [(�1; : : : ; �m; �)], we have that, if Π : M, then
{x1 : �1; : : : ; xm : �m} ⊢IT Mx1;:::;xm(Π) : �for every x1; : : : ; xm.(ii) Suppose that x1; : : : ; xm is a �xed, but arbitrary sequen
e of distin
t vari-ables. If, for every i ∈ {1; : : : ; n}; Πi : {x1 : �i1; : : : ; xm : �im} ⊢IT M : �i, thereexists Π′ : [(�i1; : : : ; �im; �i) | 1 6 i 6 n], su
h that Mx1;:::;xm(Π′) ≡ M . So, if

Π : {x1 : �1; : : : ; xm : �m} ⊢IT M : � , there exists Π′ : M ≡ [(�1; : : : ; �m; �)],su
h that Mx1;:::;xm(Π′) ≡ M .Proof: (i) By theorem 4.2.2, for every i ∈ {1; : : : ; n}, we have that
Πi : {e(�i1); : : : ; e(�im)} ⊢LJ e(�i)is in D→LJ and su
h that Tx1;:::;xm(Πi) ≡ Mx1;:::;xm(Π), for every x1; : : : ; xm. So, forevery i ∈ {1; : : : ; n} and every x1; : : : ; xm, we have, by therem 2.6.2 , that

{x1 : f(e(�i1)); : : : ; xm : f(e(�im))} ⊢IT Tx1;:::;xm(Πi) : f(e(�i))i.e. that {x1 : �i1; : : : ; xm : �im} ⊢IT Mx1;:::;xm(Π) : �i.(ii) By theorem 2.6.3, if we apply the erasing fun
tion E on Πi, we getE(Πi) : {e(�i1); : : : ; e(�im)} ⊢LJ e(�i)whi
h is in D→LJ and su
h that Tx1;:::;xm(E(Πi)) ≡ M . So, we have n LJ-dedu
tionsE(Π1); : : : ; E(Πn) in D→LJ , su
h that Tx1;:::;xm(E(Π1)) ≡ : : : ≡ Tx1;:::;xm(E(Πn)), foran arbitrary x1; : : : ; xm. Then, by theorem 4.2.3, there exists
Π′ : [(f(e(�i1)); : : : ; f(e(�im)); f(e(�i))) | 1 6 i 6 n]i.e. Π′ : [(�i1; : : : ; �im; �i)], su
h that Mx1;:::;xm(Π′) ≡ Tx1;:::;xm(E(Π1)) ≡ M . ⊣



72 Chapter 4: Interse
tion Syn
hronous Logi
 (ISL)4.3.1 The role of sequen
es and stru
tural rulesAll systems introdu
ed in 
hapter 2 are given in two equivalent versions: the set andsequen
e versions. The former de�nes 
ontexts as sets and 
ontains no stru
turalrules, while the latter 
onsiders 
ontexts as sequen
es and in
ludes rules for 
ontextweakening and ex
hange. The logi
al system ISL↾{→;∩} involves atoms whose 
on-texts are sequen
es of formulas and in
ludes the stru
tural rules (WISL) and (XISL).Could we de�ne equivalent set formulations of ISL? Could we ex
lude the stru
turalrules?Consider ISL′ with 
ontexts de�ned as sets, the axiom (AISL) repla
ed by
[(Γi ∪ {�i};�i) | 1 6 i 6 n] (A′ISL)where, for every i, Γi is a set of formulas and the stru
tural rules ex
luded. All otherrules are in
luded 
hanging 
ontexts from sequen
es to sets. Weakening is impli
it in

(A′ISL), while ex
hange is no longer needed.In ISL′, the mole
ules
M1 ≡ [(∅; (� ∩ � → 
) → (� → � → 
))]

M2 ≡ [(∅; (� → � → 
) → (� ∩ � → 
))]
an be proved, as shown below.
(A′)

[({� ∩ � → 
; �; �};� ∩ � → 
)]

(A′)

[({� ∩ � → 
; �; �};�); ({� ∩ � → 
; �; �}; �)]
(∩I′)

[({� ∩ � → 
; �; �};� ∩ �)]
(→E′)

[({� ∩ � → 
; �; �}; 
)]
(→I′)×3

Π′
1 : M1 ≡ [(∅; (� ∩ � → 
) → (� → � → 
))]

(A′)

[({� → � → 
; � ∩ �};� → � → 
)]

(A′)

[({� → � → 
; � ∩ �};� ∩ �)]
(∩E′l)

[({� → � → 
; � ∩ �};�)]
(→E′)

Π′
20 : [({� → � → 
; � ∩ �}; � → 
)]

Π′
20 : [({� → � → 
; � ∩ �}; � → 
)]

(A′)

[({� → � → 
; � ∩ �};� ∩ �)]
(∩E′r)

Π′
21 : [({� → � → 
; � ∩ �}; �)]

(→E′)

[({� → � → 
; � ∩ �}; 
)]
(→I′)×2

Π′
2 : M2 ≡ [(∅; (� → � → 
) → (� ∩ � → 
))]Hen
e, in ISL′, we have the equivalen
e of � ∩ �→
 and �→�→
, whi
h meansthat ∩ 
ollapses to ∧, sin
e �→�→
 is equivalent to �∧�→
 (in both ISL and ISL′).In ISL, on the other hand, the formulas � ∩ �→
 and �→�→
 are not equivalent,sin
e we 
an prove M2 but not M1. Consequently, ISL′ 
annot be proposed as anequivalent formulation of ISL.Now 
onsider ISL′′ with 
ontexts de�ned as sets, the axiom (AISL) repla
ed by

[({�i};�i) | 1 6 i 6 n] (A′′ISL)weakening expli
itly in
luded, ex
hange ex
luded and the rest of the rules as in ISL′.



4.4 Properties of ISL 73In ISL′′, we 
an derive M ≡ [({�; �};� ∩ �)], as shown below.
(A′′)

[({�}; �); ({�}; �)]
(W ′′)

[({�; �};�); ({�; �}; �)]
(∩I′′) ({�;�}={�;�})

Π′′ : M ≡ [({�; �};� ∩ �)]If ISL′′ is equivalent to ISL, then, by theorem 4.3.1, Π′′ should 
orrespond to anIT-dedu
tion {x : �; y : �} ⊢IT Mx;y(Π′′) : �∩�. But, if we try to apply a non-standardde
oration to Π′′, we get
(A′′)?x : [({x : �};�); ({x : �}; �)]

(W ′′)?x : [({x : �; y : �};�); ({x : �; y : �}; �)]
(∩I′′)?

? : [({? : �; ? : �};� ∩ �)]The de
oration 
annot pro
eed to the introdu
tion of the interse
tion, sin
e the de
-orated 
ontexts {x : �; y : �} and {x : �; y : �} are not identi
al. Hen
e, Mx;y(Π′′)is not de�ned and thus Π′′ does not 
orrespond to any IT-dedu
tion. Consequently,ISL′′ 
annot be introdu
ed as an equivalent formulation of ISL, either.ISL, as opposed to ISL′ and ISL′′, 
aptures 
orre
tly the behaviour of the inter-se
tion 
onne
tive. To this end, it is ne
essary that we de�ne 
ontexts as sequen
esand that we in
lude expli
it stru
tural rules.4.4 Properties of ISLIn this se
tion, we 
onsider ISL as de�ned in 4.1.1, i.e. in
luding three 
onne
tives
{→;∩;∧}. We de�ne a ⋄ -redex of an ISL-dedu
tion, where ⋄ ∈ {→;∩;∧}, and showhow to eliminate redexes. We prove strong normalization of ISL by redu
tion tostrong normalization of LJ. We also state the sub-formula property of normal ISL-dedu
tions.4.4.1 Strong normalizationWe start by noting that the rule (PISL) 
an be eliminated from an ISL-dedu
tion bya �nite number of ,→P -normalization steps whi
h ex
hange it with the rule aboveit, thus moving it up in the dedu
tion until it rea
hes an axiom. At that point, its
on
lusion is by itself an axiom, so the initial axiom and the rule 
an be abolished.The pro
edure is analogous to the one des
ribed for pIL in de�nition 3.5.1.De�nition 4.4.1 An ISL-dedu
tion is said to be in pre-normal form, if it doesn'thave any o

uren
es of the rule (P ).Lemma 4.4.2 For every Π : M, there is a Π′ : M in pre-normal form.
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tion Syn
hronous Logi
 (ISL)De�nition 4.4.3 Let Π be an ISL-dedu
tion.(i) A →-redex of Π is a sequen
e (→IISL); (→EISL) in Π of the rules introdu
ingand eliminating the impli
ation.
[(Γi; �i; �i) | 1 6 i 6 n]

(→I)
[(Γi;�i → �i) | 1 6 i 6 n] [(Γi;�i) | 1 6 i 6 n]

(→E)
[(Γi; �i) | 1 6 i 6 n](ii) A ∩-redex of Π is a sequen
e (∩IISL); (∩ElISL) or (∩IISL); (∩ErISL) in Π of therules introdu
ing and eliminating the interse
tion.

M∪ [(Γ; �); (Γ; � )]
(∩I)

M∪ [(Γ;� ∩ � )]
(∩El)

M∪ [(Γ; �)]

M∪ [(Γ;�); (Γ; � )]
(∩I)

M∪ [(Γ;� ∩ � )]
(∩Er)

M∪ [(Γ; � )](iii) A ∧-redex of Π is a sequen
e (∧IISL); (∧ElISL) or (∧IISL); (∧ErISL) in Π of therules introdu
ing and eliminating the 
onjun
tion.
[(Γi; �i) | 1 6 i 6 n] [(Γi; �i) | 1 6 i 6 n]

(∧I)
[(Γi;�i ∧ �i) | 1 6 i 6 n]

(∧El)
[(Γi;�i) | 1 6 i 6 n]

[(Γi; �i) | 1 6 i 6 n] [(Γi; �i) | 1 6 i 6 n]
(∧I)

[(Γi;�i ∧ �i) | 1 6 i 6 n]
(∧Er)

[(Γi; �i) | 1 6 i 6 n]Remark 4.4.4 It is easy to see that the stru
tural rules 
an be moved up whenbetween the rules of a redex, so that the redex in question is formed as de�nition4.4.3 requires. In general, suitable arrangements 
an be made so that the stru
turalrules do not interfere with the normalization pro
ess.De�nition 4.4.5 Let M ≡ [(�i1; : : : ; �im; �i) | 1 6 i 6 n] be a mole
ule in position xof an ISL-dedu
tion Π 
onsisting of k steps (0 6 x 6 k). The 
ontext-formula �ij isopen, if, in steps x+1; : : : ; k whi
h follow, its atom is not abolished by a (P ) rule andit doesn't move to the right of ; by a (→I) rule.Remark 4.4.6 If Π : M is an ISL-dedu
tion, all 
ontext-formulas of M are stable.The following lemma is used for the elimination of →-redexes from an ISL-dedu
tion.Lemma 4.4.7 (Substitution lemma) Suppose that Π0 : [(Γi; �i; �i) | 1 6 i 6 n]and Π1 : [(Γi;�i) | 1 6 i 6 n] are ISL-dedu
tions and let S(Π1;Π0) be the dedu
tivestru
ture obtained from Π0 by substituting Π1 for all axioms [(�i;�i) |1 6 i 6 n] with�i open and by eliminating all o

uren
es of weakening over open �i and all o

uren
esof weakening over open members of Γi. Then, S(Π1;Π0) : [(Γi; �i) | 1 6 i 6 n].Proof: Use double indu
tion, see [PR05, Pr65, Gi89℄. ⊣



4.4 Properties of ISL 75Remark 4.4.8 If Π0 and Π1 are both pre-normal, then S(Π1;Π0) is pre-nornal, aswell.The de�nition of one-step normalization pro
edures eliminating ⋄ -redexes of anISL-dedu
tion, where ⋄ ∈ {→;∩;∧}, is now in order.De�nition 4.4.9 Let Π be an ISL-dedu
tion.(i) A →-rewriting step on Π is a normalization step that eliminates a →-redex ofthe dedu
tion.
Π0 : [(Γi; �i; �i) | 1 6 i 6 n]

(→I)
[(Γi; �i → �i) | 1 6 i 6 n] Π1 : [(Γi;�i) | 1 6 i 6 n]

(→E)
[(Γi; �i) | 1 6 i 6 n],→→ S(Π1;Π0) : [(Γi; �i) | 1 6 i 6 n](ii) A ∩-rewriting step on Π is a normalization step that eliminates a ∩-redex ofthe dedu
tion.

M∪ [(Γ; �); (Γ; � )]
(∩I)

M∪ [(Γ;� ∩ � )]
(∩El)

M∪ [(Γ;�)]

,→∩

M∪ [(Γ;�); (Γ; � )]
(P )

M∪ [(Γ;�)]The 
ase of (∩Er) is analogous.(iii) A ∧-rewriting step on Π is a normalization step that eliminates a ∧-redex ofthe dedu
tion.
Π1 : [(Γi;�i) | 1 6 i 6 n] Π2 : [(Γi; �i) | 1 6 i 6 n]

(∧I)
[(Γi; �i ∧ �i) | 1 6 i 6 n]

(∧El)
[(Γi;�i) | 1 6 i 6 n],→∧ Π1 : [(Γi;�i) | 1 6 i 6 n]The 
ase of (∧Er) is analogous.Remark 4.4.10 If Π is in pre-normal form and Π′ derives from Π by a →-rewritingstep (Π ,→→ Π′) or a ∧-rewriting step (Π ,→∧ Π′), then Π′ is in pre-normal form,too. On the other hand, if Π′ derives from Π by a ∩-rewriting step (Π ,→∩ Π′), it isnot in pre-normal form, sin
e (P ) has appeared. Nevertheless, (P ) 
an be eliminatedagain by a �nite number of ,→P -steps.De�nition 4.4.11 An ISL-dedu
tion is in normal form, if it is in pre-normal formand 
ontains no ⋄ -redexes, where ⋄ ∈ {→;∩;∧}.Theorem 4.4.12 ISL is strongly normalizable, i.e. every ISL-dedu
tion Π : M isstrongly normalizable.



76 Chapter 4: Interse
tion Syn
hronous Logi
 (ISL)Proof: Suppose there exists an ISL-dedu
tion Π : M ≡ [(�i1; : : : ; �im; �i) | 1 6 i 6 n]whi
h is not strongly normalizable. Then, there is an in�nite sequen
e s of ⋄ -steps,where ⋄ ∈ {,→P ; ,→→; ,→∩; ,→∧}, starting from Π. By theorem 4.2.2, Π gives n LJ-dedu
tions Π1; : : : ;Πn in D→LJ , where Πi : {e(�i1); : : : ; e(�im)} ⊢LJ e(�i). If Π ,→P Π′,then, for every i ∈ {1; : : : ; n}; Πi ≡ (Π′)i. If Π ,→→ Π′, then, for every i,
Πi ,→1LJ→

: : : ,→riLJ→
(Π′)i. If Π ,→∩ Π′, then there is an i0 ∈ {1; : : : ; n}, su
hthat: (1) Πi0 ,→LJ∧

(Π′)i0 and (2) for every i ∈ {1; : : : ; n} \ {i0}, it is Πi ≡ (Π′)i.Finally, if Π ,→∧ Π′, then, for every i; Πi ,→LJ∧
(Π′)i.Case 1: There are in�nitely many ,→→-steps in s. Then, sin
e ea
h su
h stepgenerates �nitely many ,→LJ→

-steps in ea
h Πi, we meet in�nitely many ,→LJ→
-stepsin ea
h Πi, whi
h 
ontradi
ts the strong normalization of LJ.Case 2: There are in�nitely many ,→∩-steps in s. In this 
ase, sin
e ea
h su
h stepgenerates a ,→LJ∧

-step in one of the Πi, there are in�nitely many ,→LJ∧
-steps to bemounted in n LJ-dedu
tions. Consequently, there is an i ∈ {1; : : : ; n}, su
h that wemeet in�nitely many ,→LJ∧

-steps in Πi, whi
h 
ontradi
ts the strong normalizationof LJ.Case 3: There are in�nitely many ,→∧-steps in s. In this 
ase, sin
e ea
h su
hstep generates a ,→LJ∧
-step in ea
h Πi, we meet in�nitely many ,→LJ∧

-steps in ea
h
Πi, whi
h 
ontradi
ts the strong normalization of LJ.Case 4: There are in�nitely many ,→P -steps in s. Then, there should be in�nitelymany ,→∩-steps in s, sin
e the (P ) rules initially in Π are eliminated in a �nite numberof ,→P -steps and so is the (P ) rule generated by a single ,→∩-step. So, this 
ase redu
esto 
ase 2. ⊣4.4.2 Sub-formula propertySub-formulas in ISL are de�ned as follows.De�nition 4.4.13 Let � be an ISL-formula. Then:(i) � is a sub-formula of � and(ii) if � ⋄ � is a sub-formula of �, then so are � and �, for ⋄ ∈ {→;∩;∧}.De�nition 4.4.14 Let Π : M ≡ [(Γi;�i) | 1 6 i 6 n] be an ISL-dedu
tion. We saythat Π enjoys the sub-formula property, denoted sf(Π), if every formula appearing in
Π is a sub-formula of one of the formulas o

uring in M.Theorem 4.4.15 Let Π be an ISL-dedu
tion in normal form. Then sf(Π).Proof: The proof is an easy extension of the same property for LJ, given theorem4.2.2. ⊣



Chapter 5Equivalen
e of IL and ISL5.1 Expansion of ILWe shall expand Interse
tion Logi
 to in
lude three 
onne
tives →;∩ and ∧, as Inter-se
tion Syn
hronous Logi
 does. We remind the reader that we a
tually work withpIL. The following de�nition provides the material needed to supplement de�nitions3.1.1 and 3.2.1. We note that to expand pIL we only add information to the system;we do not 
hange any of the data given in 
hapter 3.De�nition 5.1.1 (i) A kit is a binary tree in the language generated by the grammar:K ::= � | [K;K], where the leaves � are now generated by the grammar:� ::= � | � → � | � ∩ � | � ∧ �with � belonging to a denumerable set of propositional variables.(ii) If H ≃ K, then H ∧ K denotes a kit that overlaps with H;K and is su
hthat, for every p ∈ PT (H); (H ∧K)p ≡ Hp ∧Kp.(iii) The dedu
tive system pIL in
ludes all rules presented in Figure 3.1 and rulesfor the introdu
tion and elimination of 
onjun
tion.
Γ ⊢pIL K1 Γ ⊢pIL K2

(∧IpIL)
Γ ⊢pIL K1 ∧ K2

Γ ⊢pIL Kl ∧ Kr
(∧EspIL; s ∈ {l; r})

Γ ⊢pIL KsRemark 5.1.2 The rules (∧I); (∧E) are global rules, as it is the 
ase with (→ I);
(→E). They a
t on all leaves of the kits to the right of ⊢pIL.5.2 From IL to ISLIn this se
tion, we show the transition from pIL to ISL. Given a pIL-dedu
tion whi
h
on
ludes by a judgement involving kits with n terminal paths, there exists an ISL-dedu
tion proving a mole
ule su
h that ea
h of its atoms in
ludes formulas whi
h areall leaves at a 
ertain terminal path of the kits, formulas in di�erent positions in theatom 
oming from di�erent kits. We 
an roughly say that ea
h terminal path of thekits generates an atom in the mole
ule. 77



78 Chapter 5: Equivalen
e of IL and ISLTheorem 5.2.1 Let Π : {K1; : : : ;Km} ⊢pIL H with PT (H) = {p1; : : : ; pn}. Then
⊢ISL [(Kp1

1 ; : : : ;Kp1m ;Hp1); : : : ; (Kpn
1 ; : : : ;Kpnm ;Hpn)]Proof: By indu
tion on Π.Base: Suppose Π : {K1; : : : ; Km} ⊢pIL K1 is a pIL-axiom. We have that

[(Kp1
1 ;Kp1

1 ); : : : ; (Kpn
1 ;Kpn

1 )]is an ISL-axiom and, if we apply weakening repeatedly, we get
⊢ISL [(Kp1

1 ; : : : ; Kp1m ;Kp1
1 ); : : : ; (Kpn

1 ; : : : ; Kpnm ;Kpn
1 )]Indu
tive step: We examine all rules of the expanded pIL.

•
Π′ : {H1; : : : ; Hm} ⊢pIL K

(PpIL)
Π : {H1\

ps; : : : ; Hm\ps} ⊢pIL K\psLet Hi\ps ≡ Ki (1 6 i 6 m) and K\ps ≡ H . Suppose thatPT (K) = {q1; : : : ; qn1
; psr1; : : : ; psrn2

; ps′t1; : : : ; ps′tn3
}where s; s′ ∈ {l; r}; s 6≡ s′; n1 + n2 = n and qj ; p are di�erent paths, for 1 6 j 6 n1.Then, we have:1. PT (H) = {q1; : : : ; qn1

; pr1; : : : ; prn2
}2. Hqji ≡ Kqji ; Kqj ≡ Hqj (1 ≤ i ≤ m; 1 ≤ j ≤ n1)3. Hpsrji ≡ Kprji ; Kpsrj ≡ Hprj (1 ≤ i ≤ m; 1 ≤ j ≤ n2)By the IH, we have that ⊢ISL M∪N and, applying (PISL), we get ⊢ISL M′, where

M ≡ [(Hq1
1 ; : : : ; Hq1m ;Kq1); : : : ; (Hqn1

1 ; : : : ; Hqn1m ;Kqn1 );
(Hpsr1

1 ; : : : ; Hpsr1m ;Kpsr1); : : : ; (Hpsrn2

1 ; : : : ; Hpsrn2m ;Kpsrn2 )]

N ≡ [(Hps′t1
1 ; : : : ; Hps′t1m ;Kps′t1); : : : ; (Hps′tn3

1 ; : : : ; Hps′tn3m ;Kps′tn3 )]

M′ ≡ [(Kq1
1 ; : : : ;Kq1m ;Hq1); : : : ; (Kqn1

1 ; : : : ;Kqn1m ;Hqn1 );
(Kpr1

1 ; : : : ;Kpr1m ;Hpr1); : : : ; (Kprn2

1 ; : : : ;Kprn2m ;Hprn2 )]and M ≡ M′ by 2. and 3.
•

Π′ : {K1; : : : ; Km; L1} ⊢pIL L2
(→IpIL)

Π : {K1; : : : ; Km} ⊢pIL L1 → L2 ≡ HIt is H ≃ L2, so PT (L2) = PT (H) = {p1; : : : ; pn}. By the IH, we have that
⊢ISL [(Kp1

1 ; : : : ; Kp1m ; Lp11 ;Lp12 ); : : : ; (Kpn
1 ; : : : ; Kpnm ; Lpn1 ;Lpn2 )]. Applying (→ IISL), weget ⊢ISL [(Kp1

1 ; : : : ; Kp1m ;Lp11 → Lp12 ); : : : ; (Kpn
1 ; : : : ; Kpnm ;Lpn1 → Lpn2 )]. Sin
e, for everyi ∈ {1; : : : ; n}; Lpi1 → Lpi2 ≡ (L1 → L2)

pi ≡ Hpi , we have the required result.
•

Π′ : {K1; : : : ; Km} ⊢pIL L → H Π′′ : {K1; : : : ; Km} ⊢pIL L
(→EpIL)

Π : {K1; : : : ; Km} ⊢pIL HIt is L ≃ H ≃ L → H , so PT (L → H) = PT (L) = PT (H) = {p1; : : : ; pn}. Bythe IH, we have that ⊢ISL [(Kp1
1 ; : : : ; Kp1m ; (L → H)p1); : : : ; (Kpn

1 ; : : : ; Kpnm ; (L → H)pn)]



5.2 From IL to ISL 79and ⊢ISL [(Kp1
1 ; : : : ; Kp1m ;Lp1); : : : ; (Kpn

1 ; : : : ; Kpnm ;Lpn)]. Sin
e, for every i ∈ {1; : : : ; n};
(L → H)pi ≡ Lpi → Hpi , we 
an apply (→ EISL) on the two mole
ules to get therequired result.
•

Π′ : {H1[p := [�1; �1]]; : : : ; Hm[p := [�m; �m]]} ⊢pIL K[p := [�; � ]]
(∩IpIL)

Π : {H1[p := �1]; : : : ; Hm[p := �m]} ⊢pIL K[p := � ∩ � ]Let Hi[p := [�i; �i]] ≡ K ′i; Hi[p := �i] ≡ Ki (1 6 i 6 m); K[p := [�; � ]] ≡ H ′ andK[p := � ∩ � ] ≡ H . Suppose that PT (H ′) = {q1; : : : ; qk; pl; pr}, with qj ; p di�erentpaths, for 1 6 j 6 k. Then, we have:1. PT (H) = {q1; : : : ; qk; p}2. (K ′i)qj ≡ Kqji ; (H ′)qj ≡ Hqj (1 ≤ i ≤ m; 1 ≤ j ≤ k)3. (K ′i)ps ≡ Kpi ≡ �i (1 ≤ i ≤ m; s ∈ {l; r})4. (H ′)pl ≡ �; (H ′)pr ≡ �; Hp ≡ � ∩ �By the IH, we have that ⊢ISL M ∪ [(�1; : : : ; �m; �); (�1; : : : ; �m; � )] and, applying
(∩IISL), we get ⊢ISL M′ ∪ [(�1; : : : ; �m; � ∩ � )], where

M ≡ [((K ′

1)
q1 ; : : : ; (K ′m)q1 ; (H ′)q1); : : : ; ((K ′

1)
qk ; : : : ; (K ′m)qk ; (H ′)qk )]

M′ ≡ [(Kq1
1 ; : : : ;Kq1m ;Hq1); : : : ; (Kqk

1 ; : : : ;Kqkm ;Hqk )]and M ≡ M′ by 2.
•

Π′ : {K1; : : : ; Km} ⊢pIL K[p := �l ∩ �r] ≡ H ′

(∩EspIL)
Π : {K1; : : : ; Km} ⊢pIL K[p := �s] ≡ HSuppose that PT (H ′) = {p1; : : : ; pn−1; p}. Then:1. PT (H) = PT (H ′)2. (H ′)pj ≡ Hpj (1 6 j 6 n− 1)3. (H ′)p ≡ �l ∩ �r; Hp ≡ �sBy the IH, we have that ⊢ISL M ∪ [(Kp

1 ; : : : ; Kpm; �l ∩ �r)] and, applying (∩EsISL), weget ⊢ISL M′ ∪ [(Kp
1 ; : : : ; Kpm; �s)], where

M ≡ [(Kp1

1 ; : : : ;Kp1m ; (H ′)p1); : : : ; (Kpn−1

1 ; : : : ;Kpn−1m ; (H ′)pn−1)]

M′ ≡ [(Kp1

1 ; : : : ;Kp1m ;Hp1); : : : ; (Kpn−1

1 ; : : : ;Kpn−1m ;Hpn−1)]and M ≡ M′ by 2.
•

Π′ : {K1; : : : ; Km} ⊢pIL L1 Π′′ : {K1; : : : ; Km} ⊢pIL L2
(∧IpIL)

Π : {K1; : : : ; Km} ⊢pIL L1 ∧ L2 ≡ HIt is L1 ≃ L2 ≃ H , so PT (L1) = PT (L2) = PT (H) = {p1; : : : ; pn}. The IH gives
⊢ISL [(Kp1

1 ; : : : ; Kp1m ;Lp11 ); : : : ; (Kpn
1 ; : : : ; Kpnm ;Lpn1 )]

⊢ISL [(Kp1
1 ; : : : ; Kp1m ;Lp12 ); : : : ; (Kpn

1 ; : : : ; Kpnm ;Lpn2 )]



80 Chapter 5: Equivalen
e of IL and ISLApplying (∧IISL), we get ⊢ISL [(Kp1
1 ; : : : ; Kp1m ;Lp11 ∧Lp12 ); : : : ; (Kpn

1 ; : : : ; Kpnm ;Lpn1 ∧Lpn2 )].Sin
e, for every i ∈ {1; : : : ; n}; Lpi1 ∧ Lpi2 ≡ (L1 ∧ L2)
pi ≡ Hpi , we have the requiredresult.

•
Π′ : {K1; : : : ; Km} ⊢pIL Kl ∧Kr

(∧EspIL)
Π : {K1; : : : ; Km} ⊢pIL Ks ≡ HIt is Kl ∧ Kr ≃ H , so PT (Kl ∧ Kr) = PT (H) = {p1; : : : ; pn}. By the IH, wehave that ⊢ISL [(Kp1

1 ; : : : ; Kp1m ; (Kl ∧Kr)p1); : : : ; (Kpn
1 ; : : : ; Kpnm ; (Kl ∧Kr)pn)]. Sin
e, forevery i ∈ {1; : : : ; n}; (Kl ∧Kr)pi ≡ Kpil ∧Kpir , we 
an apply (∧EsISL) to get

⊢ISL [(Kp1
1 ; : : : ; Kp1m ;Kp1s ); : : : ; (Kpn

1 ; : : : ; Kpnm ;Kpns )]as required. ⊣5.3 From ISL to ILThis se
tion des
ribes the transition from ISL to pIL. We �rst show how to representa mole
ule of n atoms and 
ontext-
ardinality m by a sequen
e of m+ 1 overlappingkits with n terminal paths ea
h, so that the j-th kit in the sequen
e pi
ks as leavesall the j-th formulas in the atoms, the leaf at path i 
oming from the i-th atom. Westress the fa
t that a mole
ule 
an have more that one kit-representations dependingon the stru
ture we 
hose for the representing kits and on the path enumeration weemploy. Finally, we prove that, given an ISL-dedu
tion whi
h 
on
ludes by a 
ertainmole
ule, there exists a pIL-dedu
tion whi
h 
on
ludes by a judgement involving therepresenting kit-sequen
e of the mole
ule, no matter whi
h su
h sequen
e we 
onsider.Proposition 5.3.1 Let M ≡ [(�1
1 ; : : : ; �1m; �1); : : : ; (�n1 ; : : : ; �nm; �n)] be a mole
ule ofn > 1 atoms, ea
h of 
ontext-
ardinality m > 0: Then, there exists a sequen
eK1; : : : ;Km; H of m+ 1 overlapping kits with n terminal paths p1; : : : ; pn ea
h, su
hthat Kpij ≡ �ij and Hpi ≡ �i (1 6 j 6 m; 1 6 i 6 n).Proof: By indu
tion on n with m �xed but arbitrary.Base: For n = 1, M ≡ [(�1

1 ; : : : ; �1m; �1)]. The m + 1 overlapping kits with oneterminal path|the empty path �|are the single-node kits �1
1 ; : : : ; �1m; �1.Indu
tive step: Let n> 1, M ≡ [(�1

1 ; : : : ; �1m; �1); : : : ; (�n1 ; : : : ; �nm; �n)] and supposethe proposition holds for any mole
ule of n− 1 atoms, ea
h of 
ontext-
ardinality m.Consider M′ ≡ [(�1
1 ; : : : ; �1m; �1); : : : ; (�n−1

1 ; : : : ; �n−1m ; �n−1)], whi
h in
ludes all atoms of
M ex
ept (�n1 ; : : : ; �nm; �n). By the IH, there exists a sequen
e H1; : : : ; Hm;K of m+1overlapping kits with n− 1 terminal paths q1; : : : ; qn−1 ea
h, su
h that Hqij ≡ �ij andKqi ≡ �i (1 6 j 6 m; 1 6 i 6 n− 1). Let us now 
onsider the m+ 1 kitsH1[qn−1 := [�n−1

1 ; �n1 ]]; : : : ; Hm[qn−1 := [�n−1m ; �nm]]; K[qn−1 := [�n−1; �n]] (∗)They are overlapping (sin
e H1; : : : ; Hm;K are), they have n terminal pathsp1 ≡ q1; : : : ; pn−2 ≡ qn−2; pn−1 ≡ qn−1l; pn ≡ qn−1rand they are su
h that:1. (Hj [qn−1 := [�n−1j ; �nj ]])pi ≡ Hqij ≡ �ij ; (K[qn−1 := [�n−1; �n]])pi ≡ Kqi ≡ �i
(1 6 j 6 m; 1 6 i 6 n− 2)



5.3 From ISL to IL 812. (Hj [qn−1 := [�n−1j ; �nj ]])pn−1 ≡ �n−1j ; (K[qn−1 := [�n−1; �n]])pn−1 ≡ �n−1

(1 6 j 6 m)3. (Hj [qn−1 := [�n−1j ; �nj ]])pn ≡ �nj ; (K[qn−1 := [�n−1; �n]])pn ≡ �n
(1 6 j 6 m)Consequently, (∗) is the required kit-sequen
e for M. ⊣De�nition 5.3.2 The sequen
e K1; : : : ;Km; H of proposition 5.3.1 will be 
alled akit-representation of M.Remark 5.3.3 The kit-representation of a mole
ule M is not unique. Di�erent kit-representations of M may have di�erent kit-stru
tures or the same stru
ture butdi�erent path enumerations. For example, 
onsider the mole
ule

M ≡ [(�1
1 ; �1

2 ; �1
3 ; �1); (�2

1 ; �2
2 ; �2

3 ; �2); (�3
1 ; �3

2 ; �3
3 ; �3)]The following kit-sequen
es are kit-representations of M.

[[�1
1 ; �2

1 ]; �3
1 ]; [[�1

2 ; �2
2 ]; �3

2 ]; [[�1
3 ; �2

3 ]; �3
3 ]; [[�1; �2]; �3] (a)

[[�3
1 ; �2

1 ]; �1
1 ]; [[�3

2 ; �2
2 ]; �1

2 ]; [[�3
3 ; �2

3 ]; �1
3 ]; [[�3; �2]; �1] (b)

[�1
1 ; [�2

1 ; �3
1 ]]; [�1

2 ; [�2
2 ; �3

2 ]]; [�1
3 ; [�2

3 ; �3
3 ]]; [�1; [�2; �3]] (
)Sequen
es (a) and (b) employ the same kit-stru
ture but di�erent path enumerations,while sequen
e (
) displays a di�erent kit-stru
ture from that of (a) and (b).Theorem 5.3.4 If Π : M ≡ [(�1

1 ; : : : ; �1m; �1); : : : ; (�n1 ; : : : ; �nm; �n)] (n > 1; m > 0),then, for every kit-representation K1; : : : ;Km; H of M, {K1; : : : ;Km} ⊢pIL H.Proof: By indu
tion on Π.Base: Suppose Π : M ≡ [(�1
1 ; �1); : : : ; (�n1 ; �n)], where �i1 ≡ �i, for i ∈ {1; : : : ; n},is an ISL axiom and let K1; H be a kit-representation of M. Then, if PT (H) =

{p1; : : : ; pn}, we have Kpi
1 ≡ �i1 ≡ �i ≡ Hpi (1 6 i 6 n), so K1 ≡ H . Hen
e,

{K1} ⊢pIL H is a pIL-axiom.Indu
tive step: We 
he
k all ISL-rules.
•

Π′ : M∪N (PISL)
Π : MTake M ≡ [(�i1; : : : ; �im; �i) | 1 6 i 6 n]; N ≡ [(�i1; : : : ; �im; �i) | n + 1 6 i 6 n + k]and let K1; : : : ;Km; H be a kit-representation of M and H1; : : : ; Hm;K a kit-representation of N . Then, the sequen
e [K1; H1]; : : : ; [Km; Hm]; [H;K] is a kit-representation of M ∪ N . By the IH, we have {[K1; H1]; : : : ; [Km; Hm]} ⊢pIL [H;K].Applying (PpIL), we get {[K1; H1]\

l ≡ K1; : : : ; [Km; Hm]\l ≡ Km} ⊢pIL [H;K]\l ≡ H.
•

Π′ : M′ ≡ [(�i1; : : : ; �im; �i) | 1 6 i 6 n]
(WISL)

Π : M ≡ [(�i1; : : : ; �im; �im+1; �i) | 1 6 i 6 n]Let K1; : : : ;Km;Km+1; H be a kit-representation of M. Then, K1; : : : ;Km; H isa kit-representation of M′. By the IH, we have {K1; : : : ; Km} ⊢pIL H and, sin
e



82 Chapter 5: Equivalen
e of IL and ISLKm+1 overlaps with K1; : : : ;Km; H , by the weakening property for pIL, we get
{K1; : : : ; Km; Km+1} ⊢pIL H.
•

Π′ : M′ ≡ [(�i1; : : : ; �im; �i; �i; �im+1; : : : ; �im+l; �i) | 1 6 i 6 n]
(XISL)

Π : M ≡ [(�i1; : : : ; �im; �i; �i; �im+1; : : : ; �im+l; �i) | 1 6 i 6 n]Let K1; : : : ;Km; R; Y;Km+1; : : : ;Km+l; H be a kit-representation of M. Then,the sequen
e K1; : : : ;Km; Y; R;Km+1; : : : ;Km+l; H is a kit-representation of M′ and,by the IH, we have {K1; : : : ; Km; Y; R;Km+1; : : : ; Km+l} ⊢pIL H. But this is the requiredresult, sin
e {K1; : : : ; Km; Y; R;Km+1; : : : ; Km+l} = {K1; : : : ; Km; R; Y;Km+1; : : : ; Km+l}.
•

Π′ : M′ ≡ [(�i1; : : : ; �im; �i; �i) | 1 6 i 6 n]
(→IISL)

Π : M ≡ [(�i1; : : : ; �im; �i → �i) | 1 6 i 6 n]Let K1; : : : ;Km; H be a kit-representation of M with PT (H) = {p1; : : : ; pn}.Then, the sequen
e K1; : : : ;Km; H [pi := �i | 1 6 i 6 n]; H [pi := �i | 1 6 i 6 n] is akit-representation of M′. By the IH, we have
{K1; : : : ; Km; H[pi := �i | 1 6 i 6 n]} ⊢pIL H[pi := �i | 1 6 i 6 n]Applying (→IpIL), we get

{K1; : : : ; Km} ⊢pIL H[pi := �i | 1 6 i 6 n] → H[pi := �i | 1 6 i 6 n] ≡ H
•

Π′ : M′ ≡ [(Γi; �i → �i) | 1 6 i 6 n] Π′′ : M′′ ≡ [(Γi; �i) | 1 6 i 6 n]
(→EISL)

Π : M ≡ [(Γi; �i) | 1 6 i 6 n]Suppose Γi ≡ �i1; : : : ; �im and let K1; : : : ;Km; H be a kit-representation of Mwith PT (H) = {p1; : : : ; pn}. If H ′ ≡ H [pi := �i | 1 6 i 6 n], the sequen
eK1; : : : ;Km; H ′ → H is a kit-representation of M′ and K1; : : : ;Km; H ′ is a kit-representation of M′′. By the IH, we have
{K1; : : : ; Km} ⊢pIL H ′ → H; {K1; : : : ; Km} ⊢pIL H ′Applying (→EpIL), we get {K1; : : : ; Km} ⊢pIL H.

•
Π′ : M′ ≡ [(�i1; : : : ; �im; �i) | 1 6 i 6 n− 1] ∪ [(�n1 ; : : : ; �nm; �); (�n1 ; : : : ; �nm; �)]

(∩IISL)
Π : M ≡ [(�i1; : : : ; �im; �i) | 1 6 i 6 n− 1] ∪ [(�n1 ; : : : ; �nm; � ∩ �)]Let K1; : : : ;Km; H be a kit-representation of M with PT (H) = {p1; : : : ; pn}.Then, the sequen
e K1[pn := [�n1 ; �n1 ]]; : : : ;Km[pn := [�nm; �nm]]; H [pn := [�; �]] is akit-representation of M′. By the IH, we have

{K1[pn := [�n1 ; �n1 ]]; : : : ; Km[pn := [�nm; �nm]]} ⊢pIL H[pn := [�; �]]Applying (∩IpIL), we get
{K1[pn := �n1 ] ≡ K1; : : : ; Km[pn := �nm] ≡ Km} ⊢pIL H[pn := � ∩ �] ≡ H
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•

Π′ : M′ ≡ [(�i1; : : : ; �im; �i) | 1 6 i 6 n− 1] ∪ [(�n1 ; : : : ; �nm; �l ∩ �r)]
(∩EsISL)

Π : M ≡ [(�i1; : : : ; �im; �i) | 1 6 i 6 n− 1] ∪ [(�n1 ; : : : ; �nm; �s)]Let K1; : : : ;Km; H be a kit-representation of M with PT (H) = {p1; : : : ; pn}.Then, the sequen
e K1; : : : ;Km; H [pn := �l ∩ �r] is a kit-representation of M′. Bythe IH, we have {K1; : : : ; Km} ⊢pIL H[pn := �l ∩ �r] and, by (∩EspIL), we get
{K1; : : : ; Km} ⊢pIL H[pn := �s] ≡ H

•
Π′ : M′ ≡ [(Γi; �i) | 1 6 i 6 n] Π′′ : M′′ ≡ [(Γi; �i) | 1 6 i 6 n]

(∧IISL)
Π : M ≡ [(Γi; �i ∧ �i) | 1 6 i 6 n]Suppose Γi ≡ �i1; : : : ; �im and let K1; : : : ;Km; H be a kit-representation of Mwith PT (H) = {p1; : : : ; pn}. Then, K1; : : : ;Km; H [pi := �i | 1 6 i 6 n] is a kit-representation of M′ and K1; : : : ;Km; H [pi := �i | 1 6 i 6 n] a kit-representation of

M′′. By the IH, we have
{K1; : : : ; Km} ⊢pIL H[pi := �i | 1 6 i 6 n]; {K1; : : : ; Km} ⊢pIL H[pi := �i | 1 6 i 6 n]Applying (∧IpIL), we get

{K1; : : : ; Km} ⊢pIL H[pi := �i | 1 6 i 6 n] ∧H[pi := �i | 1 6 i 6 n] ≡ H
•

Π′ : M′ ≡ [(�i1; : : : ; �im; �i ∧ �i) | 1 6 i 6 n]
(∧ElISL)

Π : M ≡ [(�i1; : : : ; �im; �i) | 1 6 i 6 n]Let K1; : : : ;Km; H be a kit-representation of M with PT (H) = {p1; : : : ; pn}. IfH ′ ≡ H [pi := �i | 1 6 i 6 n], then K1; : : : ;Km; H ∧ H ′ is a kit-representation of
M′. By the IH, we have {K1; : : : ; Km} ⊢pIL H ∧ H ′ and, applying (∧ElpIL), we get
{K1; : : : ; Km} ⊢pIL H. ⊣
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